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Study of the model for estimating the degree of influence of distortion on image quality
with the application of an entropic measure
David Asatryan1, Mariam Haroutunian1,*, Grigor Sazhumyan1
Institute for Informatics and Automation Problems of NAS, Yerevan, Armenia1
armar@sci.am *
Abstract: The article deals with the problem of comparative analysis of the experimental results of using standard -free quality assessment
measures depending on the type of distortion applied to the image. The previously developed measure based on the Weibullian model of the
gradient magnitude and the entropy measures applied both to the original image and to the gradient characteristics of the ima ge are
considered as No-Reference quality measures. Weibull distribution parameters are estimating using a set of image gradient magnitudes
using the Sobel operator. A series of experiments was carried out on texture images from the well-known Brodatz texture database and the
TID2013 database, which contains images distorted by various types. It was observed that texture images are in good agreement with the
Weibullian model, which makes it possible to effectively apply the above-mentioned No-Reference measures and carry out a comparative
analysis. The use of the TID2013 database with 3000 images, distorted by 24 types, each at five levels, makes it possible to evaluate
additionally the effectiveness of the entropy approach to assessing image quality, comparing them with visual assessments also given in the
database. Then it was illustrated that applying the entropy approach directly to the original image gives a worse result than applying image
gradients to the magnitude. At the same time, a higher sensitivity to structural cha nges from the level and type of applied distortions is
observed. The problem of the expediency of calculating the entropy using estimates of the parameters of the Weibull distribution instead of
the histogram of the array of gradient magnitudes is investigated separately. The paper contains numerical and graphical materials
illustrating the obtained results.
Keywords: IMAGE QUALITY, DISTORTION, NO-REFERENCE MEASURE, WEIBULL DISTRIBUTION, GRADIENT MAGNITUDE,
ENTROPY, STRUCTURAL PROPERTIES
few that are most closely related to the issues under discussion [712].
In this work, we restrict ourselves to standard less methods
based on the entropy measure, comparing it in terms of efficiency
with other measures, based on the above-mentioned estimates of the
quality of the HVS for certain classes of images.
Note that the entropy measure is increasingly used in applied
problems, in which the uncertainty estimated by the entropy of an
image and / or its certain characteristics can be interpreted as an
assessment of its quality (for example, let us refer to [13]).
The aim of this work is to experimentally study the
effectiveness of the entropy measure for assessing the effect of the
type of distortion on image quality by comparing with other
measures using subjective quality assessments.

1. Introduction
The problem of quality assessment is one of the central
problems in the field of digital image processing. As it is known,
almost any action on image processing inevitably faces this
problem, since processing involves certain transformations of the
image description data, and the final result of performing actions is
evaluated visually or by formal methods [1].
The use of formal methods becomes especially important in the
automatic processing of large-volume images, when human
participation in assessing their quality is difficult, and often
impossible. Therefore, in recent years, methods for assessing image
quality by formal methods and comparing the result with subjective
assessments of the human visual system (HVS), previously
established by a group of experts for a sufficiently large number of
images, have become popular (see, for example, [2, 3]). At the same
time, such information is used not only for individual assessment of
an image quality, but also for assessing the effectiveness of the
method used itself.
In the scientific literature, a large number of methods and means
for assessing image quality have been proposed using various
approaches and methods for their implementation. In [4], a detailed
review of the state of the Image quality assessment problem and the
formulation of unresolved problems by that time was carried out. It
can be stated that many of the problems presented in this work have
not yet been solved, although intensive research in this direction
continues. However, a review of these methods within the
framework of a limited article does not seem appropriate, so we will
focus only on the methods that are directly related to the topics
discussed.
First of all, we note that all quality assessment methods are
grouped around two main approaches. The first approach involves
comparing two images, one of which is considered a reference
(original), and the second is a tested image obtained after applying
certain transformations, which resulted in its distortion. This
method is called the Full-Reference (FR) method and has been used
for a long time, based, in particular, on methods from the field of
signal processing. For example, the standard deviation of two pixel
intensity matrices and its various modifications are used. A critical
analysis of these methods when assessing the quality of images and
a proposal for a new approach is given in [5, 6], stimulating the
rapid growth of improvements and applications of this approach.
The second approach is used when there is no reference image
and it is necessary to understand the structure of the tested image
and use only the information available in it. This method is called
No-Reference (NR) and is also widely used. Let us indicate only a

2. Research Technique
Weibull distribution based Model. Following [14], we will
accept for the gradient magnitude of the image a model based on the
Weibull distribution, the density of which is given by the formula
(1)
where
is the shape parameter,
is the scale parameter.
The gradient magnitudes are estimated using the Sobel operator,
and the parameters of distribution (1) are estimated from the totality
of all magnitudes. Details of the procedure and the corresponding
experimental results can be found in [14-16].
Following [11], we will take the value of the parameter η as a
measure characterizing the image quality (the lower the value of the
measure, the higher the quality).
Entropy measure for evaluating image quality. We will use the
classical definition of entropy given by the formula
(2)
for evaluating the quality of both the tested image and visualized by
using the set of the gradient magnitudes.
Let us note one kind of application of the entropy measure. If
the parameters of the Weibull distribution are known, then we can
use the well-known approximate formula for the entropy
(3)
.
The paper analyzes the two formulas given in terms of accuracy and
appropriateness of their application.
Used image databases. Several databases are available in the
literature, some of which contain expert assessments of image
quality. However, in the current work, only the well-known texture
image databases Brodatz and the base TID2013 are used. The
Brodatz texture database includes 112 images. The TID2013
5
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database [2] contains 3000 images obtained from 25 originals,
distorted by 24 different types with five levels each. Further, an
extensive experiment was carried out on the visual assessment of
quality according to a point system by a large number of people in
different countries. As a result of processing these data, each of
3000 images was assigned a numerical assessment of the quality of
the HVS and fixed the Mean Opinion Score - MOS).
The use of the TID2013 database makes it possible to evaluate
the quality of any procedure used in the problem of image quality
assessment by both the FR method and the NR method, and the
decision on the quality of the procedure is made according to the
degree of correlation of the procedure estimates with the MOS
values.

Brodatz database and 25 original images of the TID2013 database
was calculated using formulas (2) and (3). The results are shown in
Fig. 1 in the form of graphs, in which the data for the entropy EW
are shown in blue (upper curve), and for the entropy EH - in red
(lower curve). As expected, the EW entropy values calculated using
the Weibull parameter estimates slightly exceed the EH values
calculated from the histogram. The reason lies in the fact that the
Weibull distribution is a model that only approximately describes
the behavior of the gradient magnitude, therefore, additional
uncertainty appears, due to which the entropy increases. The graphs
also show that the nature of the change in the values of entropy is
practically the same for both formulas. It can also be seen that the
graph in Fig. 1a, the divergence of the curves is less than in the
graph in Fig. 1b, which is explained by the better agreement with
the Weibull distribution in the case of texture images.
These facts allow us to apply both formulas in problems of
image quality estimation.

3. Experimental Results
Experiment 1. Comparative analysis of formulas (2) and (3).
The entropy of the magnitudes of the gradients of 112 images of the

(a)
(b)
Figure 1. Curves of changes in the entropy of images, calculated by formulas (2) and (3). (a) - for images from the Brodatz base;
(b) - for images from the TID2013 database.
Experiment 2. Comparison of the entropy measure with expert
estimates of image quality. An extensive experiment was carried out
to assess the quality of images and compare with expert estimates
and analyze the results obtained.
Correlation of image characteristics. The calculations of the
following images of the images of the TID2013 database were
carried out: the shape parameter η of the Weibull distribution, the
values of the entropies E (for the original image), EW and EH,

calculated by formulas (2) and (3) for the gradient magnitudes.
Table 1 shows a fragment of the results of calculations for image 1
type of image of five levels and the results of expert evaluations of
MOS. For comparison, the shape parameters η of the Weibull
distribution are also given, the study of which as a measure of
quality was carried out in [11, 12]. These data can illustrate the
main details of the research methodology proposed in the work.

Table 1: Fragment of calculation results
Estimated values of the parameters
SCC with MOS
Name
I01_01_1.bmp
i01_01_2.bmp
i01_01_3.bmp
i01_01_4.bmp
i01_01_5.bmp
i01_02_1.bmp
i01_02_2.bmp
i01_02_3.bmp
i01_02_4.bmp
i01_02_5.bmp
i01_03_1.bmp
i01_03_2.bmp
i01_03_3.bmp
i01_03_4.bmp
i01_03_5.bmp

1.05
1.08
1.13
1.21
1.33
1.02
1.03
1.05
1.08
1.13
1.06
1.10
1.16
1.26
1.40

E

EW

EH

MOS

4.94
4.96
4.99
5.05
5.14
4.93
4.95
4.99
5.04
5.14
4.94
4.95
4.99
5.05
5.14

5.65
5.66
5.69
5.74
5.79
5.63
5.64
5.65
5.66
5.69
5.65
5.68
5.71
5.76
5.83

4.894
4.900
4.915
4.946
5.003
4.890
4.891
4.894
4.901
4.916
4.895
4.906
4.929
4.964
5.0387

5.51429
5.56757
4.94444
4.37838
3.86486
6.02857
6.10811
5.38889
4.71429
4.36111
4.77143
4.27027
3.70270
3.19444
2.71429

The last four columns of Table 1 show the values of the
Spearman correlation coefficient (SCC) of the considered
parameters with MOS, the formula for which is given by the
expression
,
(4)

E

EW

EH

-0.9

-0.9

-0.9

-0.9

-0.9

-0.9

-0.9

-0.9

-1

-1

-1

-1

depends both on the structural properties of the tested image and on
the type and intensity of the applied distorting method. However,
analyzing the results of calculations across the entire TID2013
database, we can note some patterns that characterize the
effectiveness of the proposed approach.
a) The Weibull distribution shape parameter and entropy are
quite reliable means for an image quality assessing, which have a
close correlation with subjective MOS estimates. This allows these
tools to be used stand-alone for any type of image without using
MOS scores.
b) The values of the entropy EH, calculated using the

where xi and yi are the ranks of the compared sequences.
The analysis of the results showed, in general, a high
correlation of all the given quality measures, but it should be noted
that the values given in Table 1 are not typical for all base images
and types of distortions. The result of calculating the correlation of
a No-Reference quality measure with subjective assessments
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gradient magnitudes, are usually less than the values of E, which is
an additional confirmation of the effectiveness of the usage of
gradient methods.
c) The values of the entropy EW , calculated using the estimates
of the Weibull distribution parameters, slightly exceed the values of
EH calculated from the histogram of the gradient magnitudes. The
reason, as mentioned above, lies in the fact that the Weibull
distribution only approximately describes the behavior of the
gradient magnitude. However, formula (3) with known estimates of
distribution parameters is preferable to histogram methods in view
of the simplicity of calculations.
d) The results of images processing obtained with different
types of distortions may differ significantly. For the types of
distortions that distort the structure of the image, correlations are
weaker because gradient methods inherently respond to the
structural properties of the image. As an example, let us indicate the
type of distortion 18 Change of color saturation [2]. There are
numerical results of analysis for other types of distortions, showing
the degree of influence on image quality, taking into account their
ability to destroy the image structure.

4. Conclusion
Thus, the study performed has shown that the informationtheoretical approach to the problem of image quality assessment is
very useful, and entropy can be used as a standard-free measure on
its own without involving a visual method, as well as in
combination with other methods.
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Abstract: The paper is based on the representation of the fundamental solution of the linear elasticity theory of the mechanics of a
deformable solid in the J. Dougall's form through spatial harmonic functions. The axisymmetric problem of the elasticity theory in a
cylindrical coordinate system for bodies bounded by a canonical surface is formulated. As a case, the boundary value problem of pure
torsion is formulated and the elastic characteristics and structure of the corresponding external loads on the side surface of a given isotropic
elastic body in the above-mentioned harmonic potentials are presented. This approach makes it possible to obtain and extend the set of exact
analytical solutions of boundary value problems of the spatial elasticity theory and is the theoretical basis for calculating the strength
parameters of mechanical systems.
Keywords: THREE-DIMENSIONAL THEORY OF ELASTICITY; BOUNDARY VALUE PROBLEM; DISPLACEMENT VECTOR; STRESS
TENSOR; DEFORMATION TENSOR; BASIC SOLUTIONS; HARMONIC FUNCTION.

2. Formulation of the problem of the linear
elasticity theory for a body bounded by a canonical
surface

1. Introduction
An important area of research in the mechanics of a deformed
body is the spatial problems of the elasticity theory. The relevance
of basic research on this topic is characterized by the fact that in
most cases, the stress-strain state of the body is 3-dimensional.
Today, both numerical and analytical approaches for solving
boundary value problems of the spatial elasticity theory have been
built.

An isotropic elastic body X in three-dimensional space is
considered, which is bounded by the surface 𝜕𝑋, which is described
by the canonical curve 𝑓 𝑟, 𝜃, 𝑧 = 0. (Fig. 1).
𝑛

𝑧
𝑓 𝑟, 𝜃, 𝑧 = 0

Methods of solving the problems of static elasticity known from
the literature are based on solutions of homogeneous equilibrium
equations in displacements using harmonic and biharmonic
functions. Such solutions have been proposed, in particular, by
W.Kelvin, P.Tait [1] and M.Boussinesq [2]. B.Galerkin [3]
presented the general solution of the equations of elastic
equilibrium of an isotropic body through three biharmonic
functions. In the works of P.F.Papkovych [4] and H.Neuber [5] the
form of the general solution was given through vector and scalar
harmonic functions. Optimization of this representation only
through three spatial harmonic functions have been published in
scientific papers [6,7]. This solution representation has become the
basis for solving the three-dimensional boundary value problem of
the theory of elasticity for bodies of rotation [8].

𝜕𝑋

𝜎𝑛𝑧

𝑋

𝜎𝑛𝜃

𝜃
𝑟

𝜎𝑛𝑟
𝑟

𝑛

Fig. 1 Elastic isotropic body bounded by a canonical surface

The body is under the action of a stationary force load, which is
applied to the lateral surface of the body 𝜕𝑋.
The first boundary value problem of the linear elasticity theory
for a given elastic isotropic body in the absence of bulk forces in a
cylindrical coordinate system 𝑟, 𝜃, 𝑧 has the form.
− equilibrium equation:
𝜕𝜎𝑟𝑟 1 𝜕𝜎𝑟𝜃 𝜕𝜎𝑟𝑧 𝜎𝑟𝑟 − 𝜎𝜃𝜃
+
+
+
= 0,
𝑟 𝜕𝜃
𝜕𝑟
𝜕𝑧
𝑟

Given the complexity of constructing solutions of boundary
value problems of the elasticity theory in three-dimensional space,
assumptions are often made about the structure of deformation of
elastic bodies. The monographs of A.I. Lurie [9] and J.N.Goodier,
S.P.Timoshenko [10] investigates general methods for solving the
basic equations of equilibrium of an isotropic and anisotropic body,
which is of great importance for the development of research on
spatial problems of the elasticity theory.

1

J.Dougall [11] was one of the first to propose an approach to
construct a general solution to the problem of the theory of
elasticity for a cylinder in three-dimensional space. In [12], the
authors used two representations of Dugall through harmonic
functions to construct a general solution of the problem of the
elasticity theory for a continuous finite cylinder, which allows to
satisfy the boundary conditions both at the ends and on the side
surface of the cylinder.

𝜕𝜎𝑟𝑧 1 𝜕𝜎𝜃𝑧 𝜕𝜎𝑧𝑧 𝜎𝑟𝑧
+
+
+
=
𝜕𝑟
𝑟 𝜕𝜃
𝜕𝑧
𝑟
𝜕𝜎𝑟𝜃 1 𝜕𝜎𝜃𝜃 𝜕𝜎𝜃𝑧 2𝜎𝑟𝜃
+
+
+
= 0.
𝜕𝑟
𝑟 𝜕𝜃
𝜕𝑧
𝑟
− stress tensor 𝜎 𝑟, 𝜃, 𝑧 satisfies the boundary conditions:

(2)

𝜎𝑛 ≡ 𝑛 ∙ 𝜎 |𝜕𝑋 = 𝜎𝑛+ ,

where 𝜎𝑛 𝑟, 𝜃, 𝑧 − the stress vector on the surface 𝜕𝑋;
𝜎𝑛+ 𝑟, 𝜃, 𝑧 − a given vector of surface forces on 𝜕𝑋;
𝑛 ≡ 𝑛𝑟 𝑒𝑧 + 𝑛𝜃 𝑒𝜃 + 𝑛𝑧 𝑒𝑧 = ∇𝑓 𝑟, 𝜃, 𝑧 ∇ 𝑓 𝑟, 𝜃, 𝑧
− external
normal to the body surface 𝜕𝑋.

Representation of the Dugall's solution through three spatial
harmonic scalar functions was used as a basis for formulating the
boundary value problem of torsion for bodies bounded by a
canonical surface, which will expand the set of exact analytical
solutions and become a theoretical basis for calculating the strength
parameters of mechanical systems.

In a cylindrical coordinate system, the components of the stress
tensor 𝜎 are fed through the deformation tensor 𝜀 by the following
relationship:
𝜎𝑟𝑟 = 𝜆𝜗 + 2𝜇𝜀𝑟𝑟 ,
(3)

8

𝜎𝑟𝑧 = 𝜇𝜀𝑟𝑧 ,

𝜎𝜃𝜃 = 𝜆𝜗 + 2𝜇𝜀𝜃𝜃 , 𝜎𝑧𝑧 = 𝜆𝜗 + 2𝜇𝜀𝑧𝑧 ,

𝜎𝑟𝜃 = 𝜇𝜀𝑟𝜃 ,

𝜎𝜃𝑧 = 𝜇𝜀𝜃𝑧 ,
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where 𝜀𝑟𝑟 , 𝜀𝜃𝜃 , 𝜀𝑧𝑧 , 𝜀𝑟𝑧 , 𝜀𝑟𝜃 , 𝜀𝜃𝑧 are the components
deformation tensor 𝜀; 𝜇, 𝜆 - elastic Lamé constants.

3

of the

𝜎𝑟𝑟 = 2𝜇 2𝑧

The deformation tensor 𝜀 is expressed in terms of the
components of the displacement vector 𝑢 𝑢𝑟 , 𝑢𝜃 , 𝑢𝑧 as follows:
4

𝜀𝑟𝑟 =

𝜀𝑟𝑧 =

𝜕𝑈𝑟
,
𝜕𝑟

𝜀𝜃𝜃 =

1 𝜕𝑈𝜃 𝑈𝑟
+ ,
𝑟
𝑟 𝜕𝜃

𝜀𝑧𝑧 =

+

𝜕𝑈𝑧
,
𝜕𝑧

2 𝜕2 𝜓
2 𝜕𝜓
−
,
𝑟 𝜕𝑟𝜕𝜃 𝑟 2 𝜕𝜃
3 − 4𝑣 𝜕2 𝜑
𝜕2 𝜑 2𝑧 𝜕2 𝜑
2𝑧 𝜕3 𝜑
+
− 4𝑣 2 +
+
2
2
2
2
𝑟
𝜕𝑧
𝑟 𝜕𝜃 𝜕𝑧
𝜕𝜃
𝑟 𝜕𝑟𝜕𝑧

𝜎𝜃𝜃 = 2𝜇

𝜕𝑈𝑟 𝜕𝑈𝑧
𝜕𝑈𝜃 𝑈𝜃 1 𝜕𝑈𝑟
1 𝜕𝑈𝑧 𝜕𝑈𝜃
+
,𝜀 =
−
+
,𝜀 =
+
.
𝜕𝑧
𝜕𝑟 𝑟𝜃
𝜕𝑟
𝑟
𝜕𝑧
𝑟 𝜕𝜃 𝜃𝑧 𝑟 𝜕𝜃

+

3 − 4𝑣 𝜕𝜑 1 𝜕2 𝜔 1 𝜕𝜔 2 𝜕2 𝜓
2 𝜕𝜓
+
+
−
+
,
𝑟
𝜕𝑟 𝑟 2 𝜕𝜃 2 𝑟 𝜕𝑟 𝑟 𝜕𝜃𝜕𝑟 𝑟 2 𝜕𝜃

Volumetric deformation 𝜗 is calculated by the formula:
5

𝜗 = 𝜀𝑟𝑟 + 𝜀𝜃𝜃 + 𝜀𝑧𝑧 =

𝜕𝑈𝑟 1 𝜕𝑈𝜃 𝑈𝑟 𝜕𝑈𝑧
+
+ +
.
𝜕𝑟
𝑟
𝜕𝑧
𝑟 𝜕𝜃

3.1. Formulation of the boundary value problem of
the elasticity theory in Dugall's harmonic potential

𝑈𝑟 = 2𝑧
6

𝑈𝜃 =

9

𝜕2 𝜑
𝜕𝜑 𝜕𝜔 2 𝜕𝜓
+ 3 − 4𝑣
+
+
,
𝜕𝑟𝜕𝑧
𝜕𝑟 𝜕𝑟 𝑟 𝜕𝜃

(10)

𝜕2 𝜑
𝜕𝜑 𝜕𝜔
− 3 − 4𝑣
+
.
𝜕𝑧 2
𝜕𝑧 𝜕𝑧

(11)

𝜕3 𝜑
𝜕2 𝜑 𝜕2 𝜔 2 𝜕2 𝜓
2 𝜕𝜓
+ 3 − 4𝑣
+
+
−
,
2
𝜕𝑟 𝜕𝑧
𝜕𝑟 2 𝜕𝑟 2 𝑟 𝜕𝑟𝜕𝜃 𝑟 2 𝜕𝜃

𝛻=

𝜕2 𝜑
.
𝜕𝑧 2

= 0,

𝑛𝑟 𝜎𝑟𝑟 + 𝑛𝜃 𝜎𝑟𝜃 + 𝑛𝑧 𝜎𝑟𝑧 𝑒𝑟 +
+ 𝑛𝑟 𝜎𝑟𝑧 + 𝑛𝜃 𝜎𝜃𝑧 + 𝑛𝑧 𝜎𝑧𝑧 𝑒𝑧 |𝜕𝑋 = 𝜎𝑛+,

𝜕
𝑒
𝜕𝑟 𝑟

1 𝜕
+
𝑒
𝑟 𝜕𝜃 𝜃

𝜕2
𝜕𝑟2

+

1 𝜕
𝑟 𝜕𝑟

𝜕
+ 𝑒𝑧
𝜕𝑧

+

1 𝜕2
𝑟2 𝜕𝜃 2

+

𝜕2
𝜕𝑧2

– Laplace operator.

– Hamilton operator.

3.2. Statement of axisymmetric problems of the
elasticity theory in harmonic potentials

2𝑧 𝜕3 𝜑
3 − 4𝑣 𝜕2 𝜑 2𝑧 𝜕2 𝜑 3 − 4𝑣 𝜕𝜑
+
−
−
+
𝑟 𝜕𝑟𝜕𝜃𝜕𝑧
𝑟 𝜕𝑟𝜕𝜃 𝑟 2 𝜕𝜃𝜕𝑧
𝑟 2 𝜕𝜃

Let the axis of symmetry of the body coincide with the axis 𝑧
of the cylindrical coordinate system 𝑟, 𝜃, 𝑧 . Given that the
problem is axisymmetric, the displacement vector 𝑢 does not
depend on the angle 𝜃:

1 𝜕2 𝜔 1 𝜕𝜔
𝜕2 𝜓 𝜕2 𝜓
− 2
−2 2 + 2 ,
𝜕𝑟
𝜕𝑧
𝑟 𝜕𝑟𝜕𝜃 𝑟 𝜕𝜃
2𝑧 𝜕3 𝜑
1 𝜕2 𝜑 1 𝜕2 𝜔 𝜕2 𝜓
+
+
−
.
2
𝑟 𝜕𝜃𝜕𝑧
𝑟 𝜕𝜃𝜕𝑧 𝑟 𝜕𝜃𝜕𝑧 𝜕𝑟𝜕𝑧

𝜗 = 𝜀𝑟𝑟 + 𝜀𝜃𝜃 + 𝜀𝑧𝑧 = −4 1 − 2𝑣

∆ 𝜑 𝑟, 𝜃, 𝑧 , 𝜔 𝑟, 𝜃, 𝑧 , 𝜓 𝑟, 𝜃, 𝑧

where ∆≡ ∇ ∙ ∇=

13

𝜕𝑢
=0.
𝜕𝜃

Given this ratio, the following conditions are imposed on the
components of the displacement vector 𝑢 in the Dugall's form (6):

Accordingly, the volume deformation 𝜗 under the conditions of
harmony of the functions 𝜑 𝑟, 𝜃, 𝑧 , 𝜔 𝑟, 𝜃, 𝑧 , 𝜓 𝑟, 𝜃, 𝑧 is
calculated as follows:
8

𝐽 = 𝜎𝑟𝑟 + 𝜎𝜃𝜃 + 𝜎𝑧𝑧 = −8𝜇 𝑣 + 1

(12)

𝜕3 𝜑
𝜕2 𝜑 𝜕2 𝜔 1 𝜕2 𝜓
𝜀𝑟𝑧 = 2 2𝑧
+
+
+
,
2
𝜕𝑟𝜕𝑧
𝜕𝑟𝜕𝑧 𝜕𝑟𝜕𝑧 𝑟 𝜕𝜃𝜕𝑧

𝜀𝜃𝑧 = 2

1 𝜕2 𝜑 1 𝜕2 𝜔
𝜕2 𝜓
2𝑧 𝜕3 𝜑
+
+
−
.
𝑟 𝜕𝜃𝜕𝑧 2 𝑟 𝜕𝜃𝜕𝑧 𝑟 𝜕𝜃𝜕𝑧 𝜕𝑟𝜕𝑧

𝜎𝜃𝑧 = 2𝜇

+ 𝑛𝑟 𝜎𝑟𝜃 + 𝑛𝜃 𝜎𝜃𝜃 + 𝑛𝑧 𝜎𝜃𝑧 𝑒𝜃 +

𝜕3 𝜑
𝜕2 𝜑 𝜕2 𝜔
𝜀𝑧𝑧 = 2𝑧 3 − 1 − 4𝑣
+
,
𝜕𝑧
𝜕𝑧 2 𝜕𝑧 2

7

3 − 4𝑣 𝜕𝜑 1 𝜕2 𝜔 1 𝜕𝜔
𝜕2 𝜓 𝜕2 𝜓
+
− 2
−2 2 − 2 ,
2
𝑟
𝜕𝜃 𝑟 𝜕𝑟𝜕𝜃 𝑟 𝜕𝜃
𝜕𝑟
𝜕𝑧

𝑛 ∙ 𝜎 |𝜕𝑋 =

1 𝜕2 𝜔 1 𝜕𝜔 2 𝜕2 𝜓
2 𝜕𝜓
+ 2 2+
−
+
,
𝑟 𝜕𝜃
𝑟 𝜕𝑟 𝑟 𝜕𝜃𝜕𝑟 𝑟 2 𝜕𝜃

+

3 − 4𝑣 𝜕2 𝜑 2𝑧 𝜕2 𝜑
2𝑧 𝜕3 𝜑
+
−
−
𝑟 𝜕𝑟𝜕𝜃𝜕𝑧
𝑟 𝜕𝑟𝜕𝜃 𝑟 2 𝜕𝜃𝜕𝑧

which satisfy the corresponding boundary conditions on the surface
𝜕𝑋:

3 − 4𝑣 𝜕2 𝜑 2𝑧 𝜕2 𝜑
2𝑧 𝜕3 𝜑
3 − 4𝑣 𝜕𝜑
+
+
+
+
2
2
𝑟 2 𝜕𝜃 2 𝑟 𝜕𝑟𝜕𝑧
𝑟 𝜕𝜃 𝜕𝑧
𝑟
𝜕𝑟

𝜀𝑟𝜃 = 2

𝜕3 𝜑
𝜕2 𝜑 𝜕2 𝜔 1 𝜕2 𝜓
+
+
+
,
𝜕𝑟𝜕𝑧 2 𝜕𝑟𝜕𝑧 𝜕𝑟𝜕𝑧 𝑟 𝜕𝜃𝜕𝑧

Thus, using the representation of the fundamental solution of
equilibrium equations in the Dugall's form, the boundary value
problem of the linear theory of elasticity (1) - (2) is reformulated
into a boundary value problem for harmonic scalar potentials:

Substituting the components of the displacement vector (6) in
the ratio of the deformation tensor (4), we obtain:

𝜀𝜃𝜃 =

𝜎𝑟𝑧 = 2𝜇 2𝑧

Based on the normal components of the stress tensor
𝜎𝑟𝑟 , 𝜎𝜃𝜃 , 𝜎𝑧𝑧 we find its first invariant:

where 𝑣 - the Poisson's ratio.

𝜀𝑟𝑟 = 2𝑧

𝜕3 𝜑 𝜕2 𝜑 𝜕2 𝜔
−
+
,
𝜕𝑧 3 𝜕𝑧 2 𝜕𝑧 2

−

2𝑧 𝜕2 𝜑 3 − 4𝑣 𝜕𝜑 1 𝜕𝜔
𝜕𝜓
+
+
−2 ,
𝑟 𝜕𝜃𝜕𝑧
𝑟 𝜕𝜃 𝑟 𝜕𝜃
𝜕𝑟

𝑈𝑧 = 2𝑧

𝜎𝑧𝑧 = 2𝜇 2𝑧

𝜎𝑟𝜃 = 2𝜇

Consider the representation of the components of the
displacement vector 𝑢 proposed by J.Dugall [11] through three
harmonic spatial functions 𝜑 𝑟, 𝜃, 𝑧 , 𝜔 𝑟, 𝜃, 𝑧 , 𝜓 𝑟, 𝜃, 𝑧 , which
was in among the first approaches to construct the solution of
equilibrium equations (1) of the linear elasticity theory in
displacements in three-dimensional space:

𝜕 𝜑
𝜕2 𝜑
𝜕2 𝜑 𝜕2 𝜔
+
3
−
4𝑣
−
4𝑣
+
+
𝜕𝑟 2 𝜕𝑧
𝜕𝑟 2
𝜕𝑧 2 𝜕𝑟 2

𝜕𝑈𝑟
𝜕3 𝜑
𝜕2 𝜑
𝜕2 𝜔 2 𝜕2 𝜓
= 2𝑧
+ 3 − 4𝑣
+
+
= 0,
𝜕𝜃
𝜕𝑟𝜕𝜃𝜕𝑧
𝜕𝑟𝜕𝜃 𝜕𝑟𝜕𝜃 𝑟 𝜕𝜃 2

𝜕2 𝜑
.
𝜕𝑧 2

(14)

Based on relations (7) and (8) we find the form of the
components of the stress tensor (3):

𝜕𝑈𝜃 2𝑧 𝜕3 𝜑
3 − 4𝑣 𝜕2 𝜑 1 𝜕2 𝜔
𝜕2 𝜓
=
+
+
−
2
= 0,
𝜕𝜃
𝑟 𝜕𝜃 2 𝜕𝑧
𝑟 𝜕𝜃 2 𝑟 𝜕𝜃 2
𝜕𝑟𝜕𝜃
𝜕𝑈𝑧
𝜕3 𝜑
𝜕2 𝜑
𝜕2 𝜔
= 2𝑧
−
3
−
4𝑣
+
= 0.
𝜕𝜃
𝜕𝜃𝜕𝑧 2
𝜕𝜃𝜕𝑧 𝜕𝜃𝜕𝑧

9

MATHEMATICAL MODELING 2021

where the components of the stress tensor 𝜎𝑟𝑟 , 𝜎𝜃𝜃 , 𝜎𝑧𝑧 , 𝜎𝑟𝜃 , 𝜎𝑟𝑧 , 𝜎𝜃𝑧
are given by the relations (17).

From these conditions it follows that the harmonic functions
𝜑 𝑟, 𝜃, 𝑧 , 𝜔 𝑟, 𝜃, 𝑧 and 𝜓 𝑟, 𝜃, 𝑧 are linear functions on the
variable 𝜃, and we also get some elms on these functions, in
particular:

3.3. Statement of the boundary value problem of
pure torsion

𝜕2 𝜔
𝜕3 𝜑
𝜕2 𝜑
= −2𝑧
− 3 − 4𝑣
,
𝜕𝑟𝜕𝜃
𝜕𝑟𝜕𝜃𝜕𝑧
𝜕𝑟𝜕𝜃

Consider one of the axisymmetric stress states of the body of
rotation - pure torsion, which is described when the conditions
𝑈𝑟 = 𝑈𝑧 = 0:

2

𝜕 𝜓
= 0,
𝜕𝑟𝜕𝜃

15

𝜕2 𝜔
𝜕3 𝜑
𝜕2 𝜑
= −2𝑧
+ 3 − 4𝑣
.
2
𝜕𝜃𝜕𝑧
𝜕𝜃𝜕𝑧
𝜕𝜃𝜕𝑧

𝑈𝑟 = 2𝑧
𝑈𝜃 =

Accordingly, the components of the deformation tensor 𝜀 (7)
take the form:
𝜀𝑟𝑟

𝜕2 𝜑 𝜕2 𝜔 2 𝜕𝜓
𝜕3 𝜑
+
−
,
= 2𝑧 2 + 3 − 4𝑣
𝜕𝑟 2 𝜕𝑟 2 𝑟 2 𝜕𝜃
𝜕𝑟 𝜕𝑧

𝜀𝜃𝜃 =
𝜀𝑧𝑧

𝜀𝑟𝑟 = 2𝑧

𝜀𝑟𝑧

𝜕2 𝜑 𝜕2 𝜔 1 𝜕2 𝜓
𝜕3 𝜑
+
+
+
,
= 2 2𝑧
2
𝜕𝑟𝜕𝑧
𝜕𝑟𝜕𝑧 𝜕𝑟𝜕𝑧 𝑟 𝜕𝜃𝜕𝑧

𝜀𝜃𝜃 =

𝜀𝜃𝑧 = 2

2𝑧 𝜕 𝜑 3 − 4𝑣 𝜕𝜑 1 𝜕𝜔 𝜕 𝜓 1 𝜕𝜓
−
−
−
+
,
𝑟 2 𝜕𝜃𝜕𝑧
𝑟 2 𝜕𝜃 𝑟 2 𝜕𝜃 𝜕𝑟 2 𝑟 𝜕𝑟

21

2𝑧 𝜕2 𝜑
𝜕2 𝜑 3 − 4𝑣 𝜕𝜑 1 𝜕𝜔 2 𝜕𝜓
= 2𝜇
− 4𝑣 2 +
+
+
,
𝑟 𝜕𝑟𝜕𝑧
𝜕𝑧
𝑟 𝜕𝑟 𝑟 𝜕𝑟 𝑟 2 𝜕𝜃

(22)

𝜎𝑟𝑧 = 2𝜇 2𝑧
𝜎𝑟𝜃 = 2𝜇 −

𝜕𝑟𝜕𝑧 2

+

𝜕𝑟𝜕𝑧

+

𝜕𝑟𝜕𝑧

+

1
,
𝑟 𝜕𝜃𝜕𝑧
23

4 1 − 𝑣 𝜕2 𝜑
𝜕2 𝜓
−
.
𝑟
𝜕𝜃𝜕𝑧 𝜕𝑟𝜕𝑧

𝐽 = 𝜎𝑟𝑟 + 𝜎𝜃𝜃 + 𝜎𝑧𝑧 = −8𝜇 𝑣 + 1

∆ 𝜑 𝑟, 𝜃, 𝑧 , 𝜔 𝑟, 𝜃, 𝑧 , 𝜓 𝑟, 𝜃, 𝑧

𝜕2 𝜑

𝜎𝜃𝑧 = 2𝜇

𝜎𝑧𝑧 = 0, 𝜎𝑟𝑧 = 0,

𝜕2 𝜑

2𝑧
3 − 4𝑣 𝜕𝜑 1 𝜕𝜔 𝜕2 𝜓 1 𝜕𝜓
−
−
−
+
,
2
𝑟 𝜕𝜃𝜕𝑧
𝑟 2 𝜕𝜃 𝑟 2 𝜕𝜃 𝜕𝑟 2 𝑟 𝜕𝑟

𝜕2 𝜓
4 1 − 𝑣 𝜕2 𝜑
−
.
𝑟
𝜕𝜃𝜕𝑧 𝜕𝑟𝜕𝑧

𝜕𝑧 2

𝜕2 𝜓
= 0,
𝜕𝑟𝜕𝜃

.
24

2𝑧

𝜕2 𝜑
= 0,
𝜕𝑧 2

𝜕3 𝜑
𝜕2 𝜑 𝜕2 𝜔
− 1 − 4𝑣
+
= 0.
3
𝜕𝑧
𝜕𝑧 2 𝜕𝑧 2

on the basis of which we obtain the equations for harmonic
functions:

= 0,
25

𝜕2 𝜓
= 0,
𝜕𝑟𝜕𝜃

𝜕2 𝜔
= 0,
𝜕𝑧 2

𝜕2 𝜑
= 0.
𝜕𝑧 2

Under these conditions, we present the structure of harmonic
potentials 𝜑 𝑟, 𝜃, 𝑧 , 𝜔 𝑟, 𝜃, 𝑧 and 𝜓 𝑟, 𝜃, 𝑧 in the form:

𝑛𝑟 𝜎𝑟𝑟 + 𝑛𝜃 𝜎𝑟𝜃 + 𝑛𝑧 𝜎𝑟𝑧 𝑒𝑟 +

ψ 𝑟, 𝜃, 𝑧 = ψ0 𝑟, 𝑧 + ψ1 𝜃, 𝑧 + ψ2 𝑧 ,

+ 𝑛𝑟 𝜎𝑟𝜃 + 𝑛𝜃 𝜎𝜃𝜃 + 𝑛𝑧 𝜎𝜃𝑧 𝑒𝜃 +
(20)

𝜕2 𝜑
= 0.
𝜕𝑧 2

Under the axisymmetric problem (15) and the torsion problem
(21) - (22) we write the relation:

which satisfy the corresponding boundary conditions on the body
surface 𝜕𝑋:
𝑛 ∙ 𝜎 |𝜕𝑋 =

𝜗 = 𝜀𝑟𝑟 + 𝜀𝜃𝜃 + 𝜀𝑧𝑧 = −4 1 − 2𝑣

and, accordingly, the first invariant 𝐽 is identically equal to zero.

Therefore, the axisymmetric boundary value problem on the
harmonic potentials 𝜑 𝑟, 𝜃, 𝑧 , 𝜔 𝑟, 𝜃, 𝑧 and 𝜓 𝑟, 𝜃, 𝑧 has the
form:
19

4 1 − 𝑣 𝜕2 𝜑
𝜕2 𝜓
−
.
𝑟
𝜕𝜃𝜕𝑧 𝜕𝑟𝜕𝑧

𝜀𝜃𝑧 = 2

𝜎𝑟𝜃 = 2𝜇 −

Based on the elms (15), the first invariant of the stress tensor is
expressed only through one harmonic scalar function 𝜑 𝑟, 𝜃, 𝑧 :
18

2𝑧 𝜕2 𝜑 3 − 4𝑣 𝜕𝜑 1 𝜕𝜔 𝜕2 𝜓 1 𝜕𝜓
−
−
−
+
𝑟 2 𝜕𝜃𝜕𝑧
𝑟 2 𝜕𝜃 𝑟 2 𝜕𝜃 𝜕𝑟 2 𝑟 𝜕𝑟

𝜎𝑟𝑟 = 0, 𝜎𝜃𝜃 = 0,
𝜕2 𝜓

2𝑧 𝜕2 𝜑 3 − 4𝑣 𝜕𝜑 1 𝜕𝜔 𝜕2 𝜓 1 𝜕𝜓
−
−
−
+
,
r 2 𝜕𝜃𝜕𝑧
𝑟 2 𝜕𝜃 𝑟 2 𝜕𝜃 𝜕𝑟 2 𝑟 𝜕𝑟

𝜎𝜃𝑧 = 2𝜇

𝜕3 𝜑
𝜕2 𝜑 𝜕2 𝜔 1 𝜕2 𝜓
+
+
+
= 0,
𝜕𝑟𝜕𝑧 2 𝜕𝑟𝜕𝑧 𝜕𝑟𝜕𝑧 𝑟 𝜕𝜃𝜕𝑧

Based on relations (21)-(22), the components of the stress
tensor 𝜎 are written as follows:

𝜕3 𝜑 𝜕2 𝜑 𝜕2 𝜔
𝜎𝑧𝑧 = 2𝜇 2𝑧 3 − 2 + 2 ,
𝜕𝑧
𝜕𝑧
𝜕𝑧
𝜕2 𝜔

𝜕2 𝜑 𝜕2 𝜔
𝜕3 𝜑
−
1
−
4𝑣
+
= 0,
𝜕𝑧 2 𝜕𝑧 2
𝜕𝑧 3

𝜀𝑟𝜃 = 2 −

𝜕3 𝜑
𝜕2 𝜑
𝜕2 𝜑 𝜕2 𝜔 2 𝜕𝜓
𝜎𝑟𝑟 = 2𝜇 2𝑧 2 + 3 − 4𝑣
− 4𝑣 2 + 2 − 2
,
2
𝜕𝑟 𝜕𝑧
𝜕𝑟
𝜕𝑧
𝜕𝑟
𝑟 𝜕𝜃

𝜕2 𝜑

𝜕3 𝜑
𝜕2 𝜑 𝜕2 𝜔 2 𝜕𝜓
+ 3 − 4𝑣
+
−
= 0,
2
𝜕𝑟 𝜕𝑧
𝜕𝑟 2 𝜕𝑟 2 𝑟 2 𝜕𝜃

𝜀𝑟𝑧 = 2 2𝑧

𝜕2 𝜓
4 1 − 𝑣 𝜕2 𝜑
−
.
𝑟
𝜕𝜃𝜕𝑧 𝜕𝑟𝜕𝑧

𝜕3 𝜑

𝜕𝜑 𝜕𝜔
𝜕2 𝜑
− 3 − 4𝑣
+
= 0.
𝜕𝑧 𝜕𝑧
𝜕𝑧 2

2𝑧 𝜕2 𝜑 3 − 4𝑣 𝜕𝜑 1 𝜕𝜔 2 𝜕𝜓
+
+
+
= 0,
𝑟 𝜕𝑟𝜕𝑧
𝑟 𝜕𝑟 𝑟 𝜕𝑟 𝑟 2 𝜕𝜃

𝜀𝑧𝑧 = 2𝑧

2

The components of the stress tensor 𝜎, according to (16), are as
follows:

(17)

𝑈𝑧 = 2𝑧

𝜕3 𝜑
𝜕2 𝜑 𝜕2 𝜔
= 2𝑧 3 − 1 − 4𝑣
+
,
𝜕𝑧
𝜕𝑧 2 𝜕𝑧 2

𝜀𝑟𝜃 = 2 −

𝜎𝜃𝜃

2𝑧 𝜕2 𝜑 3 − 4𝑣 𝜕𝜑 1 𝜕𝜔
𝜕𝜓
+
+
−2
,
𝑟 𝜕𝜃𝜕𝑧
𝑟 𝜕𝜃 𝑟 𝜕𝜃
𝜕𝑟

Given the relation (20), the components of the deformation
tensor 𝜀 (16) and, accordingly, its first invariant 𝜗 take the form:

2𝑧 𝜕2 𝜑 3 − 4𝑣 𝜕𝜑 1 𝜕𝜔 2 𝜕𝜓
+
+
+
,
𝑟 𝜕𝑟𝜕𝑧
𝑟 𝜕𝑟 𝑟 𝜕𝑟 𝑟 2 𝜕𝜃

2

16

20

𝜕2 𝜑
𝜕𝜑 𝜕𝜔 2 𝜕𝜓
+ 3 − 4𝑣
+
+
= 0,
𝜕𝑟𝜕𝑧
𝜕𝑟 𝜕𝑟 𝑟 𝜕𝜃

𝜑 𝑟, 𝜃, 𝑧 = 𝜑0 𝑟, 𝜃 + 𝑧𝜑1 𝑟, 𝜃 ,

+ 𝑛𝑟 𝜎𝑟𝑧 + 𝑛𝜃 𝜎𝜃𝑧 + 𝑛𝑧 𝜎𝑧𝑧 𝑒𝑧 |𝜕𝑋 = 𝜎𝑛+ ,
26

10

𝜔 𝑟, 𝜃, 𝑧 = 𝜔0 𝑟, 𝜃 + 𝑧𝜔1 𝑟, 𝜃 .
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where ψ𝑖 , 𝜑𝑗 , 𝜔𝑗 , 𝑖 = 0,2 𝑗 = 0,1
– unknown harmonic
functions.
Note that 𝜓1 𝜃, 𝑧 and 𝜓2 𝑧 do not affect the structure of the
tangential components of the stress tensor 𝜎𝑟𝜃 and 𝜎𝜃𝑧 , so they can
be considered equal to zero.

5. Conclusion
Based on the representation of the fundamental solution of the
linear elasticity theory of the mechanics of a deformable solid in the
form of J.Dougall through the spatial harmonic functions 𝜑 𝑟, 𝜃, 𝑧 ,
𝜔 𝑟, 𝜃, 𝑧 , 𝜓 𝑟, 𝜃, 𝑧 , the axisymmetric problem of the theory of
elasticity in a cylindrical coordinate system for bodies bounded by a
canonical surface was formulated.
The case of the pure torsion problem is considered and the
elastic characteristics are given, namely, the components of
deformation tensors 𝜀 and stresses 𝜎 and the structure of the
corresponding external loads on the side surface of a given isotropic
elastic body in the above-mentioned harmonic potentials. The elms
on the initial basic harmonic functions in the Dougall's form are
obtained, which made it possible to concretize their structure and
submit through new harmonic potentials 𝜑0 𝑟, 𝜃 , 𝜑1 𝑟, 𝜃 ,
𝜔0 𝑟, 𝜃 , ψ0 𝑟, 𝑧 and formulate an appropriate boundary value
problem.

4. Results and discussion
The obtained structure of harmonic functions (26) is substituted
into the initial representation of the displacement vector 𝑢 (20) for
the pure torsion problem. We obtain finite expressions and
connections for unknown harmonic functions ψ0 𝑟, 𝑧 , 𝜑0 𝑟, 𝜃 ,
𝜑1 𝑟, 𝜃 , 𝜔0 𝑟, 𝜃 , 𝜔1 𝑟, 𝜃 :
𝜕
3 − 4𝑣 𝜑0 + 8 1 − 𝑣 𝑧𝜑1 + 𝜔0 = 0,
𝜕𝑟
𝜕 1
𝜕𝜓0
𝑈𝜃 =
3 − 4𝑣 𝜑0 + 8 1 − 𝑣 𝑧𝜑1 + 𝜔0 − 2
,
𝜕𝜃 𝑟
𝜕𝑟

𝑈𝑟 =

27

𝑈𝑧 = − 3 − 4𝑣 𝜑1 + 𝜔1 = 0.
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𝜕2 ψ0 𝑟, 𝑧
1 𝜕ψ0 𝑟, 𝑧
−
𝑟
𝜕𝑟 2
𝜕𝑟

4 1 − 𝑣 𝜕𝜑1 𝑟, 𝜃
𝑟
𝜕𝜃

−

𝜕2 ψ0 𝑟, 𝑧
𝜕𝑟𝜕𝑧

−

,

.

Thus, the boundary value problem of pure torsion of the theory
of elasticity for canonical bodies is reformulated into a boundary
value problem on harmonic potentials 𝜑0 𝑟, 𝜃 , 𝜑1 𝑟, 𝜃 , 𝜔0 𝑟, 𝜃 ,
ψ0 𝑟, 𝑧 :
∆ 𝜑0 𝑟, 𝜃 , 𝜑1 𝑟, 𝜃 , 𝜔0 𝑟, 𝜃 , 𝜓0 𝑟, 𝑧

= 0,

which satisfy the corresponding boundary conditions on the body
surface 𝜕𝑋:
𝑛 ∙ 𝜎 |𝜕𝑋 =
= 2𝜇

−

1
𝑟2

1 𝜕𝜔0 𝑟, 𝜃
𝑟2
𝜕𝜃

+ 𝑛𝑟

−

𝑛𝑟

𝑛𝜃 𝜎𝑟𝜃 𝑒𝑟 + 𝑛𝑟 𝜎𝑟𝜃 + 𝑛𝑧 𝜎𝜃𝑧 𝑒𝜃 + 𝑛𝜃 𝜎𝜃𝑧 𝑒𝑧 =

1
𝑟2

+ 𝑛𝜃

−

4𝑣 − 3

1 𝜕𝜔0 𝑟, 𝜃
𝑟2
𝜕𝜃

+𝑛𝑧

4𝑣 − 3

−

𝜕𝜑0 𝑟, 𝜃
𝜕𝜑1 𝑟, 𝜃
− 8 1− 𝑣 𝑧
𝜕𝜃
𝜕𝜃

𝜕2 𝜓0 𝑟, 𝑧
1 𝜕𝜓0 𝑟, 𝑧
−
𝜕𝑟 2
𝑟
𝜕𝑟

𝑒𝑟 +

𝜕𝜑0 𝑟, 𝜃
𝜕𝜑1 𝑟, 𝜃
−8 1−𝑣 𝑧
𝜕𝜃
𝜕𝜃
𝜕2 𝜓0 𝑟, 𝑧 1 𝜕𝜓0 𝑟, 𝑧
−
𝜕𝑟 2
𝑟
𝜕𝑟

4 1 − 𝑣 𝜕𝜑1 𝑟, 𝜃
𝑟
𝜕𝜃
4 1 − 𝑣 𝜕𝜑1 𝑟, 𝜃
𝑟
𝜕𝜃

−

−

𝜕2 ψ0 𝑟, 𝑧
𝜕𝑟𝜕𝑧
𝜕2 𝜓0 𝑟, 𝑧
𝜕𝑟𝜕𝑧

−

−

+

𝑒𝜃 +
= 𝜎𝑛+ .

𝑒𝑧
𝜕𝑋
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Influence of data points density on geometrical accuracy of interpolation surface
Marta Hlavová, Ivana Linkeová
Faculty of Mechanical Engineering, Czech Technical University in Prague, Czech Republic
marta.hlavova@fs.cvut.cz
Abstract: Interpolation is one of widely used methods reconstructing the shape of a freeform surface from data points obtained by
measurement. The geometrical accuracy of the resulting reconstructed surface is expressed as a range of normal deviations of the surface
from the original shape and depends mainly on the density of the input data points. In the paper, a method to determine the g eometrical
accuracy of the interpolation surface fitted through a set of definition points arranged in a structured quadrilateral mesh with a given
density is described. Practical application of this method is demonstrated on the processing of experimental data mathematically generated
from a known CAD model of suitably chosen freeform surface.
Keywords: CAD, GEOMETRICAL ACCURACY, INTERPOLATION B-SPLINE SURFACE, FREEFORM SURFACE
to maintain smoothness and 𝐶 2 continuity of the resulting CAD
model. Due to the different approaches for creating such
interpolation surface, there are two main types of results – global
and local bicubic interpolation B-spline surfaces [7]. However, both
bicubic interpolation B-spline surfaces can be also defined as
bicubic approximation B-spline surfaces by set of control points
that are different from the original definition points. In case of
global interpolation, the number of control points is (𝑚 + 1) ×
(𝑛 + 1) and this surface is composed from 𝑚 − 2 × 𝑛 − 2
individual patches that are connected in order to fulfill 𝐶 2
continuity condition. Considering the local interpolation, the
number of control points is increased to 𝑚 + 3 × 𝑛 + 3 and
such interpolation bicubic surface is composed from 𝑚 × 𝑛
individual patches connected with 𝐶 2 continuity. Both cases of
interpolation B-spline surfaces with its control point meshes and
displayed segmentations are depicted in Fig. 1.

1. Introduction
For a shape reconstruction of a freeform surface with no CAD
(Computer Aided Design) model available, a digitization,
i.e. transformation of a point data obtained by measurement of the
original shape into a computer-readable representation is a key
operation. There are two different approaches to digitize an
unknown surface – triangulation (linear reconstruction) [1, 2] and
freeform surface fitting [3, 4]. Triangulation is widely used when
processing unstructured input data in a form of point clouds, usually
generated by optical scanning [5] of real objects. In case that the
input data are ordered into a structured quadrilateral mesh, the
freeform surface fitting approach is more suitable. Such input data
can be generated by tactile point to point measurement on CMM
(Coordinate Measuring Machine), for example.
When using freeform surface fitting approach, it is always
necessary to find a compromise between smoothness and continuity
of the fitted surface and its shape deviation from the original object
[3, 6]. This shape deviation strongly depends on the density of
the input points. In this paper, we focus on the determination of
geometrical accuracy of CAD model of a freeform surface
assuming the CAD model in form of interpolation B-spline surface
[7] passing through a set of structured definition points. In the
following, this model is referred to as the interpolation CAD model.
The geometrical accuracy of CAD model corresponds to the
application in which the model is used. For example, if the
interpolation CAD model is intended as a representation of
reference CAD model in precision tactile CAD-based freeform
metrology, the shape conformity of the interpolation CAD model
with the measured surface has to be comparable to or less than
measurement uncertainty of CMM [8, 9]. Measurement uncertainty
is related to the MPE (Maximum Permissible Error) defined as the
extreme value of an error permitted by specifications between the
indication of a measuring instrument and the corresponding true
value [10]. MPE is proportional to the measured length and its
constant value ranges from tenths of micrometers for the most
precise tactile CMM to tens of micrometers for portable CMM and
optical scanners.

Fig. 1 Global interpolation B-spline surface (on the left, red), local
interpolation B-spline surface (on the right, green), interpolated points
(blue).

One of the features of local interpolation (see Fig. 1, on the
right) is that the corner points of any individual patch are the
original definition points. This property can be used to derive a
dependence of geometrical accuracy of surface on density of
definition points as is described in the following section.

3. Geometrical Accuracy of Open Bicubic Uniform
B-spline Surface

This paper is organized as follows. Section 2 briefly reminds
basic knowledges about commonly used interpolation methods,
Section 3 describes the process to derive geometrical accuracy of
interpolation B-spline surface for given density of definition points.
In section 4, the proposed method is demonstrated and verified on
experimental data processing. Section 5 summarizes the achieved
results and gives directions for the future research work.

Suppose single individual patch of local interpolation bicubic
B-spline surface with 4 original definition points at its corners. This
patch can be considered Bézier bicubic patch [7] determined by
4 × 4 control points 𝐕𝑖,𝑗 , 𝑖 = 0, … ,3, 𝑗 = 0, … ,3 arranged into
quadrilateral mesh to set 4 original definition points as corners
𝐕0,0 , 𝐕3,0 , 𝐕0,3 , 𝐕3,3 of this mesh to interpolate them. Thus, every
individual patch can be considered an open approximation bicubic
uniform B-spline surface with special B-spline third degree basis
functions

2. Interpolation B-spline Surfaces
To get a freeform surface CAD model passing through 𝑚 +
1 × (𝑛 + 1) points arranged in a structured bidirectional mesh,
using the interpolation B-spline surface is the simplest solution.
Given points are considered as definition points 𝐐𝑖,𝑗 (𝑖 = 0, … , 𝑚,
j = 0, … , 𝑛) of this interpolation B-spline surface and the degrees
of B-spline basis functions [7] are set equal to 3, which is sufficient

1
1− 𝑡 3
6
1
𝐶1 𝑡 = 3𝑡 3 − 6𝑡 2 + 4
6
1
𝐶2 𝑡 = −3𝑡 3 + 3𝑡 2 + 3𝑡 + 1
6
𝐶0 𝑡 =
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𝐶3 𝑡 =

1 3
𝑡 .
6

Fig. 3 Surface 𝑻 𝑢,𝑣 (red) with corners on sphere κ𝑟 (blue) and
control points 𝐑 𝑖,𝑗 (black) on sphere κ𝜚 (green).

Without loss of generality, consider centers of both spheres κ𝑟
and κ𝜚 at origin 𝐎 = 0,0,0 of the coordinate system. Using
transformation into spherical coordinates

This single-segment open bicubic uniform B-spline surface
𝑻 𝑢, 𝑣 is defined by 4 × 4 control points 𝐏𝑖,𝑗 , 𝑖 = 0, … ,3, 𝑗 =
0, … ,3 and
3

(1)

𝑥 = 𝜚 𝑐𝑜𝑠 𝜑 𝑐𝑜𝑠 𝜗,
𝑦 = 𝜚 𝑠𝑖𝑛 𝜑 𝑐𝑜𝑠 𝜗,
𝑧 = 𝜚 𝑠𝑖𝑛 𝜗,

3

𝑻 𝑢, 𝑣 =

𝐶𝑖 𝑢 𝐶𝑗 𝑣 𝐏𝑖,𝑗 , 𝑢, 𝑣 𝜖 0,1

2.

𝑖=0 𝑗 =0

where 𝜑 ∈ 0,2𝜋 , 𝜗 ∈ −π/2, π/2 , all the control points 𝐑 𝑖,𝑗 can
be represented by unique triplets 𝜚, 𝜑𝑖,𝑗 , 𝜗𝑖 ,𝑗 , where angles 𝜑𝑖,𝑗
and 𝜗𝑖,𝑗 are arranged into matrices

Example of such a surface is shown in Fig. 2. Due to the
relationship between Bézier and B-spline approximation surfaces,
the control points 𝐕0,0 , 𝐕3,0 , 𝐕0,3 , 𝐕3,3 of the Bézier bicubic patch are
corners of this B-spline surface 𝑻 𝑢, 𝑣 , where 𝐕0,0 = 𝑻 0,0 ,
𝐕3,0 = 𝑻 1,0 , 𝐕0,3 = 𝑻 0,1 and 𝐕3,3 = 𝑻 1,1 .

−3α
−3α
𝛷=
−3α
−3α

−α
−α
−α
−α

α
α
α
α

3α
3α
3α
3α

and
3β
3β
3β
3β
β
β
β
β
𝛩=
−β
−β −β
−β
−3β −3β −3β −3β
to ensure regular placement of 𝐑 𝑖,𝑗 on the sphere κ𝜚 . Angles α, β are
unknown constants.
After substituting the control points 𝐑 𝑖,𝑗 in (1), the radius r is
equal to the magnitude of a radius vector 𝑥𝟎 , 𝑦𝟎 , 𝑧𝟎 of corner
𝑻 0,0 ,
𝑟=

𝑥𝟎2 + 𝑦𝟎2 + 𝑧𝟎2 .

Fig. 2 Single-segment open bicubic uniform B-spline surface (red) and
its control point mesh (black).

(2)

Geometrical accuracy of any CAD model of a surface is given
by the range of normal deviations between the CAD model and the
original surface and depends on the curvature of the original
surface. The more curved the processed surface, the closer the data
points must be for the shape reconstruction to be successful.
Consequently, the worst conditions are in a neighbourhood of a
point with minimum radius r of the curvature. Thus, the main idea
is to estimate the geometrical accuracy of the interpolation CAD
model using maximum normal deviation between a sphere κ𝑟 with a
radius r (minimum radius of curvature) and such a surface 𝑻 𝑢, 𝑣
given by (1), the corners of which lie on the sphere κ𝑟 . For
simplicity, suppose the corners are vertices of a square, due to the
same distance d of each two neighbouring corners. The distance d
represents the maximum Euclidean distance of interpolation CAD
model definition points and determines the density of input data
points. As result, the estimation of geometrical accuracy g of the
interpolation surface in dependence on the minimum radius of the
curvature r of the original surface and the maximum Euclidean
distance d of the two neighbouring interpolated points is expected.

Next, equation (2) is solved to express the radius 𝜚 of the sphere κ𝜚
in dependence on the radius r
(3) 𝜚 =

9𝑟
3−2𝑠𝑖 𝑛 2 𝛽

9−4𝑠𝑖 𝑛 2 𝛽 𝑠𝑖𝑛 4 𝛼 +4 𝑠𝑖𝑛 4 𝛼+12 𝑠𝑖𝑛 2 𝛽 𝑠𝑖𝑛 2 𝛼−12 𝑠𝑖𝑛 2 𝛼

.

Thus, let the corners of the surface 𝑻 𝑢, 𝑣 lie at the vertices of
a square with prescribed length d of its side. From this condition,
the relation between angles 𝛼 and 𝛽 can be expressed by
𝛽 = 𝑡𝑎𝑛−1

(4)

𝑠𝑖𝑛 α 3 − 2 𝑠𝑖𝑛2 α
3

.

The geometrical accuracy g of the surface 𝑻 𝑢, 𝑣 (due to
the sphere κ𝑟 ) is given by a maximum normal deviation of the
surface 𝑻 𝑢, 𝑣 from the sphere κ𝑟 that occurs at point 𝐖 =
1 1
𝑻 , , see Fig. 4.
2 2

Thus
(5)

The unknown control points 𝐑 𝑖,𝑗 of the surface 𝑻 𝑢, 𝑣 are located
on the sphere κ𝜚 with the same center as the sphere κ𝑟 and
an unknown radius 𝜚, see Fig. 3.

𝑔 = 𝑟 − 𝑤,

where w is a magnitude of a radius vector 𝑥𝐖 , 𝑦𝐖, 𝑧𝐖 of point W,
2 + 𝑦 2 + 𝑧2 .
𝑤 = 𝑥𝐖
𝐖
𝐖

Fig. 4 The maximum deviation of surfaces 𝑻 𝑢, 𝑣 (red) and sphere κ𝑟
(blue).
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Substituting (4) and (3) in (1), for prescribed distance d and
the minimum radius of the curvature r, the values of angles 𝛼 and 𝛽
are obtained from formula for length of a square side
𝑑 = 2𝑧𝟎
and these numerically obtained values are applied in (5) to compute
the geometrical accuracy g.

4. Experimental Data Processing
Fig. 7 Selected isocurves and generated data points (division 48).

This section demonstrates the development of an interpolation
CAD models of three experimental input data sets varying in
the density of these points. The data points have been generated on
a test freeform surface with known CAD model in the form of
clamped uniform bicubic B-spline surface, given by a mesh of
25 × 13 control points (see Fig. 5).

All densities are shown in Fig. 8. In the following, the division of
isocurves into 48, 96 or 192 segments, is reffered as division 48, 96
or 192 in the given order.

The dimensions of the test freeform surface are approximately
120 mm×107 mm×54 mm. The shape of the test freeform surface
is considerably curved, see Fig. 6, where the Gaussian curvature
[11] of the surface is visualized by means of a colour map obtained
by surface analysis tools in Rhinoceros (3D modelling system based
on NURBS representation).

Fig. 8 Density of sets of definition points for division 48 (blue), 96
(green) and 192 (red).

For each density of data points given by the division 48, 96 and
192 of the selected isocurves, the maximum distance d of two
neighbouring points is obtained, and then predicted geometrical
accuracy g is computed by (5). Table 1 lists all these values.
Table 1: Maximum distance d of two neighbouring definition points and
computed geometrical accuracy g of local interpolation B-spline surface.

Fig. 5 Test freeform surface

The minimum radius of curvature of the test surface 𝑟 =
3.00327mm has been obtained in Rhinoceros diagnostics, too.

Division [-]

Number of
points [-]

48
96
192

2401
9409
37249

Maximum
distance d
[mm]
3.876576
1.940410
0.972252

Geometrical
accuracy g
[mm]
0.750618
0.026729
0.001577

Consequently, local interpolation B-spline CAD model based
on an interpolation spline cubic curve with zero second derivatives
at the endpoints is used here. In the term of approximation B-spline
surface, this local interpolation CAD model is determined from
control points computed in software Maple and is referred to as
IntSrfL. The global interpolation B-spline CAD model (referred to
as IntSrfG) is modelled in Rhinoceros using the command “Surface
from point grid”. Both types of these interpolation surfaces are
modelled for each given density.
In software Rhinoceros, using the same procedure to obtain a
set of definition points, the set of verification points has been
generated. The verification points are located approximately in the
middle between the definition points, because this is where the
interpolation B-spline surface has the largest deviation from its
definition mesh [7]. To use one verification set for all three
densities, the points of this set have been generated in the middle
between the definition points from division 192. This verification
set contains 36864 points.

Fig. 6 Colour map of Gaussian curvature on the test freeform surface.

On the test freeform CAD model, the data points sets have been
generated by an uniform division of two suitable selected
isoparametric curves (isocurves) of the surface – specifically, both
curves have been divided into 48, 96 and 192 equally long
segments. For each division, data points have been created as
intersections of all isocurves passing through the points of the
division of the selected isocurves (see Fig. 7).

The deviations (normal distances) of the verification point set
from all interpolation CAD models have been obtained from
Rhinoceros. An example of visual representation of the verification
points deviations for the density given by the division 48 is shown
in Fig. 9. Statistical evaluation for all considered densities is
summarized in Table 2 (for IntSrfL models) and in Table 3 (for
IntSrfG models).
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For three densities of the definition points sets, the results of the
proposed method were demonstrated and verified by processing
the experimental data generated on a test freeform surface. Two
types of interpolation B-spline CAD models were constructed (for
each of the three data point set) and the estimation of geometrical
accuracy was verified using a set of the verification points at
suitable position. Due to the fact, that the range of normal
deviations of the verification points sets from both types of the
interpolation CAD models satisfied the geometrical accuracy
condition, the proposed method was declared successful.
The derivation of the dependence of the interpolation surface
geometrical accuracy on the maximum distance between two
neighbouring definition points and the minimum curvature radius
leads to a numerical solution not applicable in the technical
practice. Therefore, this dependence could be performed, for
instance, like a graph of geometrical accuracy g as a function of a
maximum distance d (for the given radius r), by approximation of
an appropriate amount of discrete values g for d from some given
interval I by least-squares third degree polynomials. In this case, the
estimation of geometrical accuracy g for any maximum distance d
from interval I could be deducted from the graph.

Fig. 9 Visual representation of verification points deviation from
the interpolation CAD model IntSrfL (division 48).

It is clear that all interpolation models meet their predicted
geometrical accuracy g, because the maximum distance between
the verification points and the interpolation surface is lower than
the accuracy g calculated by (5) (for each given density).

The proposed method is useful, for example, in shape
reconstruction applications and freeform surfaces inspections. The
future research will be focused especially on applications in precise
CAD-based freeform coordinate metrology, where the accuracy of
the conformity of the measured freeform shape and the reference
CAD model is essential.

Table 2: Statistical evaluation of verification points deviations from IntSrfL
CAD models.
Division [-]
Average distance
[mm]
Standard
deviation [mm]
Maximum
distance [mm]
Geom. accuracy g
[mm]

48

96

192

0.001920

0.000215

0.000025

0.003358

0.000521

0.000100

0.044568

0.005598

0.001448

0.750618

0.026729

0.001577
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Table 3: Statistical evaluation of verification points deviations from IntSrfG
CAD models.
Division [-]
Average distance
[mm]
Standard
deviation [mm]
Maximum
distance [mm]
Geom. accuracy g
[mm]

48

96

192

0.001219

0.000090

0.000007

0.002058

0.000192

0.000017

0.025128

0.002461

0.000277

0.750618

0.026729

0.001577
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5. Conclusion
In this paper, a method to predict geometrical accuracy of
a computer-readable interpolation CAD model of a freeform surface
with a given density of definition points is described and verified.
The input data for the method is represented by a quadrilateral mesh
of the points obtained, for example, by tactile point to point
coordinate measurement of the original shape (a workpiece with
freeform superficies). The geometrical accuracy of an interpolation
CAD model depends not only on the density of the input points but
also on the curvature of the original surface given by a minimum
curvature radius. In case of the nominal CAD model of the surface
being available, the minimum curvature radius can be obtained from
a curvature analysis of the nominal CAD model in a suitab le
software. Otherwise, the minimum curvature radius can be
measured by means of radius gauges or derived from the radius of
cutting tool. In any case, it is necessary to emphasise that the
minimum radius of the curvature is an internal (local) property of
the surface in terms of differential geometry [12]. Therefore, the
global shape of the surface must be taken into account in order not
to overestimate the radius r, and consequently, the distance d.
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Abstract: Current-Voltage characteristics for the stack of n long Josephson junctions are calculated by solving the system of n nonlinear
equations. In this work we prove analytically that the problem is reduced to solving a unique equa tion.
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In the case of 𝑛 long Josephson junctions (LJJ in the following)
calculating IVC is connected with numerical solving the system of
𝑛 following nonlinear equations [1]
𝜕𝜙𝑘
= 𝐷𝑣𝑘 + 𝑠𝑣𝑘+1 + 𝑠𝑣𝑘−1 , 𝑘 = 1, … , 𝑛,
𝜕𝑡
𝑛
2
𝜕𝑣𝑘
−1 𝜕 𝜙𝑗 − sin 𝜙 − 𝛽 𝜕𝜙𝑘 + 𝐼.
=
𝑙𝑘,𝑗
𝑘
𝜕𝑡
𝜕𝑥 2
𝜕𝑡

𝐸2

𝑘−1

𝐸𝑛 =

−1 are elements of matrix 𝐿−1, matrix 𝐿
Here 𝐷, 𝑠, 𝛽 are constants, 𝑙𝑘,𝑗
is defined below. The calculations are performed for long time
intervals. In [1] the results of IVC calculations for the nonlinear
boundary conditions with zero initial data are presented. We prove
(using the matrix theory [2]) that the problem is reduced to solving
a unique equation
𝜂𝑥𝑥
𝜂𝑡𝑡 = 𝐷 + 2𝑠
− 𝛽𝜂𝑡 − sin 𝜂 + 𝐼 .
(2)
1 + 2𝑆

𝑇 ∗ 𝐵𝑇 = Λ 𝜆1, 𝜆2 , … , 𝜆𝑛 ,
= Λ 1 + 𝑆𝜆1 , 1 + 𝑆𝜆2 , … ,1 + 𝑆𝜆𝑛 ,
𝑇 ∗ 𝐶𝑇 = Λ 𝐷 + 𝑠𝜆1, 𝐷 + 𝑠𝜆2 , … , 𝐷 + 𝑠𝜆𝑛 .
𝑇 ∗ 𝐿𝑇

Remark that this time 𝑇 −1 = 𝑇 ∗ , ∗ is the transposing sign.
Let 𝜎𝑘 denotes sum of 𝐸𝑘 elements. Using well-known formulas
sin 𝑛 + 1 2 𝜃
,
2 sin 𝜃 2
cos 𝜃 2 − cos 𝑛 + 1 2 𝜃
sin 𝜃 + ⋯ + sin 𝑛𝜃 =
,
2 sin 𝜃 2
1 2 + cos 𝜃 + ⋯ + cos 𝑛𝜃 =

(3)

In this case, the calculation time is significantly reduced.

we find that 𝜎1 = 𝑛 and 𝜎𝑘 = 0 for 𝑘 = 2,3, … , 𝑛.

Let us rewrite the system (1) in matrix view

Using the same formulas we prove the orthonormality of the
eigenvectors:

(4)

where

𝐸𝑖 , 𝐸𝑖 = 1, 𝐸𝑖 , 𝐸𝑗 = 0 for all 𝑖 ≠ 𝑗, 1 ≤ 𝑖, 𝑗 ≤ 𝑛.

𝑉 = 𝑣1 , … , 𝑣𝑛 ∗ , Φ = 𝜙1 , … , 𝜙𝑛 ∗ ,
sin Φ = sin 𝜙1 , … , sin 𝜙𝑛 ∗ , 𝐼 = 𝐼, … , 𝐼 ∗ ,

After changing variables Φ = 𝑇Ψ, 𝑉 = 𝑇𝑊 the system (1)
takes the form

∗ is the sign of transforming row vector in column vector.

𝜕𝜓𝑘
= 𝐷 + 𝑠𝜆𝑘 𝜔𝑘 , 𝑘 = 1, … , 𝑛,
𝜕𝑡
𝜕𝜔𝑘 𝜕2 𝜓𝑘
1 + 𝑆𝜆𝑘
=
− 1 + 𝑆𝜆𝑘 𝑇 ∗ sin Φ
𝜕𝑡
𝜕𝑥 2
𝜕𝜓𝑘
−𝛽 1 + 𝑆𝜆𝑘
+ 1 + 𝑆𝜆𝑘 𝜎𝑘 𝐼.
𝜕𝑡

𝐿 = 𝐸 + 𝑆𝐵 (𝑆 is a constant), 𝐶 = 𝐷𝐸 + 𝑠𝐵, 𝐸 is the identical
matrix and
0
1
0
𝐵=
⋮
0
1

1
0
1
⋮
0
0

0
1
0
⋮
0
0

…
…
…
…
…
…

0
0
0
⋮
1
0

0
0
0
⋮
0
1

1
0
0
.
⋮
1
0

𝑛

𝑇 ∗ sin Φ

−

(5)

𝑛

𝑘=

𝑡𝑗 ,𝑘 sin
𝑗 =1

=

2𝜋 𝑘 − 1
, 𝑘 = 1, … , 𝑛𝑐.
𝑛

𝑡𝑗,𝜉 𝜓𝜉

=

𝜉=1

𝑛

𝑛

𝑡𝑗 ,𝑘 sin 𝑡𝑗,1 𝜓1 =
𝑗 =1

𝑡𝑗 ,𝑘 sin 𝜂 = 𝜎𝑘 sin 𝜂 .
𝑗 =1

One can verify easily that 𝜓1 = 𝑛𝜂, 𝜓𝑘 = 0, for 𝑘 = 2, … , 𝑛,
satisfy the system (5), if 𝜂 satisfies the equation (2).

Eigenvector 𝐸1 refers to 𝜆1:
𝐸1 =

𝑘

Here

Symmetric matrix 𝐵 has 𝑛𝑐 different real eigenvalues and the
complete system of orthonormal eigenvectors (𝑛𝑐 = 𝑛 + 1 2 ,
the integer part of 𝑛 + 1 2):
𝜆𝑘 = 2 cos 𝜃𝑘 , 𝜃𝑘 =

1
−1,1, −1,1, … , −1,1 ∗.
𝑛

The fundamental matrix 𝑇 [2], whose columns are eigenvectors
𝐸𝑘 , transforms the matrices to a diagonal form:

After 𝜂 is found, the total voltage of 𝑛 LJJ stack is calculated by
formulae

Φ𝑡 = 𝐶𝑉, 𝑉𝑡 = 𝐿−1 Φ𝑥𝑥 − 𝛽Φ𝑡 − sin Φ + 𝐼,

cos 𝜃𝑘
2 cos 2𝜃𝑘
⋮
𝑛
cos 𝑛𝜃𝑘

and when 𝑛 is even, 𝑛 = 2𝑛𝑐, matrix 𝐵 has additionally eigenvalue
𝜆𝑛𝑐 +1 = −2, 𝜃𝑛𝑐 +1 = 𝜋, and corresponding eigenvector is

(1)

𝑗 =1

𝜂 𝑡𝑚𝑎𝑥 − 𝜂 𝑡𝑚𝑖𝑛
𝑣=𝑛
.
𝐷 + 2𝑠 𝑡𝑚𝑎𝑥 − 𝑡𝑚𝑖𝑛

=

sin 𝜃𝑘
2 sin 2𝜃𝑘
, 𝐸2𝑘−1 =
⋮
𝑛
sin 𝑛𝜃𝑘

1
1,1,1,1, … ,1,1 ∗.
𝑛

∗

Remind that 𝐸𝑘 = 𝑡1,𝑘 , 𝑡2,𝑘 , … , 𝑡𝑛,𝑘 , 𝑇 = 𝑡𝑖,𝑗 , 𝑇 ∗ = 𝑡𝑗 ,𝑖 ,
𝑡𝑗 ,1 = 1 𝑛, for all 𝑗 = 1,2, … , 𝑛; 𝜎1 = 𝑛, 𝜆1 = 2,

Each of 𝜆𝑘 , 𝑘 = 2, … , 𝑛𝑐 has pair eigenvectors

Ψ=
and employing (5) we obtain
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∗

𝑊=

𝑛𝜂𝑡
, 0, … ,0 ,
𝐷 + 𝑠𝜆1

𝑉 = 𝑇𝑊 =

𝜂 𝑡 , 𝜂𝑡 , … , 𝜂𝑡 ∗
.
𝐷 + 2𝑠

(6)

Total voltage 𝑉 of 𝑛 LJJ is sum averaged values of 𝑣𝑘 :
𝑣 = 𝑣1 + 𝑣2 + ⋯ + 𝑣𝑛 , where
1
𝑣𝑘 =
𝑡𝑚𝑎𝑥 − 𝑡𝑚𝑖𝑛

𝑡 𝑚𝑎𝑥

𝑣𝑘 𝑡 𝑑𝑡.
𝑡 𝑚𝑖𝑛

Using (6), we get the required formulae
𝑣=𝑛

𝜂 𝑡𝑚𝑎𝑥 − 𝜂 𝑡𝑚𝑖𝑛
.
𝐷 + 2𝑠 𝑡𝑚𝑎𝑥 − 𝑡𝑚𝑖𝑛

The fourth-order Runge-Kutta method is commonly used to
compute the current-voltage characteristics of Josephson junctions
stacks. The calculations are performed for long time intervals and at
each time step the right-hand sides of the equations are recalculated
four times. Additionally, the calculating time can be reduce by
replacing the Runge-Kutta scheme with a second-order explicit
scheme [3].

Fig. 1 The solid line refers to the back branch of IVC calculated by the
Runge-Kutta scheme, the circles on this line refers to calculation performed
by the second-order explicit scheme. In the case of the second-order scheme
employment the calculating time is reduced about 7 times.
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alone. They are described by variables, which are extensive or
intensive. In the case of merging of two identical systems, the
extensive variables are doubled, but the intensive variables are
retained.
In the industry, processes take place in moving phases (gas, liquid,
solid). Reactions (reaction processes) lead to different
concentrations (and temperatures) in the phase volumes and the
phase boundaries. As a result, hydrodynamic processes, diffusion
mass transfer and heat conduction are joined to the reaction
processes. Under these conditions there are various forms of mass
transfer (heat transfer) that are convective (as a result of phase
movements) and diffusion (as a result of concentration
(temperature) gradients in the phases).
Convective mass transfer (heat transfer) can be laminar or turbulent
(as a result of large-scale turbulent pulsations). Diffusion mass
transfer (heat transfer) can be molecular or turbulent (as a result of
small-scale turbulent pulsations).
Mathematical models of industrial apparatuses aim at determining
the concentration of substances (flow temperatures) in the phases.
They have different degrees of approximation – thermodynamic,
hydrodynamic and Boltzmann's approximations.

Prelude
The main problems in the industry are the optimal design of new
devices and the optimal control of active processes, i.e.,
minimization of the investment and operating costs. These problems
are solved by modeling methods [1].
The creation of the mathematical model begins with the formulation
of the physical model of the complex process, i.e., the definition of
the simple (elementary) processes that make it up and the
interactions between them. The second step is to define simple
processes that have mathematical descriptions (equivalent
mathematical operators). The other simple processes are introduced
into the mathematical model through quantitative information
obtained from experimental data, which brings the mathematical
model as close as possible to the real process. The experiment
brings mathematics closer to physics (reality).
The optimal design and control in the chemical industry is uniquely
related to processes rates, so all mathematical descriptions of
processes are linked to algorithms to determine these rates, i.e.,
processes kinetics.

Industrial Processes Kinetics

Thermodynamic Approximation

The industrial systems consist of separate phases (gas, liquid, solid)
in the industrial apparatuses volumes. They are in thermodynamic
equilibrium when the temperatures and concentrations of substances
in the individual parts or points of the phases are equal and the
velocities are equal to zero.
The processes in the industry are a result of the deviation of the
systems from their thermodynamic equilibrium [2]. One system is
not in a thermodynamic equilibrium when the velocities,
concentrations of the components (substances) and the temperatures
at the individual points in the phase volumes are different. These
differences are the result of reactions, i.e., of processes that create
or consume substance and (or) heat. As a result, the industrial
processes kinetics is equivalent to the reactions kinetics [3].
The presented analysis shows that processes in the industry are
result of reactions that occur in the phase volume (homogeneous) or
on the boundary between two phases (heterogeneous).
Homogeneous reactions are generally chemical, while
heterogeneous reactions are chemical, catalytic, physical and
chemical adsorption, interphase mass transfer in gas-liquid and
liquid-liquid systems (on the interphase surface the substance
disappears from one phase and occurs in the other phase). The rates
of these processes are determined by the reaction kinetics [3], which
lies at the basis of modeling and simulation of the industrial
processes.

The processes in chemical engineering are result of a deviation from
the thermodynamic equilibrium between two-phase volumes or the
volume and phase boundaries of one phase and represent the pursuit
of systems to achieve thermodynamic equilibrium [2]. They are
irreversible processes and their kinetics use mathematical structures
derived from Onsager's principle of linearity (axiom). According to
him, the average values of the derivatives at the time of the
extensive variables depend linearly on the mean deviations of the
conjugated intensive variables from their equilibrium states. The
principle is valid close to equilibrium, and the Onsager's linearity
coefficients are kinetic constants. When the process is done away
from equilibrium (high intensity processes) kinetic constants
become kinetic complexes, depending on the corresponding
intensive variables. The thermodynamic approximation models
cover the entire volume of the phase or part of it.

Hydrodynamic Approximations
The hydrodynamic level uses the approximations of the mechanics
of continua, where the mathematical point is equivalent to an
elementary physical volume, which is sufficiently small with
respect to the apparatus volume, but at the same time sufficiently
large with respect to the intermolecular volumes in the medium. In
this level the molecules are not visible, as is done in the next level
of detail of Boltzmann.
The models of the hydrodynamic approximations are possible to be
created on the basis of the mass (heat) transfer theory, whose
models are created by the models of the hydrodynamics, diffusion,
thermal conductivity and reaction kinetics, using the logical
structures of three main “axioms”, related with the impulse, mass
and heat transfer:
1. The postulate of Stokes for the linear relationship between the
stress and deformation rate, which is the basis of the
Newtonian fluid dynamics models;
2. The first law of Fick for the linear relationship between the
mass flow and the concentration gradient, which is the basis of
the linear theory of the mass transfer;

Modeling
The basics of modeling in chemical engineering, as part of human
knowledge and science, are related to the combination of intuition
and logic that has different forms in individual sciences [4]. In the
mathematics the intuition is the axiom (unconditional statements,
that cannot be proven), while the logic is the theorem (the logical
consequences of the axiom), but logic prevails over intuition. In the
natural sciences (physics, chemistry, biology), the "axioms"
(principles, postulates, laws) are not always unconditional, but logic
prevails over intuition too.
The processes in the industry take place in the industrial
apparatuses, where gas, liquid and solid phases move together or
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3.

The first law of Fourier for the linear relationship between the
heat flux and the temperature gradient, which is the basis of the
linear theories of the heat transfer.
These are the laws of the impulse, mass and energy transfer.
To the above axioms must be added the law of chemical kinetics the rate of two-molecular reactions depends linearly on the product
of the concentrations of the reagents. This law is not an axiom
because it follows from the rule of probabilities. The reaction
between two molecules takes place when they are at one point. The
probability that a molecule of a reagent is at a given point is equal
to the ratio of the number of its molecules and the total number of
molecules, i.e, it is proportional to its concentration. The same is
true for the second reagent. The simultaneous realization of both
probabilities is the complex probability, which is equal to the
product of the simple probabilities.

The kinetics of processes with an unknown mechanism can be
modeled on the basis of an axiom, which can be formulated as it "The mathematical structure of the quantitative description of real
(industrial) processes does not depend on the measuring system of
the quantities involved in them".
A. A. Gukhman formulates [8] the condition for homogeneity of a
function – „The function in the equation
homogeneous, if is invariant
to

xi  ki xi , i  1,..., n
(1)

The homogeneous functions satisfy the equation (1) in the cases

F  x1 ,..., xn   0 , too.

Using the equation (1), Gukhman formulates and proves the
theorem [5] – “If mathematical structure is invariant with respect to
similar transformations, it is possible to be presented as power
functions complex”. This Gukhman’s theorem can be considered as
a consequence of the axiom „Mathematical structure of real process
does not depend on the measuring system“, because the
mathematical structure, which is invariant with respect to similar
transformations is mathematical structure of real processes, which
does not depend on the measuring system. As a result is possible to
be formulate the theorem „Mathematical structure of the
quantitative description of real systems is possible to be presented
as power functions complex“. This theorem will be proved for cases
of complex chemical reactions.
The kinetics of the complex chemical reactions depends on a set of
variables. If the velocity of these processes is denoted by y and the

Mechanism of Influence of Reaction Kinetics
The mathematical model of an engineering process is a mass (heat)
balance in the phases volumes, where the mathematical operators
are mathematical descriptions of the composite (elementary)
processes, and the relationship between them (differential
equations) corresponds to the mechanism of the complex process.
The boundary conditions of the differential equations are
formulated at the interphase boundaries.
Industrial processes are a set of physical and chemical reactions,
hydrodynamic, diffusion and thermal processes that take place in
the industrial apparatus volume. The problems in the modeling of
the kinetics of industrial processes arise from the need for
information about the interaction between the simple (elementary)
processes in the complex process, i.e., information about the
process mechanism.

values of these variables are

x1 ,..., xn , the equation of the kinetic

model will have the form:

y  f  x1 ,..., xn  .

(2)

This function is a mathematical structure that is retained when
changed the measurement system of the variable, i.e., this
mathematical structure is invariant with respect to similar
transformations [5]:

Modeling of Processes with Unknown Mechanism

xi  ki xi , i  1,..., n,

There are complex processes whose mechanism is unknown. A
typical example of this are the complex chemical reactions, where
the rate of which depends on the concentrations of several
substances, but the simple chemical reactions between these
substances and the relationships between them are unknown.

,

(3)

is a homogeneous function:

ky  f  k1x1 ,..., kn xn     k1 ,..., kn  . f  x1 ,..., xn  , k    k1,..., kn  .
f  xi 

A short recording of (4) is:

x1

f  xi     ki  f  xi .
(5). A differentiation of equation (5) concerning

f  xi 
k1




f  xi  .
k1



f  xi  x1
x1 k1

x1  1 f  xi  ,

(8)

where

  
 .
 k1  k 1

k1 leads to:

1  



f  xi 
x1

The equation (8) is valid for different values of

ki  1  i  1,..., n  .
x1.

(9)

i

(6)

On the other hand

f  xi 

(4)

(5)

The problem consists in finding a function f that satisfies equation

k1

(

- positive constants)“, i.e.,

F  k1x1 ,..., kn xn     k1 ,..., kn  F  x1 ,..., xn  .

In Boltzmann's kinetic theory of the ideal gas, the hydrodynamic
“axioms” are three "theorems" that derive from the axiom of the
"elastic shock" (in a shock between two molecules the direction and
the velocity of the movement change, but the sum of their kinetic
energies is retained, i.e., there is no loss of kinetic energy) and the
rate coefficients are theoretically determined by the average
velocity and the average free run of the molecules.

f

is

F  k1 x1 ,..., kn xn   0 with respect

transformations

ki , i  1,..., n

Boltzmann's Approximation

i.e.,

similar

F  x1 ,..., xn   0

As a result

ki

including

xi  xi , i  1,..., n

and

from (8) follows

(7)

1 f 1
 ,
f x1 x1

From (6, 7) follows

i.e.
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f  c1 x11 .

Parameters Identification

(11)

When the above operations are repeated for

x2 ,..., xn ,

The parameters

the

experimental

homogenous function f assumes the form:

f

f  kx11 ,..., xn n ,

(12)
i.e. the function f is homogenous if it represents a power functions
complex and as a result is invariant with respect to similarity
(metric) transformations. The parameters

k , 1 ,...,  n

exp
j

data

, j  1,..., N

of

the

identification
industrial

in (12) uses

process

velocity

for different values of the variables are

x1 j ,..., xnj , j  1,..., N ,

where the calculated values of the

industrial process velocity are

f j  kx1j1 ,..., xnjn ,

are

determined by experimental data of the industrial process velocity.

The parameters identification of the model requires its preliminary logarithmization

Fj   0  1 X 1 j ,...,  n X nj ,

k , 1 ,...,  n

j  1,..., N , F  log f ,  0  log k ,

j  1,..., N .

X  log x

(13)

(14)

The differences between the calculated and experimental values of the industrial process velocity will be presented as

0  1 X1 j ,..., n X nj  Fjexp   j ,

j  1,..., N , Fjexp  log f jexp

(15)

.
A new approach to modeling of industrial processes with
unknown mechanism is presented on the base of formulated
axiom and theorem. The axiom „Mathematical structure of real
process does not depend on the measuring system“ is used for the
formulation of the theorem “Mathematical structure of the
quantitative description of real systems is possible to be
presented as power functions complex”.
An algorithm, for the parameters identification in the power
functions complex model, permits to modeling and simulation of
industrial processes.

The solution of the parameters identification problem can be
obtained as a minimization of the least-squares function:

Q  0 , 1 ,...,  n     0  1 X1 j ,...,  n X nj  Fjexp  , (16)
N

2

j 1

using the condition

Q
 0, i  0,1,..., n
ai

, (17)

i.e.

ACKNOWLEDGMENTS

 2  0  1 X 1 j ,...,  n X nj  Fjexp   0,
N

This work is supported by Project of Fundamental Scientific
Research 19-58-18004, conducted by RFBR and the National
Science Fund of Bulgaria under contract No KP 06 RUSIA-3 from
27 Sep. 2019, “Modeling, simulation and experimental
investigations of the interphase mass transfer and separation in
distillation, absorption, adsorption and catalytic processes in
industrial column apparatuses”.

j 1

 2 

0

 1 X 1 j ,...,  n X nj  Fjexp  X 1 j  0,
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j 1
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j 1
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Presented algorithm (13-19) permits to use power functions
complex (12) as an universal model of the real (industrial)
processes.

Conclusions
In the paper is presented a theoretical analysis of the methods for
industrial processes modeling.
The role of the kinetics of industrial processes for solving the
problems of optimal design and control is analyzed. The
thermodynamic, hydrodynamic and Boltzmann approximations for
the mathematical description of the kinetics of industrial processes
are described.
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Abstract: In this paper, analytical expressions are obtained for determining the temperature distribution in a two-layer
medium with local heating concentrated on the interface surface of the layers for a stable and linearly variable relative to the
temperature of the thermal conductivity coefficient of the materials of the layers. Numerical calculations are given, and on this
basis, the curves of temperature distribution as a function of spatial coordinates were constructed, which make it possible to
analyze the temperature regimes in a two-layer plate.
Keywords: HEAT EXCHANGE, ISOTROPIC TWO-LAYER PLATE, THERMAL CONDUCTIVITY, TEMPERATURE FIELD,
HEAT-INSULATED SURFACE, PERFECT THERMAL CONTACT.

by locally concentrated heat sources remained unexplored and
undeveloped.
The aim of the research is to develop a mathematical model
for the analysis of heat exchange of a two-layer plate with the
environment, which is heated by an internal point heat source
concentrated on the conjugation surfaces of the layers. The created
mathematical model will allow to increase the accuracy of heat
exchange determination between layered structures and the
environment, which will further affect the efficiency of digital
technology device design methods.

1. Introduction
Modeling of heat dissipation processes in various structures
and their elements is an important area of theoretical and practical
research. It is known that the elements of modern electronic devices
are exposed to internal heating as a result of operation. That is why
the problems of mathematical modeling of heat transfer processes
are still relevant today, because the analysis of solutions of such
problems is of great scientific, practical and economic importance.
Thus, the problem of developing new mathematical models
for both homogeneous and inhomogeneous media, as well as the
improvement of already developed mathematical models for the
analysis of the process of thermal conductivity and heat transfer
remains relevant.
Determination of temperature regimes in both homogeneous
and inhomogeneous structures attracts the attention of many
researchers [1] – [6].
The paper [7] presents isotropic gentle thin shells heated by
internal heat sources, concentrated in a square and an ellipse, on the
boundary surfaces of which convective heat exchange with the
environment takes place. The problem of thermal conductivity is
solved under conditions when the ambient temperature is constant
and goes to zero at infinity. Heat sources with an intensity equal to
one are placed on the middle surface, where the beginning of the
coordinate system is selected. The bulk density of heat sources is
described by the two-dimensional Dirac function. The behavior of
the temperature field in the medium and the dependence of
temperature on the distance to heat sources have been studied.
In [8] the heat exchange in a layered plate with components
of different transparency connected by a thin intermediate layer
under thermal irradiation from the side of a partially transparent
layer was investigated. Using an effective reflection coefficient on
the contact surface, approximate ratios are obtained to determine the
radiation field in the mainly partially transparent layer.
An external asymptotic decomposition of the solution of the
nonstationary thermal conductivity problem for a layered
anisotropic plate with boundary conditions of the second kind on
the front surfaces is performed. The obtained two-dimensional
differential equations are analyzed and the asymptotic properties of
the solutions of the problem are investigated. Estimates of the
accuracy with which the temperature distribution outside the
boundary layer of the plate is considered to be a piecewise linear or
piecewise quadratic function in terms of thickness are obtained [9].
In works [10], [11] the existing and new approaches to creation of
mathematical models of the analysis of heat exchange between
piece-homogeneous designs and environment are improved. In [12],
[13] the general equations of thermal conductivity for
inhomogeneous media are given.
A review of the main literature sources showed that the
models that operate under intense temperature disturbances caused

2. Prerequisites and means for solving the problem
Consider an isotropic with respect to thermophysical
parameters two-layer plate whose thickness is 2 with heatz   , which consists of two
insulated facial surfaces
heterogeneous layers of different geometrical (width) and of
different thermos-physical (heat conduction coefficient) parameters
and it is referred to the Cartesian rectangular system of coordinates
( x, y , z ) . The point heat source with power q0  const is
concentrated at the origin of the Cartesian rectangular system of
coordinates. The origin of which is located at the conjugation
surface K0  ( x,0, z) : x  , z    . On this surface there is an
ideal

heat

contact

t1 ( x, y)  t2 ( x, y),

t ( x, y )
t ( x, y )
for y  0 (1 - for the first layer of
λ1  t1  1
 λ 2  t2  2
y
y

the plate, 2 - for the second layer of the plate). On the boundary
surfaces
K1  ( x,  y1, z) : x  , z    and
K2  ( x, y2 , z) : x  , z    of the plate, the conditions of

convective heat exchange with the environment are given in
accordance with Newton's law (Fig. 1).

Fig. 1: Cross section of an isotropic plate with heat transfer plane
z=0.
In the given structure it is necessary to determine the
distribution of temperature t ( x, y) with respect to space
coordinates is determined by means of solving the non-linear
equation of heat conduction [12], [13]
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λ(t , y )

(1)

with

a

t ( x, y )
1
y

y  y1

2

(2)

 2t

t
 [λ(t , y ) ]  q0 ( x, y )
x 2 y
y

boundary

conditions

dT
dy

t ( x, y)

x 

where

 tc ,

y  y2

1
T
1

y  y1

is

T ( y)

,

dT
dy


y  y2

2
T
2

transformant

y  y2

,

function

T ( x, y ),



1
iξx
 e T ( x, y)dξ; 
2 
Fourier transform, i 2  1.
T ( y) 

 1 (t  tc ),
t ( x, y )
y


y  y1

is the parameter of the integral

We obtain the general solution of equation (7) using the
method of variation of constants in the form:

  2 (t  tc ),

T ( y )  c1eξy  c2e ξy  (λ 2  λ1 )

(8)

where  (y ) is the coefficient of heat conductivity of the non-

y 0

ch yS ( y ) 

q0
sh yS ( y ),
 2

homogeneous plate,
where c1, c2 are integration constants.

(y)  1  [2  1 ]S ( y);

(3)

The value 

1 (t ) and 2 (t ) are the coefficients of heat conductivity of the
materials of the 1-st and 2-nd layers of the plate respectively; tc is
ambient temperature; 1 and  2 are heat transfer coefficients
from surfaces K1 and K2 respectively; S ( y) is the asymmetric
unit functions [14];



y 0

(9)
where

dS ( )
is delta function of Dirack.
d

T ( x, y )  λ( y ) ( x, y )

obtain λ( y)   T  (λ 2  λ1 )
(5)

y

λ( y )

 T
,

x x

y 0

  ( y);

y 0

conductivity of the plate layers.
Having applying the inverse Fourier integral transformation
to the relationship (10), we obtain the solution of problem (1), (2) in
the form


(10)

  ( y)  q0 ( x, y),

Let us apply the integral Fourier transform by the x
coordinate to equation (6) and boundary conditions (2) taking into
consideration relationship (4), we obtain the differential equation
with constant coefficients
y 0

  ( y ) 

T ( x, y) 





q0 cosξx  1

T1 ( y)  T2 ( y)T3 ( y)  shξyS ( y )dξ.


 0 ξ 


Therefore, the searched temperature field in the two-layer
plate, which is due to the point source of heat concentrated on the
conjugation surfaces of the plate layers, is expressed by formula
(11), from which we obtain the value of temperature at any point of
the given structure.
In the partial case, for boundary conditions of the second
kind
t
t
t | x   tc ,

0
(11)
y y  y1 y y  y2

3. Solution of the examined problem

d 2T
 ξ 2T  (λ 2  λ1 )
dy 2

2
sh y2 ;
2

D2  sh ( y1  y2 )  (K  1)sh y2ch y1,

where  is the Laplace operator in the Cartesian rectangular
2
2
coordinate system,   2  2 .
x y
Therefore, the required temperature field in the given
system is completely determined by equation (6) with boundary
conditions (2).

(7)

1
sh ( y  y1 );
1

K  2 / 1 is a coefficient that characterizes the relative thermal

dS (ζ)
is the asymmetrical Dirac delta functions [14].
dζ

T  (λ2  λ1 )

T1 ( y)  ch ( y  y1 ) 






D  ( K   1)  ch y1  1 sh y1  sh y2  2 ch y2   D1;




1
2




1  1  2 
1 2 
D1  1 
sh ( y1  y2 )     ch ( y1  y2 ),
2 
  1 2 
 12 

Substituting expressions (5) in relationship (1), we arrive at
a differential equation with partial derivatives with singular
coefficients:
(6)

q0  1
T1 ( y)  T2 ( y)T3 ( y)  sh yS ( y ),
ξ 2  D

T4 ( y)  ch ( y  y1 )  ( K  1)ch y1ch yS ( y);

where  ( x, y)  t ( x, y)  tc is the excess temperature;

  (ζ) 

T ( y) 

T3 ( y )  ch y2 

and differentiate it by variables x and y considering expression
for the coefficient of thermal conductivity  ( y ) (3). As a result, we
y

c1  c2




T2 ( y )  ( K   1)  ch y1  1 sh y1  ch yS  ( y ));


1



Introduce function
(4)

is determined from expression (9) in the form

. Using boundary conditions (8) to determine the
1
integration constants, we obtain the solution of problem (7), (8),
namely

1,   0,
is the symmetric unit functions;
S ( )  
0,   0

 ( ) 



y 0

we obtain the solution of problem (1), (12) in the form


q cosξx  chξy2
T ( x, y )  0 
T4 ( y )  shξyS ( y ) dξ.
(12)

 0 ξ  D2

Nonlinear mathematical model. Let us consider the case when a
two-layer plate is thermosensitive (thermophysical parameters

q0
 ( y)
2

with boundary conditions
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depend on temperature). The heat equation and boundary conditions
are written in the form
 2t 
t
λ(t , y ) 2  [λ(t , y ) ]  q0 ( x, y ).
(13)
x
y
y
(14)

t ( x, y )

x 

 0,

t ( x, y)
y


y  y1

t ( x, y )
y

(21)



t ( x, y )

x 

 0,

t ( x, y )
y


y  y1

t ( x, y )
y

(16)

(22)

 0,
y  y2

 (t , y )

y 0

S ( y ),

t ( x, y )  ( x, y )

.
y
y

  S ( y )

 ( x, y )  

 ( x, y)

x 

 ( x, y)
y


y  y1

 ( x, y)
y

 0.
y  y2

(24)

We approximate the

t ( x,0)  t1   (t j 1  t j ) S  ( x  x j ),
j 1

x j є ]  x*; x* [; x1  x2  ...xn 1;

subintervals of the interval ]  x*; x* [;

n



s  s0 (1  kst ) ,

where s0 , k s – reference and temperature coefficients of thermal
conductivity of the materials of the layers of the (s=1, 2). From
expressions (16), (24), we obtain formulas for determining the
temperature
t(x,y)
in
the
domains
of
the
first
1  {( x, y ) : x  ,  y1  y  0} –

n 1

where

  ch ( y  y1 )
1 1
sh y2 

 0    sh ( y1  y2 )

Substituting the expressions for the temperature dependence of the
thermal conductivity of materials for each of the layers of the plate
into relationships (16), (24), after some transformations we obtain a
system of nonlinear equations for determining the unknown
approximating temperature values t j ( j  1, n ). The searched
temperature field for the reduced structure is determined using the
obtained nonlinear equation using ratios (16), (24), after substituting
in them specific turns of the dependence of the thermal conductivity
of structural materials on temperature.
A particular example and analysis of the results
obtained. To solve many practical problems, the following
dependence of the thermal conductivity coefficient on temperature
is used [12, 13]:

4. Results and discussion

(19)



j 1

Linearizing function (16) made it possible to reduce the
nonlinear equation of heat conduction (14) to a partially linearized
equation (18) with discontinuous coefficients and completely
linearized boundary conditions (19).

Numerical-analytical solution.
function t(x,0) by the expression

is the number of

t j ( j  1, n) are unknown
1 1 2

approximately values of temperature; x* is the value of the
coordinate x in which temperature is practically to zero (determined
from the equal corresponding linear boundary condition).
Let us substitute the relationships (20) into (18) and obtain
the partial linear differential equation for determination of the
linearizing functionї  ( x, y )

(25)
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We write the boundary conditions using relationship (16) as
follows:
(18)



1
i x
 e ( x, y)dx – transforming function  ( x, y).
2 
Having solved the boundary value problem (22), (23) and
having applied the inverse Fourier integral transformation to the
obtained solution, we obtain:

Taking into account expressions (17), the equation (14) will
take the following form:
(17)
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with the boundary conditions

differentiating which by the variables x and y, we obtain:
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Consider the linearizing function
(15)
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layers of the plate.

Having applied Fourier integral transformation with respect
to the spatial coordinate x for the equation (21) and the boundary
value problem (19), we obtain the ordinary differential equation
with constant coefficients

   k 


 k  
Here 1  t 20 1  2 t   10 1  1 t   
2
2


 
  



y 0

.

The temperature value t ( x,0) is determined by the formula (26).
Formulas (26), (27) fully describe the temperature field in a
thermosensitive two-layer plate.
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Results of numerical calculations. A numerical analysis of the
temperature  ( x, y ) in a two-layer plate is performed for the
following initial data: plate materials is copper ( 1  395 w/(m·deg)

5. Conclusion
Using generalized functions and integral Fourier transform
for a two-layer plate with a point heat source and heat transfer, an
analytical solution of the boundary value problem of thermal
conductivity is constructed, the differential equation of which
contains discontinuous and singular coefficients.
This solution is presented in the form of an improper
convergent integral. Using it, an algorithm and a calculation
program for determining the temperature field at an arbitrary point
of a two-layer plate with a point heat source concentrated on the
surface of the conjugation of layers are developed. On this basis,
numerical values of the temperature field are obtained, using which
graphs are plotted, which show the curves that reflect the behavior
of temperature depending on the spatial coordinates and values of
the heat transfer coefficient from the boundary surfaces of the plate.
This makes it possible to analyze the heat exchange in
nonhomogeneous layered media in terms of their heat resistance
during heating and protect them from overheating, which can cause
the destruction of not only individual elements but also the entire
structure.

at the temperature t  20 °С) for the first layer and aluminum
 2  207 w/(m·deg) at the temperature t  27С  for the second
layer; y1  y2  1 м; q0  200 вт.
In the case of a nonlinear model in the temperature interval
[27°C; 927°С], the aforesaid materials are described by the
following dependences of coefficient of heat conductivity on
temperature:
W
1
(1  0,00021 t ),
Km
K
W
1
2 (t )  211, 25
(1  0,00076 t ).
Km
K

1 (t )  381,62

Numerical calculations are performed with accuracy
  106.

6. Acknowledgement
The obtained analytical solutions of linear and nonlinear
boundary value problems of thermal conductivity for a layered
medium with local heating allow the development of algorithms and
software for their numerical implementation for the analysis of heat
transfer in individual structural elements and nodes of digital
devices with the aim of predicting their operating modes,
identifying unknown parameters and increasing heat resistance,
which increases their service life.

Fig. 2: The dependence of temperature  ( x, y) on the coordinate y
for x = 0 and the given values of the heat transfer coefficient:
curve 1 – 1   2  17,64 W / (m2 · 0С);
curve 2 – 1   2  15,74 W / (m2 · 0С);
curve 3 – 1   2  13,59 W / (m2 · 0С).
The change of temperature depending on the spatial
coordinate y for x = –2 and the given values of the heat transfer
coefficient is illustrated (Fig. 2). The behavior of the curves shows
that the temperature, as a function of the y coordinate, increases
monotonically in the first layer of the plate and reaches its
maximum value at the point (0; 0), where the point heat source is
concentrated, and in the second layer of the plate it decreases
monotonically. In this case, the temperature reaches the lowest
values on the boundary surfaces of the plate. As can be seen from
the figures, heat transfer coefficients significantly affect the
temperature distribution, , and it is higher in the first layer, because
the material of this layer is copper and the thermal conductivity is
greater than the thermal conductivity for the second layer, the
material of which is aluminum.
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Abstract: Along recent years an approach of Artificial Locust Swarm Routing (ALSR) algorithm was developed for flights planning in
Europe and for rules provided in EuroControl area of responsibility. Most researches were strictly related to IFR type of flights. However,
there is a big area of interest in private aviation for short local flights under the top of VFR flight levels (FL195 and below). These flights
have much specificity for planning and ALSR algorithm is found capable of solving these problems also, using this same idea of the
algorithm like it was developed for IFR flights. One may see that the algorithm shows rather good results for such difficult area like Swiss
Alps valleys and canyons.
Keywords: VFR FLIGHT, FLIGHT ALONG CANYON, FLIGHT PLANNING, ROUTING PROBLEM, ALSR ALGORITHM
Second, the data given for a VFR flight may contain one of the
following limitations at bottom level:

1. Introduction
Since invention of word ‗robot‘ [1] by Karel Čapek (and Josef
Čapek) in 1920, when it was presented in his play ―Rossum's
Universal Robots‖, the mankind had many achievements in
development of robots. Now, after less than 100 years the ideas of
fourth industrial revolution [2], smart factories, autonomous
production, and autonomous machines are nearly implemented.
However, there is still much left to discover in the area.
Nevertheless, those fictional humanoids from Čapek‘s play and
named robots, nowadays look not so fictional ones. Among those
research areas giving life to modern autonomous and semiautonomous robots there is an orientation in space and path finding.
If one would like to build and exploit a fleet of flying robots, or
‗drones‘, for the purpose of manufacturing [3] or environment
surveillance [4], then those drones should inevitably be capable of
finding path between two points (departure and destination) in any
space. And for sure it becomes very beneficial that someone already
invented some algorithm for the path finding problem [5-9]. So, the
drone may choose to simply use the shortest path algorithm or the
algorithm to avoid obstacles on its way and how to consider the
airspace it operates in [10-12]. It is worth mentioning that a huge
boost to development in this area was given by Marco Dorigo and
his natural algorithm approach [13-14]. Many of so-called natureinspired algorithms could be considered inspired by success of his
now well-known ant algorithm. Among these nature-inspired
algorithms one may find ABC (artificial bee colony) [15], BNMR
(blind, naked mole-rats) [16], GOA (grasshopper optimization
algorithm) [17], ALSR (artificial locust swarm routing) [18-20], and
many others.



grid MORA (minimum off-route altitudes),



terrain elevation.

It is worth mentioning here, that grid MORA could give rather high
flight level for a wide area above the terrain. This means that
aircraft may fly safely without danger of crashing the ground or
hitting the mountain. Unlike to this case, the terrain elevation could
be a very realistic case for the crash due to proximity of the ground.
While the full dataset of terrain elevations is huge, we make an
assumption that the terrain could be divided into ‗squares‘ (0.5NM
side) and each whole square has elevation of its center point (this
grid could be something similar to grid MORA, but more detailed).
Third, the VFR flight considers points, both published points (in
Europe these points come in AIXM format [22]) and VRPs (visual
reference points – landmarks used for position reporting by aircraft,
typically some objects that could be visibly recognized by pilots).
One may find VFR flight planning in some way similar to FRA
flight planning, while there are no airways and direct segment
(DCT) should connect two consecutive points on a route. However,
the FRA (free route airspace) [23] is defined high above terrain and
has no danger of collision with the ground above the bottom of the
FRA.

3. Solution of the examined problem
Let‘s consider first the case of grid MORA and implementation
of ALSR algorithm for path search in this case (Fig. 1 and Fig.2).

However, most known path search algorithms are developed to
serve on a topology that could be presented with a graph (even a
planar graph). Typically, such algorithm and their implementations
require having a predefined graph topology. Unlike to those
approaches, the focus of this paper is on ALSR algorithm which
implies being free of predefined graph topology. It is implemented
here to VFR flight path search problem. Now we are to discuss
some algorithm issues for the VFR flight planning and possible
ways to overcome these issues.

2. Prerequisites and means for solving the problem
First, lets unveil the meaning of VFR flight planning problem.
The VFR stands for ‗visual flight rules‘. According to IFPS User
Manual by EuroControl [21] the VFR flight could be performed at a
good weather conditions on lower flight levels (typically below
FL195) and often close to the terrain. In particular, we were
investigating the case when the VFR flight should be performed in
mountainous area (Alp mountains) along the canyon. The flight
between LSMM (Meiringen, Switzerland) and LSZB (Bern,
Switzerland) airports allows to search for a path along the canyon.
The flight between LSZB (Bern, Switzerland) and LIPQ (Trieste,
Italy) allows to consider flight through/around Alp mountains.

Fig. 1 Path search with ALSR algorithm between LSZB and LIPQ airports:
maximum DCT length 50NM and maximum FL 150.

We search for the route from LSZB (Bern, Switzerland) to
LIPQ (Trieste, Italy). The ALSR algorithm was provided with
VRPs additionally to normal published points (both designated
points and navaid points from AIXM data) and grid MORA to
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define a bottom level for the flight. At Fig.1. the maximum allowed
length for DCT was set to 50NM and at Fig.2 there is a maximum
allowed DCT length set to 30NM.

point (used as a grid point) does not consider maximum terrain
elevation within the grain, then route may also ‗hit the mountain‘.
This means the data of terrain elevations should be prepared very
carefully. Unfortunately, the detailed consideration of each segment
makes negative impact on time, that is consumed to find a route.
It is also should be mentioned here that now there are too many
points available for search of path between departure and
destination airports, unlike to case with published points. It is both
absolutely unrealistic and quite useless to consider the whole globe
with terrain elevations at each square. The important step for the
ALSR algorithm here is to cut only the relevant airspace area [24].
This approach was successfully used to reduce number of excessive
points.
The interesting question was whether ALSR algorithm is
capable of finding path along the canyon. As one can see at Fig.5
and Fig.6 the algorithm revealed some ‗rush state‘. This means
before the route becomes smooth and leads to destination, it dashes
aside to the points, which are considered closer to the destination,
and fail to continue except going somewhere back. Despite of
connecting departure and arrival airports, the route cannot be used
for flight planning. Hence, the algorithm should be corrected to
remove such ‗rush state‘ at initial stage of route.

Fig. 2 Path search with ALSR algorithm between LSZB and LIPQ airports:
maximum DCT length 30NM and maximum FL 150.

As one can see, both routes (Fig.1 and Fig.2) were found to go
around Alp mountains. This case revealed ALSR algorithm ability
to easily connect two airports and didn‘t require any serious
modifications to the code. This case looks more like a FRA route.
Next, let‘s see what happens in behavior of the ALSR algorithm
for the case of terrain elevation used as a bottom level for the flight.
The terrain elevation was defined within the grains (‗squares‘) of
0.5NM×0.5NM. And cap for the flight was set to FL35 (see Fig.3).

Fig. 5 Path search with ALSR algorithm from LSMM to LSZB airport:
maximum DCT length 5NM and maximum FL 25.

Fig. 3 Path search with ALSR algorithm from LSMM to LSZB airport:
maximum DCT length 5NM and maximum FL 35.

Fig. 6 Path search with ALSR algorithm from LSZB to LSMM airport:
maximum DCT length 5NM and maximum FL 25.

The solution for the problem was found in forbidding the
algorithm to make sharp turns, like turns back. This really solves
the problem, because the route becomes smooth without dashes
aside. This could be explained by fact, that attempts in a ‗wrong‘
direction now fail and are not allowed to be used to continue. The
results are presented at Fig.7 and Fig.8. The interesting thing is, that
all those changes applied in algorithm made it find routes along
canyon not only at FL25, but also at FL35, which was not observed
before.

Fig. 4 Path search with ALSR algorithm from LSZB to LSMM airport:
maximum DCT length 5NM and maximum FL 35.

Analysis of the route at Fig.3 and Fig.4 revealed that route was
built successfully (into both directions), however, the length of the
DCT allows to jump over the mountain, which could be higher, than
the maximum allowed level. So, the more detailed consideration of
each DCT should be added. However, if the data for the grain center
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Shorter DCTs provides more curved path, but it requires
more frequent points locations (some points could be
located at distance, which is longer than maximum
allowed DCT length, and this may cause to either a bad
route or a failed routing).



Longer DCTs may cause a very unsmooth route line,
which could be less optimal by distance (however, the
route often could be found faster).

While the algorithm showed good results for VFR flights with
grid MORA bottom limit, the result with terrain elevation as a
bottom limit had some concerns and drawbacks (mostly because of
quality and quantity of data). Different attempts revealed ability of
ALSR algorithm to connect departure and arrival airport. However,
much attention should be paid to ratio of maximum allowed DCT
length and distances between points within grid (especially in case
of terrain elevation grid).

Fig. 7 Path search with ALSR algorithm from LSMM to LSZB airport:
maximum DCT length 5NM and maximum FL 25.

5. Conclusion
The problem of VFR flights planning was considered and
ALSR algorithm implementation was investigated and discussed.
Some vulnerabilities and issues of the algorithm were found, and
solutions for the problems were offered. The changes made to the
algorithm revealed its capability to steadily solve the core problem
of connecting two airports (departure and destination). Two cases of
defining bottom limit for VFR route were considered according to
difference in datasets. For both cases the results were found
satisfactory.
While there was found a significant growth of time consumed
for path search in case of terrain elevation grid, one may choose to
make a precalculated routes and store them into database for further
use. On practice it is a rare situation that terrain profile can change
frequently from time to time. This means, the route can be re-used
effectively from database (with respect to type of flying vehicle and
its characteristics). Hence, some particular and independent
algorithm for further increase of accuracy or more detailed path
analysis can be developed. It can be applied later to a stored route
which was generated with ALSR.

Fig. 8 Path search with ALSR algorithm from LSZB to LSMM airport:
maximum DCT length 5NM and maximum FL 25.

4. Results and discussion
A custom software solution for the algorithm was developed
using Microsoft Visual Studio 2015 in C++ programming language.
Currently, an initial test of a locust swarm algorithm for solving
routing problem was made as a plain routing with randomly
generated topologies. Simulations were performed on a Dell
Inspirion notebook (model no. 3737-5683) with Intel Core i7
processor. The results were visualized using RocketRoute Flight
Planning Center [25].

The ideas and techniques of flight planning for VFR can be
widely used in planning drone flights. However, instead of pilot
eyes there could be used sets of sensors. Also, the ‗visual‘ sense for
the drone can be enhanced with AI for ground objects recognition.
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Abstract: Modeling in PSCAD / EMTDS of traveling waves in a single-wire power transmission line is considered. Traveling waves of the
terrestrial mode are generated at the beginning and in the middle of the line in different ways. The effects of dispersion, w hich lead to the
dependence of the recording time of a traveling wave on the value of the registration threshold and on the distance traveled, are considered.
The term of instantaneous and average speed is introduced. The values of the instantaneous speed with multiple runs of the line length drop
to 250 m / μs. The average speed of a traveling wave with a single run of the line decreases by 4-6% relative to the speed of light for real
thresholds of signal registration.
Keywords: TRAVELING WAVES, DISPERSION, INTERFERENCE, STANDING WAVE, TRANSITION SIGNAL
coefficient of the high-frequency component of the spectrum of the
voltage jump signal [2]. Visually manifests itself in an increase in
the duration of the leading edge of the signal. At the end of the line
labeled 1, the discontinuity is reflected as a line break with a
reflection coefficient of "+1" [5]. The superposition of the incident
and reflected traveling waves causes an increase in the amplitude of
TS, which is the result of the interference of the incident and
reflected traveling voltage waves.

1. Introduction
Emergency modes in power lines are caused by switching
processes. Commutations cause the appearance of traveling waves
propagating in all directions along the line. Registration of traveling
waves forms the basis of the traveling wave fault location method
[1]. The propagation mechanisms of traveling waves are determined
by the structure of the line and are observed at different points of
the line in the form of a transient signal. The most important
parameter of a transient signal is its start time. The mode
composition of the oscillations of the transient signal carries
information about the type of commutation and the electrical
parameters of the line.
The study of the propagation mechanisms of traveling waves
and their practical application for high-speed protection of lines and
determination of the location of fault is an urgent direction of
research. Dispersion is the dominant mechanism in the propagation
of traveling waves. It is expressed in a decrease in the speed of
propagation of harmonic oscillations with a decrease in frequency
and an increase in damping with an increase in frequency [2-4]. A
method for determining the location of fauly based on the change in
the shape of the leading front of a traveling wave with an increase
in the distance traveled is proposed in [3].

Fig. 1 Signal “Voltage step”generation circuit at the beginning of the
line.

Traveling wave fault location methods are based on determining
the moment of time when a traveling wave appears in the
registration place. Using the sequential application of digital filters
of low and high frequency, the time instant corresponding to the
maximum steepness of the leading edge of the traveling wave is
determinated in [1].

2. Propagation of a voltage step caused by a
switched-on power line
Fig. 2 Transient signals at different distances from the beginning of the
line.

Connecting the line to an open-ended voltage source causes the
voltage step to propagate along the length of the line. The voltage
step propagation will be called the propagation of a traveling wave.
The signal recorded at any point of the line is caused by the
superposition of traveling waves re-reflected from inhomogeneities
in the line, including its ends, and is called a transient signal (TS).

In the time interval from mark 1 to mark 2 and further to mark
3, the traveling voltage wave adds up (interferes) with the
continuation of the traveling wave propagating towards the end of
the line. The traveling voltage wave having reached the beginning
of the line (mark 3) is reflected with the coefficient "-1" [Ionke], as
from an inhomogeneity with a low transverse resistance. Visually,
the traveling wave at the beginning of the line is not recorded. This
is due to the presence at the beginning of the line of a powerful
voltage source with a low internal resistance, which is not disturbed
by the lower power of the traveling wave.

The simplest model of the formation of a transient process
signal with a period equal to four times the travel time of the line
length, taking into account only the reflection coefficient from the
ends of the line, is considered in [5]. Oscillograms of such a signal,
calculated in the PsCad package for the simplest model of a line
with a length of 100 km (Fig. 1), are shown in Fig. 2 and consist of
one mode vibration. The effective lifetime of the transient signal is
less than the power frequency period. Therefore, the model uses a
constant voltage source.

A traveling wave of negative polarity re-reflected from the
beginning of the line is superimposed on its continuing tails. The
propagation of this traveling wave is clearly visible in the resulting
signal of the transient process from mark 3 to mark 4 (Fig. 2). At
the end of the line, a traveling wave of a voltage jump of negative
polarity is reflected for the second time with a reflection coefficient
of "+1". Its propagation continues from mark 4 to mark 5 to the
beginning of the line. At mark 5, one period of oscillations ends,
recorded at all points of the line.

The black line in Fig. 2 depicts the trajectory of the
displacement of the initial amplitude of the traveling wave of the
voltage jump. At the time interval from mark 0 to mark 1, the
traveling wave propagates along the line under the influence of
dispersion. This is due to an increase in the frequency-dependent
argument of the exponential dependence of the attenuation
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A traveling wave of a voltage jump is influenced by all
mechanisms affecting the propagation of waves in lines dispersion, reflection from transverse inhomogeneity, interference
of re-reflected signals. The form of oscillations asymptotically, with
an increase in the lifetime of the SPP and the multiplicity of the
path length of the line, tend to sinusoidal.
The leading edge of a traveling wave is subject to dispersion, which
visually manifests itself in a decrease in its steepness. The steepness
of the leading edge is a determining factor in the accuracy of the
waveform OMP method. Table 1 shows the space-time
characteristics of the leading edge.
Table 1: Space-temporal characteristics of the leading edge.
Parameter
\Distance,
20
40
60
80
km
Trun[μs]
67
133
199
265
Aini [kV]
7,4*E-4
5,5*E-8
4*E-12
3*E-16
Vini[km/
0,298507 0,300752 0,301508
0,301887
μs]
T_A1%
68
138
208
279
[μs]
T_A5%
69
139
210
282
[μs]
T_A10%
70
141
212
285
[μs]
T_A90%
94
192
296
403
[μs]
V_A1%
0,29411
0,28985
0,28846
0,28673
[km/μs]
V_A5%
0,28985
0,28777
0,28571
0,28368
[km/μs]
V_A10%
0,28571
0,28368
0,28301
0,28070
[km/μs]
Slope
1,2
1,275
1,4
1,48
[μs/km]

100
331
4,5*E-20

Fig. 3 The recorded average velocity of propagation of the traveling
voltage wave of the terrestrial mode at different distances from the
beginning of the line.

0,302115

The half-period of the formed free oscillations is calculated
from the time of intersection of the instantaneous amplitudes of the
signals of the steady-state voltage of 10 kV (Fig. 2). The half-period
of oscillations asymptotically, with an increase in the number of
multiple reflections of the traveling wave from the ends of the line,
tend to the steady-state value of 795 μs (Fig. 4). The steady-state
half-cycle is set faster at the far end of the line. The steady-state
oscillations are in phase with each other at any point of the line. We
assume that the period of free oscillations is due to the fourfold run
of the line length.

350
354
358
516
0,28571
0,28248

The single line wave contains only the ground wave, which
corresponds to the zero mode for the three phase line. The speed of
propagation of oscillations is calculated as 200 km / 795 μs = 252 m
/ μs. The speed corresponds to a fixed frequency of 629 Hz of
steady free harmonic oscillations for the earth wave in [Smirnov]
[KhRG]. This fixed speed is much lower than the average and
instantaneous speeds on the first 100 km of the line (Fig. 3), which
correspond to the higher frequency components of the earth wave.
Thus, a standing wave mode is formed in the line in Fig. 1 at a
frequency for which the line represents a quarter-wave segment.
The beginning of the line corresponds to the node of the standing
wave, and the end of the line corresponds to the antinode.

0,27933
1,58

The Trun time is the duration of the propagation of the initial
high-frequency precursor of the traveling wave corresponds to the
speed of light Vini with the calculation error in the Pscad package
(Table 1). The initial high-frequency traveling wave precursor has
an extremely small amplitude Aini. An increase in the duration of
the leading edge at levels of 10% -90% of the maximum signal
amplitude from the distance traveled corresponds to a decrease in
the slope at Slope = 1.2-1.6 μs for each km traveled. The duration of
the leading edge of the traveling wave is 158 μs when the line
passes 100 km.
The time T_A1% of the first run of the traveling voltage wave from
the beginning to the end of the line, which can be recorded by
hardware methods, taking into account the real signal-to-noise ratio
of 40 dB, is 350 μs (Table 1). This corresponds to the apparent
speed V_A1% of propagation of a traveling wave of 286 m / μs,
which is 5% less than the speed of light (Fig. 3). A similar value of
the propagation speed of a traveling wave at 20 km is 294 m / μs, or
2% less than the speed of light. Accordingly, when using the
average experimentally determined value of the signal propagation
velocity, the error in determining the location of the signal origin is
several percent of the line length.

Fig. 4 Dependence of the duration of half-periods of damped
oscillations of the signal of the transient process on the time of its existence
at different distances from the beginning of the line.

3. Voltage step propagation when half line is
turned on
Let's move the switching key to the middle of the line (Fig. 5).
Signal oscillograms are shown in Fig. 2 and fig. 3. The generated
voltage surges of different polarity propagate in opposite directions
with the paths marked in Fig. 3. The number of mode oscillations in
the first half of the line is two. The number of mode vibrations in
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the second half of the line is one. This fact can be used for
additional identification of the switching point.

Fig. 4 Signal “Voltage step”generation circuit in the middle of the line .

Fig. 8 Transient signals for “Soliton”generation circuit in the middle of
the line.

Let us consider the mechanisms affecting the propagation of the
leading front of the traveling wave according to Fig. 9. A traveling
wave arises at the point marked with the mark 0 due to the closure
of its electrical potential to ground through an uncharged capacitor.
This causes a large jump in the capacitor charging current and a
corresponding jump in the voltage dip. The traveling wave of a
voltage dip surge propagates in opposite directions to the beginning
and to the end of the line. Upon reaching the beginning of the line at
the point marked 1, the traveling wave is reflected with a reflection
coefficient of "-1". The reflected traveling wave is superimposed on
the continuation of the traveling wave and generates the first burst
of the emerging high-frequency TS mode.

Fig. 5 Transient signals at different distances from the beginning of the
line.

Fig. 6 The trajectory of a traveling wave at different distances from the
beginning of the line.

Fig. 9 The trajectory of a traveling wave at different distances from the
beginning of the line.

4. Propagation of a voltage pulse caused by a
charge capacitance

A similar traveling wave propagating to the end of the line is
reflected from its open end with a reflection coefficient of "+1". The
traveling wave reflected from the end is in phase superimposed on
the continuation of the traveling wave. A distorted rise front of the
first burst of the emerging high-frequency TS mode is formed, the
instantaneous amplitude of which goes over to the negative halfplane.

The mechanism of voltage jump propagation along the line
considered in the previous section is registered experimentally.
Consider the propagation of a voltage pulse generated in the line
model when a capacitor is connected (Fig. 7). This circuit is the
simplest model for a single-phase earth fault (SPEF) in isolated
neutral distribution networks. Figure 8 shows the oscillograms of
the TS recorded at different points of the line. The multimode
nature of SPEF is well manifested. There are low-frequency
oscillations in phase at all points of the line and high-frequency
oscillations of different frequency in the first and second half of the
line. The decay time constant of high-frequency modes is
significantly less than the analogous value for the low-frequency
mode.

At the point marked 2, the traveling waves of antiphase
polarities of the traveling waves are mutually eliminated both in
amplitude and in synchronous time position. At the point marked 2,
the unperturbed process of charging the capacitor continues
according to the exponential law. At the point marked 3, the
traveling wave is reflected with the reflection coefficient "+1" and
is superimposed on the continuation of the traveling wave. The
trailing edge of the first pulse of the emerging high-frequency TS
mode is formed. At the point marked 4, the signals of the slowly
changing process of charging the capacitor in the middle of the line
and the one reflected from the beginning and end of the line are
superimposed.
The period of steady-state free harmonic oscillations in the
presence of inhomogeneity (Fig. 8) is higher than in a homogeneous
line (Fig. 2 and Fig. 5). The inhomogeneity in the form of a
transverse container increases the effective line length. Fig. 5 and

Fig. 7 Signal “Soliton”generation circuit in the middle of the line .
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Fig. 6 well illustrate the twofold difference between the periods of
oscillations of high-frequency modes on the two halves of the line.
This fact can be used to further identify the location of damage.

5. Conclusions
Based on the results of modeling the propagation of traveling
waves of the terrestrial voltage mode, it is shown that the dispersion
of the leading edge of the traveling voltage wave leads to an
underestimation of the recorded propagation velocity of traveling
waves. The amount of underestimation is proportional to the
distance traveled, depends on the registration threshold and is
0.07% of the speed of light for each km traveled for a uniform line.
With the propagation of a traveling wave in an inhomogeneous line,
the value of the velocity underestimation increases. Accordingly,
when using the average experimentally determined value of the
signal propagation velocity, the error in determining the location of
the signal origin is several percent of the line length. The
interference of traveling waves re-reflected from the ends of the line
forms a standing wave of free oscillations at a quarter-wavelength
of the line. The simulated waveforms of the transient process
illustrate the possibility of determining both the type of switching
and its location outside or inside the observed zone of the wave
method complex for determining the fault location.
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Abstract: The work demonstrates the implementation of automated meter data reading using a single-board computer Raspberry Pi
model 3B +, camera module. The approach of creation of the UWP-application and the Web API as a server part is considered.
Keywords: AUTOMATED SYSTEM, METER READING, MUNICIPAL UTILITIES, RASPBERRY PI,

1. Introduction
The main reason for the development of automatic transmission
of data on utilities was unstable and untimely reporting of
consumed utilities to Ukraine's corresponding institutions. The
majority of consumers regularly face overpayments in municipal
services almost every month, which is associated with the forecast
amount of resources used by the resident for a given month. There's
also a possible opposite case when the approximate added volume is
less than consumed and after presenting the true values you may
face a large debt at the end of the month. The main cause for these
situations is the late submission of meter readings within the
specified period. According to the rules of the retail market of
water, electricity, and gas, a consumer is obliged to take monthly
readings of the meter as of the 1st and within five calendar days
either by providing them in SMS or calling the appropriate system
operator or by record submission in their personal account online.
This process can be automated by creating an automated meter
reading system. To approach this, it's been proposed to take meter
readings, then capture them at regular intervals, and eventually,
send data to the appropriate organizations. This solution could
facilitate the process of submitting indicators and help to avoid
debts during the payment period for utilities.

IV.

The UWP-application must leverage the data transfer
protocol - HTTP. This is necessary to fulfill the
restrictions imposed by REST API

V.

The UWP-application must send data in JSON format

VI.

The web service must retrieve text from the submitted
image.

VII.

The web service must send the recognized text to
Gmail.

VIII.

Collected functional requirements for UWPapplication and web service fully satisfy the software
architecture

You can find the UML architecture diagram as shown below
(see Figure 1):

The main device of the automated system of receiving the
image of indicators of the counter is Raspberry PI [1,2]. The
following frameworks and technologies have been used in this
work:
●

Xamarin.Forms is a platform[3] for creating
applications that work with hardware platforms for
Android, iOS, and Windows 10. The framework is
designed based on the MVVM template

●

Prism framework for building[5,7] free-coupled,
maintained, and tested XAML applications in WPF,
Windows 10 UWP, and Xamarin Forms.

●

Object of HttpClient class for passing[6] the HTTP
requests.

●

Web API for application[4] programming.

●

MVC framework for building the server part[4] of the
application architecture
Image recognition technology

●

Fig. 1 UML architecture diagram

The main modules of architecture include:

2. Software architecture requirements
The following functional requirements have been collected to
build a UWP-application as a client part and a web service:
I.

●

Raspberry PI configuration module

●

Meter readout module

●

Meter transmission module

●

Receiving sent data module

●

Picture recognition module

●

Data sending module

3. Automated system: economic justification

The UWP-application must access the connected
camera module.

II.

The UWP-application must take a photo of the meter
at regular intervals

This work leverages a Raspberry PI microcomputer, with an
average price of UAH 1,300. A webcam (UAH 250-300) has been
used to get the picture. Therefore, the estimate of this project would
be the maximum price of UAH 1,600.

III.

The UWP-application must prepare the data for
transmission to Web API

A budget option is possible after the Raspberry PI [1,2,8]
replacement by Aurduino microcontroller (at the price 400-500
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UAH). However, the Raspberry PI can be called a full-fledged
computer, which isn't the case with the Aurduino. The Raspberry PI
is 40 times faster than the Arduino. An even bigger gap in RAM:
The Raspberry PI has 128,000 times more RAM than the Arduino.
Raspberry PI is a computer that can be run a multitasking-support
operating system. In turn, the Arduino is better able to read analog
signals in real-time. This flexibility allows the Arduino to work
with virtually any type of sensor or chip.
To solve this problem from a software perspective, it'd have
been more profitable to work with Raspberry PI for less time, but
more cost-effective in comparison to Arduino

4. Conclusion
In this paper, we've reviewed the current problem for Ukraine the meter readings delivery. The technologies used to create,
recognize and send data are analyzed. The specification of
requirements for software architecture is collected. The architecture
of the automated meter reading system is constructed. We've also
provided the economical justification of such a system usage.
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The experimental set up consists of welding torch, which is
mounted on mechanical grip. The mechanical grip fixes the torch in
one position and removes fluctuations from welder’s movements.
The mechanical grip is mounted on welding tractor, which moves
along and over the welded elements with constant speed. Welded
elements are placed on welding table. Next to the welding table are
placed the power source that feeds the torch and gas bottle that
protects the joint. Temperature of the process is measured with 8channel contact thermometer Spider 8. K type thermocouples are
connected to the Spider 8 and set in 8 point next the welding joint.
Thermocouples are welded to the welded elements. The Spider 8 is
connected to the laptop with UBS cable. Temperature is captured by
Spider 8 with software Catman.

1. Introduction
Welding process is performed under Welding procedures (WP)
in which strictly are defined the welding equipment and parameters.
Welding joint quality is determined by following the welding
parameters by the operator of the welding process. Variations from
set it the welding procedures parameters – welding current, voltage
speed, initial heating of the welded elements cause lowering the
quality.
Deviation form set in the welding procedure parameters may
occur by various reasons – in the equipment, in the materials and in
the operator of the process. Some of those lowering welded joint
quality reasons may occur during the process and some may be
appear and disappear periodically during the process.

Contact temperature is measured simultaneously in 6 points
(from 3 to 8) placed in a row with distance of 1mm from each other
starting at 3mm from the welding torch trajectory to 8mm away
from it as shown on Fig.1.

For lowering the impact on welding process and welded joints
quality of such occurrences in the welding process has to be
inserted quality control in real time. Such control is performed by
capturing welding parameters such as welding current, voltage,
speed or indirect indications as capturing temperature in one or
more specific points of interest.
Physical application on welding current and voltage with
defined speed heats the welded elements equally in equal other
conditions and welding environment. For those reasons temperature
control is applicable and used. Temperature control may be contact
– mostly by thermocouples placed next to the welding joint or
contactless – by pyrometers capturing temperatures focused next to
the welding joint.
For better results of temperature contro l of the welding process
thermocouples of the contact measurement and focusing the
pyrometer have to be as close as possible to the trajectory of the
welding torch along over the welding joint.
Unfortunately, thermocouples cannot be placed too close to the
welding arc because of two reasons – the arc itself will damage or
destroy the thermocouple and with this will malfunction the
temperature capturing system; and melting basin next to the arc will
shift or move the thermocouple. This can result in welding the
thermocouple into the welding joint making welded detail unusable.

Fig. 1 Diagram of placement of the thermocouples.

The set up functionality is verified with experiment with the
following parameters:

Emitted infrared light will interfere with pyrometer
measurement causing false temperature result. In the case of
pyrometer temperature measurement, the operator of the process or
the welding torch may cause shade obstructing in visibility by the
pyrometer. This has to be taken in advance to prevent interruption
of the measurement[1].
Better understanding on temperature field and temperature
behavior in specific point in the welding process gives computer
modelling of the process[2,3]. Whit this method of analysis
experimenters could expect with high probability temperature
behavior of the process at the exact parameters. Computer models
are validated with comparison of simulated results with
experimental.



welding current – 210A



welding volatage – 25V;



η of the welding source – 0,8;



welding power – 4200J/s;



welding speed – 50cm/min;



welding steel plates 50x5x200mm.

3. Results
Results of thermocouples form point 3 (3mm) to point 8 (8mm)
are shown on Fig.2.

2. Validation of the model
Model of the welding process is created with MAGMA
software. Validation of the model is made by comparing
experimental and simulated temperature curves in 8 points.
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Comparison between simulated and measured temperatures a
very similar 3-5% difference. This gives reason to consider that the
created with MAGMA model is functioning properly.

4. Conclusions
Comparison between simulated and measured temperatures a
very similar 3-5% difference. This gives reason to consider that the
created with MAGMA model is functioning properly.
The model could be adjusted to other elements to be welded,
e.g. cylindrical to plate or cylindrical to cylindrical.
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Резюме: Представено е изследване на процеса на кристализация на порест материал на базата на чист алуминий в тънкостенна
стоманена форма. Представен е математичен модел на процесите на топлопредаване и топло-пренос в системата отливкаформа. Получени са решения на модела посредством софтуерния пакет MAGMAsoft. Приведени са резултати за полученото в 3D
температурно поле в цветова кодировка. Измерените температури в контролни точки са сравнени със съответните им от
математическия модел. Коментирана е спецификата на процеса
Ключови думи: порести метали, математично моделиране, компютърно симулиране

1. Въведение

T t 0  T0 , T3 t 0  T30 ,

В последно време се развива активно технологията за
получаване на порести материали от различни видове
алуминиеви, стоманени и други сплави. Установено е, че тези
материали имат ниска топлопроводност и плътност в сравнение
с метала на матрицата от който са произведени. От анализа на
публикуваните научни статии в тази област може да се направи
заключение, че повечето порести материали са произведени в
малки обеми [1-3]. Причината за това е, ниската скорост на
кристализация. Така вътрешните слоеве на порестата отливка
остават продължително време в течно състояние и под
действието на земното притегляне започва движение надолу на
течната фаза съдържаща се в стените на мехурчетата на
отливката. Този процес, наричан още дренаж води до промяна
на порестата структура. В представената тук работа е направен
опит за оценка на кристализационния процес на пореста
отливка от алуминиева сплав А356. Направено е сравнение на
изчислените зависимости на температурите с използване на
световно известния софтуерен продукт MAGMAsoft [4] и
експериментално измерените температури на цилиндрична
пореста отливка с тегло 2 kg .

където

i  1 - течна фаза, i  2

Математичния модел за кристализация се основава на
уравнението на Фурие за отливката и формата. За отливката се
отчита отделянето на топлината на кристализация в интервала
между температурите на ликвидуса и солидуса [5].

i

i CP

W
m2 K

,

kg
m3

- плътност;

C,

J
kg

- топлинен капацитет;

T3

- температура на формата;

L,

- коефициент на температуропроводност;

- коефициент на топлопроводност;

- съдържание на твърдата фаза в двуфазната зона;
- време;

J
kg

- координати;
- скрита топлина на кристализация;

Гранични условия на задачата:
1) На външните повърхности на формата:
(2)

 3

T3
  (T3  T f )
x

при

x  xi ,

(6)

където

xi

(3)

- координата на повърхността, през която се охлажда

формата;

i



За формата може да запишем:

 2T3
 2T3
 2T3 T
a3 2  a3 2  a3 2 
t
x
y
z

,

x, y , z

където

ai 

m2
s

t, s

  Ti    Ti    Ti  Ti L f S
   ai

 0 , (1)
 ai
   ai

x  x  y  y  z  z  t C2 t

- твърда фаза;

a,

fS

За отливката уравнението има вида:

fS  0
0  fS 1,
fS 1

- температура на сплавта по време на кристализация;

Ti

1. Математичен модел

a1

ai  a1 (1  f S )  a2 f S
a
 2

(5)

- коефициент на топлопредаване.

2) На границата отливка-форма:
(4)

 2

Началните условия за отливката и формата са:
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За съответните параметри на стоманената форма и
конвективното охлаждане към околната въздушна среда са
използвани тези от базата данни на използвания софтуер.

Аналогични гранични условия се налагат по осите y и z
в зависимост от типа на отливката и формата. Така системата
уравнения (1)-(7) представлява математичен модел за
кристализация на отливка от метална сплав, но може да се
използва и за отливка от пореста метална сплав. Както беше
казано по-горе порестия алуминий или негова сплав имат пониски плътност и коефициент на топлопроводимост. С
използване на експериментални методи тези характеристики
могат да се определят [6].

Полученият резултат за температурите в контролните точки от
Таблица 1, заедно с измерените при експеримента температури
в същите точки са приведени на Фиг.2.

3. Резултати от моделирането
С помощта на софтуерния пакет MAGMAsoft бе
осъществено математическо моделиране на температурното
поле в експерименталната установка, използвана в настоящото
изследване. За целта, нейната геометрия бе построена в 3D с
помощта на геометричния моделиер на софтуера. Един неин
изглед в аксонометрия е показан на Фиг.1.

Фиг.2. Температури в контролните точки
Наблюдаваните разлики в температурите между експеримент и
моделно решение са в рамките на точността на измерването.
Температурното поле в напречно сечение през оста Оz на
системата разпенена сплав – форма, в четири характерни
момента от процеса на охлаждането са показани на Фиг.3.

Фиг.1. Геометрия на използваната експериментална установка
в 3D
Използваната тънкостенна форма е с дебелина на стената и
основата d=2mm. Разпенената сплав (отливка) е представена в
по-тъмна тоналност. Във формата са монтирани две
термодвойки, чийто координати на чувствителните им краища
са приведени в Таблица №1.
Таблица №1: Координати на чувствителните краища на използваните
термодвойки.

Термодвойка
№

X [mm]

Y [mm]

Z [mm]

1

-1

0

121

2

35

0

121

Фиг.3.Температурно поле на разпенената сплав А356 в
централното напречно сечение на системата отливка-форма
Правят впечатление значително по-високите градиенти на
температурното поле в сравнение с плътна отливка, дължащи
се на значително по-ниската топлопроводност на разпенения
метал.

Температурната задача, формулирана в т.2, е решена с помощта
на солвера на програмния пакет MAGMAsoft, весия 5.5 при
следните начални условия Tформа(0) = 520оС, Tпа(0) = 633оС
след подходящо омрежване на системата пеноматериалстоманена форма. Топлофизичните параметри за разтопената
сплав А356 са заимствани от литературата [6,7] и имат
следните значения:
 = 1.45 w/mK
= 520 kg/m3
Cp = 850 J/kgK

4. Заключение
В резултат на изследването са установени специфичните
процеси при формирането на нов материал – пореста
алуминиева сплав. Изследвано е влиянието на нейните
топлофизични характеристики върху температурното поле по
време на формирането й. Констатирана е възможността
топлопроводността на материала да бъде идентифицирана
посредством сравнение на експерименталните с моделните
резултати.
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НЕЛИНЕЙНЫЕ КОЛЕБАНИЯ ПОДВЕСНОЙ ЦЕНТРИФУГИ С ПОЛОСТЬЮ,
ЧАСТИЧНО ЗАПОЛНЕННОЙ ВЯЗКОЙ И ИДЕАЛЬНОЙ ЖИДКОСТЬЮ И
УСТАНОВЛЕННОЙ НА УПРУГОМ ФУНДАМЕНТЕ
NONLINEAR OSCILLATIONS OF A SUSPENDED CENTRIFUGE WITH A CAVITY PARTIALLY
FILLED WITH A VISCOUS AND IDEAL LIQUID AND MOUNTED ON AN ELASTIC FOUNDATION
д.т.н.,профессор Адамов А.А1, д.т.н.,профессор Кыдырбекулы А.Б.2, Рахматуллаева С.А.3
(ЕНУ им. Л.Н.Гумилева, Республика Казахстан, adam1955@mail.ru)1, (КазНУ им.аль-Фараби, Республика
Казахстан,almatbek@list.ru)2, (Республика Казахстан, ЕНУ им. Л.Н.Гумилева, s_rakhmatullaeva@mail.ru) 3
Absrtact: Nonlinear equations of motion of a suspended centrifuge with a cavity partially filled with a viscous and ideal liquid and mounted
on an elastic foundation (rotor-liquid-foundation system) are derived and solved. Analytical methods for solving linear spatial equations of
motion of a viscous fluid are shown. A method has been developed for calculating the amplitudes and constructing the frequency
characteristics of forced and self-excited SRF oscillations on rolling bearings with a nonlinear characteristic based on the method of
complex amplitudes and harmonic balance. The dependence of the amplitudes on the amount of liquid in the rotor cavity, on the mass of the
foundation, on the linear eccentricity, on the value of the stiffness coefficient and the damping coefficient is shown.
Keywords: nonlinear oscillations, self-oscillations, rolling bearing, suspended centrifuge, elastic foundation, viscous and ideal liquids,
resonance, oscillation amplitude, oscillation frequency.
особенности динамики еѐ поведения. Получены значения
частот и амплитуд, которые являются одними из основных
факторов определяющих динамическое поведение системы.

Введение .
Во
многих
теоретических
и
практических
исследованиях по динамике роторных систем, содержащих
жидкость, рассматриваются только колебания ротора с
жидкостью и при этом станина (фундамент) считается
неподвижной [1]. Такое допущение приводит к существенным
погрешностям [2].

1.Постановка
системы

задачи

и

уравнения

движения

Рассмотрим динамику системы "ротор-жидкость-фундамент"
(СРЖФ), которая представляет собой неуравновешенную
подвесную центрифугу (ротора), установленную вертикально на
упругом фундаменте, вращающейся на подшипнике качения.
Подвесная центрифуга имеет ряд преимуществ перед опорной
центрифугой: верхняя упругая опора отсутствует, более
устойчива к внешним воздействиям, имеет меньшую
материало- и энергоѐмкость, проста в изготовлении и удобна в
выгружении осадка, в обслуживании и ремонте, т.е. более
экономична и др.

В настоящее время большая часть роторных машин,
широко используемых в промышленности и технике,
вращаются на подшипниках качения. В связи с повышенными
требованиями к точности вращения и увеличением скорости
вращения роторов, также возникает необходимость учѐта
упругих свойств подшипников качения. Нелинейные упругие
свойства подшипника качения являются существенным
фактором, оказывающим влияние на динамику роторной
системы. Однако во многочисленных работах, посвященных
исследованию динамики роторных систем, содержащих
жидкость, пренебрегают нелинейностью упругих свойств
подшипников качения. Это также существенно влияет на
конечные результаты решенных задач [3]. Решение задачи
динамики СРЖФ усложняется также тем, что движение
центрифуги, фундамента и жидкости в его полости
взаимосвязаны,
что
обусловливает
возникновение
неустойчивости. Движение центрифуги и фундамента
описывается нелинейными дифференциальными уравнениями
типа уравнения Дуффинга. Упругие деформации  возникают в
радиальном и осевом направлениях. Радиальная податливость
подшипников возникает за счѐт деформаций тел качения и
дорожек качения в местах контакта [4], [5]. Уравнения
статического равновесия подшипника составляются в
соответствии с теорией Герца   1 p n .
(1)
k
Впервые разработана обобщѐнная динамическая модель
СРЖФ и найдены точные аналитические решения
пространственных уравнений движения вязкой жидкости,
находящейся в полости
подвесной центрифуги и
установленной на фундаменте с нелинейными упругими
опорами, учитывающая взаимосвязанные колебания системы
«ротор-жидкость-фундамент» при наличии
движения
жидкости и ротора, линейного эксцентриситета, сил трения,
вибрации фундамента и нелинейных характеристик
подшипников качения. Составлены и решены аналитически
совместные уравнения движения системы «ротор-жидкостьфундамент». Проведѐн анализ вынужденных и собственных
колебаний роторной системы, выявлены отличительные

Центрифуга, вращается с постоянной угловой скоростью

0 и

имеет цилиндрическую полость, высотой 2𝐻 частично

заполненной
вязкой
жидкостью
с
кинематическим
коэффициентом вязкости  . Угловая скорость вращения вала
считается достаточно большой так, что гравитационная сила
пренебрежимо мала по сравнению с центробежной силой, и
жидкость принимают форму цилиндрического жидкого слоя с
внутренним радиусом r0 и внешним радиусом R . Центрифуга
неуравновешенна и имеет линейный дисбаланс e. Шарнирная
опора (точка подвеса) жѐстко закреплена, т.е. наружное кольцо
подшипника качения впрессовано в упруго-подвижный
фундамент (корпус). Таким образом, точка подвеса центрифуги
движется вместо с фундаментом ротора как одно целое. Тогда
допускаем, что нелинейные свойства подшипника качения
центрифуги можно учитывать в упругой нелинейной
характеристике опоры фундамента (рис.1). С учѐтом формулы
(2) нелинейная сила упругости опоры фундамента принимается
в виде [4]

C1 x0  C2 x03 , C1 y0  C2 y03 .
Здесь

C1,

C2

есть

упругие

(2)
характеристики

опор

фундамента, учитывающие также нелинейные характеристики
подшипника качения; x0 , y0 – координаты центра тяжести
фундамента. В равновесном состоянии центр тяжести
фундамента 𝑂 и точка подвеса (опора) центрифуги совпадает с
неподвижной точкой A(0,0,0) т.е. с началом неподвижной
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V
1
V  2  0 V   V0     r    r   gradP ,
t


системы координат AXYZ . Центр тяжести фундамента или
положение фундамента (корпуса центрифуги) определяется
координатами

x0 , y0 .

Углы



и



определяют положение

где

оси центрифуги (углы Резаля) (рис.1). Введены обозначения: 𝐿
есть расстояние от точки 𝑂 до точки

O1

– радиус-вектор этой частицы,

центра симметрии

полости центрифуги, т.е. до плоскости, где находится центр
тяжести центрифуги;

m

– масса центрифуги;

J0

и

J

подвижной системы координат

–

мгновенной

полярный и экваториальный моменты инерции центрифуги. Для
гашения колебаний фундамента установлен демпфер с
коэффициентом демпфирования

n0 ; n1

V – вектор относительной скорости частицы

угловые

V0
и

жидкости,

r

– ускорение начала

(r , , z ) ,  ,

скорости

(4)

 - векторы

ускорения

подвесной



центрифуги, P – давление в любой точки жидкости,
–
оператор Лапласа в цилиндрической системе координат

(r , , z ) .

– коэффициент

внешнего трения. Углы поворота оси центрифуги от вертикали
принимаются малыми, т.е. можно пренебречь членами выше
второй степени от углов  и  , а также их скоростями  и

После проектирования векторного уравнения (4) на оси
цилиндрической системы координат и их линеаризации,
получим уравнения движения вязкой жидкости в виде [6]:

.

u
2  u
1 P
 20   (u  2
 )

t
r  r 2
 r
 x0 cos(0 t   )  y0sin(0 t   )  z[ sin(0 t   )   cos(0 t   )]

2 u 
1 P
 20u   (  2
 )

t
r  r 2
 r 
 x0 sin(0 t   )  y0 cos(0 t   )  z[ cos(0 t   )   sin( 0 t   )]

(5)
w
1 P
w  

t
 z
 r[ sin(0 t   )   cos(0 t   )  20 cos(0 t   )  20  sin(0 t   )]

(ru) 
w

r 0
r

z

(6)

где v,  , P – кинематический коэффициент вязкости, плотность
и давление жидкости; u,, w – компоненты скорости частицы



Рис. 1 Система координат и модель роторной системы

жидкости;
– оператор Лапласа в цилиндрической системе
координат; уравнение (21) есть уравнение неразрывности при

Дифференциальные
уравнения
движения
неуравновешенной центрифуги и ее фундамента составим,
используя теоремы о движении центра масс и об изменении
кинетического момента системы. Имеем

  const .

Граничные условия
следующий вид:

 ( M  m) x 0  mL  n0 x 0  C1 x0  C2 x03  me02 cos 0t  Fx

3
2
 ( M  m) y0  mL  n0 y0  C1 y0  C2 y0  me0 sin 0t  Fy
 J   J    mgL  n   mLx  me( L 2  g) cos  t  M

0 0
1
0
0
0

 J   J    mgL  n   mLy  me( L 2  g)sin  t  M
0 0
1
0
0
0



Fr  Fx  iFy , M   M   iM 

(3)

M0  M  m

– масса всей системы,

гидродинамической силы

Fr

Fx , Fy -

проекции

u   w  0
u    w  0 (8) ротора

на торцах

M

гидродинамического момента

M .

и

M –

(7) и

 1 u   
 

 0
 r  r r 
 1 w  
 
 0
 r  z 

1
u 

2
2
2
  P  2 0  r  r0   2 r 

Составим уравнения движения вязкой жидкости в полости
центрифуги (ротора) относительно подвижной системы

Где

координат

поверхности жидкости.

O1 , жѐстко связанной с центрифугой с началом

в точке О1. Определив переносное и кориолисово ускорения
частицы жидкости с
единичной
массой, запишем
гидродинамическое уравнение Эйлера в векторной форме:

  , z, t  -

имеют

r  r0
(9),

(10)

  , z, t 
 u |r r0
t

составляющие

задачи

на боковой границе

на свободной поверхности жидкости при

(силы реакции жидкости) на

координатные оси Ox и Oy;

гидродинамической

r r0   , z ,t 

смещение

(11)

0

(12)

свободной

Система уравнения (3), (5), (6)-(12) являются
дифференциальными уравнениями совместного движения
подвесной центрифуги и вязкой жидкости с граничными
условиями гидродинамической задачи.
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z1 (nr ) = С1I (nr )  С2 K (nr )

2.Решения уравнения движения системы
Предполагая, что роторная система совершает
гармонические колебания, представим комплексные отклонения
фундамента и подвесной центрифуги от положения равновесия
в виде [7]

z0  Aei0t  Beit

аргумента.
Теперь находим функцию  , для чего дифференцируем с
учетом (18)-(20) первое уравнение системы (16) по  , а
второе по r предварительно умножив его на r и отнимаем
из первого второе. Полученную разницу деля на r имеем:

(14),

z0  x0  iy0 ,    i .

функций Бесселя чисто мнимого

I (nr ) , K (nr ) -

(13),

  Cei0t  Deit

(25)

* (

(15)

Первые слагаемые в формулах (13) и (14) описывают
вынужденные
колебания
системы,
обусловленные
неуравновешенностью подвесной центрифуги (в дальнейшем
– ротор), а вторые слагаемые определяют автоколебания
фундамента и ротора.


 )  * (2 0  )
t

(26) или


  2 0 
t
Здесь  -оператор
системе координат.
*

С учетом (13) - (15) система (5) примет вид

(27)

Лапласа в

полярной

Решение (27) с учетом (22) и (24). имеет в вид

u
2  u
1 P /
i  t 
 20  (u  2
 2)
  2  B  izD  e  
t
r  r
 r



  [( B1m cos mz  B2 m sin mz ) z1 ( m r )  (C1r 
m 1

D1
)( A1 z  B1 )]ei ( t  ) 
r

20 
D
[( B1n cos nz  B2n sin nz) z1 (nr )  (C0r  r0 )( A0 z  B0 )]}ei ( t  )
i n1

w
1 P /
i  t 
w  
 ir   20  De   (16)
t
 z

(29)
где

P /  P  02  r  A  izС  ei

z1 ( m r )  D3m J1 ( m r )  D4 m N1 ( m r ),  m  

(17)

Где  – оператор Лапласа в цилиндрической системе
координат,      – частота колебаний жидкости
0
относительно полости ротора.

Теперь используя (18) - (20) получим
выражения составляющие скорости частицы
жидкости и давления

Для решения уравнений гидродинамики (5), (6) и (16) с учетом
(33) и с граничными условиями (7) - (12), введѐм потенциал

u  [z1 (  m r ) 

скоростей

  {[ z11 (  m r ) 

Ф и функцию тока 



m 1


(потенциалы Лямба). Тогда

компоненты скорости частицы жидкости через функции

 представляем так:

Ф

и

Ф  0 ,



z11 (  m r )  z1( m r )] 

k 1

i

 m2

(M 0 


N0
)]}cos  m ( z1  H )  ei ( t  )
r2




P  { [

(4 0   )i
2

D1m , D2m , C1m, C2m,

2 L  H

Fr  R 


 P  R,  , z , t  e

i 0t  

dzd

(34)

0 L H

(23)

2 L  H

M   iR 



0 L H

Подстановкой (23) в (21) и после разделения

Ф в виде

zP/ r  R e

i 0t  

2 R

dzd  i   r 2  P/ z  L H  P/ z  L H  e 

i t  

drd

0 r0

(35)
Подставляя (33) в (34) и (35) находим комплексные
выражения гидродинамической силы и еѐ момента. Далее
после подстановки гидродинамической силы и еѐ момента, а
также (13) и (14) в уравнения движения роторной системы
(3), получим систему неоднородных алгебраических
уравнений
относительно
амплитуд
нелинейных
вынужденных колебаний и автоколебаний центрифуги и
фундамента

D0
)( A0 z  B0 )]ei ( t  )
r

(24)
Здесь n –волновое число по оси Oz. При
по оси Oz отсутствует.

(33)

- постоянные

Гидродинамическая сил и еѐ момент определяются
формулами

  [( B1n cos nz  B2 n sin nz ) z1 (nr )  (C0r 

M 0 , N0

i
N
( M 0r  0 )]cos  m ( z1  H ) 
 m2
r

интегрирования, определяемые из граничных
условий (7) - (12), т.е. на боковой, нижней и
верхней границах центрифуги
и свободной
поверхности жидкости.

Ф представим в виде

переменных, будем иметь функцию

z1 (  m r )  2 0 z1 ( m r ) 

  r 2 ( B  izD)}ei ( t  )   r02 ( A  izC )e( i )

(22)

Ф = R  r  Z  z   exp i  бt    

2



n 1

Ф является гармонической.

i  бt  

1
N
( M 0r  0 )]sin  m ( z1  H )ei ( t  )
2
m
r
(32)

(21)

/Ф, , P/  G(r, z)  e

n 1

20i



Используя метод разделения переменных каждую из
функций Ф, , P представляется в виде



(30)

20
i
1
N 
z1 (  m r )  z1 ( m r )  2 ( M 0  20 )  cos  m ( z1  H )ei ( t  )
r
r
m
r 

w     m [z1 (  m r ) 

Подставляя (18) -(20)в уравнение неразрывности (6) имеем

Функцию

 m2



(31)


1     (19),
 1   (18)
(20)
w


u 
z
r   r
 r r 

Т.е. функция

i
r

m 1

i

n0

волны
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3
c11 A0  k1 A0 ( A02  2 B02 )  c13C  P2
4
3
c22 B0  k1 B0 ( B02  2 A02 )  c24 D  0
4
c31 A0  c33C  P3

w
1 P /
i  t 

 ir   20  De  
t
 z
P /  p1ei ( t  )  P  02  r  A  izС  ei

(36)

Уравнение неразрывности при   const имеет прежний вид,

c42 B0  c44 D  0

уравнение (6).

Решение системы нелинейных неоднородных алгебраических
уравнений
(36)
имеет
вид
D

(39)

Граничные условия: на стенке и торцах ротораu
,w

P a A
a42
a a
4
B0 , C  3  31 0 , B02  
(a22  24 42 )  2 A02 , A03  p0 A0  q0  0
a44
a33
a33
3k1
a44

z  L H

P
  02 r0u
r  r0
t r r0

(37)
(42)

Уравнения движения центрифуги и фундамента
остаются без изменения и описываются системой (3).
Каждую переменную

Уравнение (37) является приведенным кубическим
уравнением с комплексными коэффициентами, корни которого
определяются формулами Кардано.

выразим через функцию

Модули амплитуды вынужденных и автоколебаний, а
также сдвиги фаз колебаний роторной системы определяются
формулами:

u1 

Im A0
Re A0

из системы (38)

p1
(43)

2
p1
p1    20  
1 
2




 B  izD  ,
0


 a2 
r
r 
a2

(44)
w1 

(а)

p1 r   20  ,

D
  z

i

Модули амплитуд и сдвиги фаз колебаний остальных
параметров роторной системы определяются аналогично.

(45)

Подставляя (43)-(44) в уравнения неразрывности (6)

Медленно изменяя в широких пределах безразмерную
частоту вращения центрифуги 𝑠 при фиксированных значениях
остальных параметров центрифуги, фундамента и жидкости
находим амплитуды вынужденных и собственных колебаний
фундамента и центрифуги. По этим значениям можно
построить кривые зависимостей в плоскостях (s,A),
𝑠, 𝐵 , 𝑠, 𝐶 и (𝑠, 𝐷).
Далее также плавно изменяя
безразмерную собственную частоту p от нуля до предельноразумного значения, при различных фиксированных значениях

будем иметь уравнение относительно
1   2 p1 1  p1 p1   2 p1

 

 12   r 2 r  r r 2   z 2

(46),

p1  R1  r  Z  z   i  r z    20  D

s

p1 (r , z )

Решение уравнения (46) представим в

виде:

угловой скорости центрифуги и других параметров роторной
системы
можно
построить
амплитудно-частотные
характеристики роторной системы. Угловая скорость
центрифуги и другие параметры роторной системы, а также
жидкости выбираются из соображений оптимальности
рабочего режима, технологического процесса и др. Построив
амплитудно-частотные характеристики в области изменения
параметров центрифуги, фундамента и жидкости (массы,
моменты инерции центрифуги, фундамента, упругие
характеристики опор, степени заполнения ротора жидкостью и
др, параметров) можно выбрать те значения параметров
роторной системы при которых существенно уменьшаются
амплитуды
вынужденных
колебаний,
существенно
уменьшаются автоколебания и ширина зон автоколебаний

(47)

Определяя решения (46) с учетом (39) находим выражения
для P и подставляя в (34) и (35) находим гидродинамическую
силу и ее момент
i0t

Fr  mL 02 ( A  iLC )e



 mL [ 2

2

 20  02  B

 2  20  02

 i (  20 ) LD]eit

(48)
M   mL 02 (iAL  EC )ei0t  mL  2



2

 20  02  iBL

 2  20  02

   20   ED  0 m D}eit

(49)
После подстановки гидродинамической силы и еѐ
момента (48) и(49), а также (13) и (14) в уравнения движения
роторной системы (3), получим систему неоднородных
алгебраических уравнений относительно амплитуд нелинейных
вынужденных колебаний и автоколебаний центрифуги и
фундамента. Дальнейшее ход решения и рассуждение
аналогично вышеизложенным.

роторной системы или же вовсе исчезают автоколебания.
В работе также исследованы нелинейные вынужденные
и автоколебания роторной системы, когда полость центрифуги
частично заполнена идеальной жидкостью. Тогда уравнения
движения идеальной жидкости находим из (5) при

u1 ,1 , w1

2
,
p
 p1  i   20  
i 
20 1  
 B  izD 

2 
2
a 
r
r 
a

1 

A0  (Re A0 ) 2  (Im A0 ) 2 , tg 0 

 0 (40)

 0 (41)

на свободной поверхности жидкости:

Как видно, из системы (36) амплитуды колебаний,
собственные частоты и угловая скорость роторной системы
являются взаимосвязанными. Эта одна из особенности
нелинейных систем.

rR

 0

3. Результаты и обсуждение

u
1 P
i  t 
 20  
  2  B  izD  e  
t
 r
/


1 P /
i  t 
 20u  
 i 2  B  izD  e  
t
 r 

Для анализа системы и определения оптимального
рабочего режима были построены амплитудно-частотные
характеристики ротора и фундамента. После решения
дифференциальных уравнений движения системы при
различной степени заполнения полости ротора жидкостью (γ),

(38)
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при разных значениях коэффициента демпфирования (χ),
нелинейной жесткости (c1), неуравновешенности (e) и при
различных значениях массы фундамента (M) найдены
амплитуды вынужденных и автоколебаний СРЖФ.

4. Заключение

В работе впервые разработана и решена аналитически
обобщѐнная динамическая модель системы «ротор-жидкостьфундамент», учитывающая нелинейные упругие свойства
подшипниковых опор, колебаний жидкости в системе и
вибрации фундамента.
Гашение вредных колебаний ротора способом подбора
параметров системы с учѐтом упругости фундамента при
подчинении
их
определѐнным
условиям,
является
экономически более выгодным и технически легко
осуществимым. Здесь в качестве антигруза выступает сам
упругий фундамент, на который посредством упругих опор и
амортизаторов устанавливается ротор.
В результате проведенных работ разработана методика
расчета амплитуд и построения частотных характеристик
вынужденных и самовозбуждающихся колебаний системы
«ротор-жидкость-фундамент» на подшипниках качения с
нелинейной характеристикой на основе метода комплексных
амплитуд и гармонического баланса.
 Максимальные амплитуды вынужденных колебаний
ротора и фундамента наблюдаются при одной трети
заполнения полости ротора жидкостью.
 Уменьшение количества жидкости в полости ротора
приводит к смещению резонансных пиков в сторону
меньших угловых скоростей.
 С ростом количества жидкости в полости ротора
резонансные пики амплитуды как ротора, так и
фундамента демпфируются.
 Уменьшение массы фундамента приводит к гашению
резонансов ротора и фундамента, а также к
увеличению амплитуд автоколебаний фундамента.
 Увеличение коэффициента жесткости при кубическом
члене
аппроксимации
нелинейной
восстанавливающей
силы
приводит
к
демпфированию колебаний фундамента и ротора.
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Application of artificial neural networks
for prediction of business indicators
Petar Halachev

University of Chemical Technology and Metallurgy – Sofia Bulgaria

Abstract: This paper examines the applicability of the neural networks in developing predictive models. A predictive model based on
artificial neural networks has been proposed and training has been simulated by applying the Long Short-Term Memory Neural Network
module and the time series method. Python programming language to simulate the neural network was used. The model uses the stochastic
gradient descent and optimizes the mean square error. Business indicators for forecasting the results of the activity and the risk of
bankruptcy of a company are forecasted and a comparison of the obtained forecast values with the actual ones is performed in order to
assess the accuracy of the forecast of the developed model. As a result, it can be noted that business indicators can be successfully predicted
through the Long Short-Term Memory Neural Network and the forecasted values are close to the actual ones.
Keywords: FORECASTING, MODEL, LONG SHORT-TERM MEMORY NEURAL NETWORK, BUSINESS INDICATORS, PYTHON
INTRODUCTION
In modern conditions, one of the most important
elements of the management process is the analysis of the
indicators reflecting the business activities of the company.
The aim is to establish the patterns and trends in the
development of business processes and to assess the direction and
degree of influence of the factors that determine them in order to
limit the negative and enhance the positive effects. The analysis
helps to forecast and design the directions of the future policy of
the company by identifying the past trends.
The first approach to analyzing business ratios to
predict corporate failure and insolvency was developed by W.
Beaver in 1966. Later, various models were developed based on
analyzes of groups of companies studied by predefined qualitative
characteristics.
The multivariate model for predicting corporate
bankruptcy, known as Altman’s Z-Score [1], is one of the most
widely used models.
Another model, by G. Springate, was developed based
on testing of 40 companies, with assets averaging $ 2.5 million. In
the process of its creation, out of 19 business coefficients
considered representative, only 4 coefficients remain in the final
version of the model.
The DuPont model [2] is used for planning, analysis and
control of the company's performance and is used in corporate
financial management due to the ability to explore the company's
potential to generate profit, reinvest it and increase turnover and
sales. It is based on the analysis of ratios forming the coefficient
Return on Equity (ROE).
Economic value added (EVA) is an analytical model
created by the corporate consulting team of B. Stewart and J.
Stern and is rapidly gaining popularity among the corporate
financial community due to the innovative way of determining the
real profitability of the company [3]. The EVA model evaluates
the enterprise on the basis of the economic approach and is
oriented towards its future and not towards the past. EVA
measures the added value created by a particular investment [3,
4].
According to V. Kasarova [5], the application of
different models for bankruptcy risk assessment on the same
Bulgarian company gives different, in some cases contradictory
results, as the models are developed in the conditions of a specific
economy in a certain period of time and do not comply with
current conditions.
The models do not take into account industry
differences, which adversely affects their flexibility and
adaptability and leads to excessive optimism or excessive
pessimism in some cases. The models can be used as an additional
analytical tool and must be appropriately adapted to the specific
conjunctural and economic conditions [6, 3].
From the literature sources and the practical activity are
known fuzzy models, application of neural networks, econometric
analysis and others, to evaluate the business indicators reflecting
the activity of the company.

In fuzzy models [7], the analysis and forecasting of
financial condition indicators includes 3 stages:
The first stage - "blurring" of the input information,
transforming the estimates of traditional indicators into fuzzy
values based on expert assessments, modeling and simulation
(using Matlab, Fuzzy, Toolbox, etc.).
Second stage - defining the rules according to which the
defined fuzzy linguistic variables (inputs) are associated with the
output linguistic variable.
Third stage - conversion of the fuzzy estimates obtained
at the output of the fuzzy system into exact values.
A common and proven method of blurring is the
Geometric Center of Gravity (COG).
Neural networks are used as an additional method for
analysis of business indicators. According to A. Chabaan [8], the
application of neural networks allows to calculate the risk of
failure, decision-making when choosing investment alternatives,
assessment of the risk of insolvency of the issuer / borrower [9]
and others.
Assessing financial status using artificial intelligence
does not replace existing mathematical models, but complements
them by allowing the correct assessment of input data, without
whose exact values the end result makes no practical sense.
According to S. Kabaivanov [9], for example, the process of
assessing the risk of insolvency can be realized in two aspects:
On the one hand, obtaining an accurate numerical
indicator, individual for each surveyed economic agent (for
example, the probability of insolvency for a certain time horizon).
On the other hand, to determine the affiliation of the
analyzed object to predefined groups (for example, risk groups
with pre-defined boundaries).
FORECASTING THE INDICATORS
Forecasting economic processes and phenomena is a
tool for successful and effective business management and has an
important role in the management process, as it assists
management in making adequate and timely decisions related to
the activities of the enterprise.
The report presents a neural network simulation in order
to predict the indicators for business analysis. The aim is, on the
basis of training of the neural network with indicators from
previous periods, to calculate forecast indicators for the next
period (in the considered example the data for it are known, and
to make comparisons of the actual and forecast values).
After making the forecast, the data from it should be
compared with the real data for the respective period and the level
of the error from the forecast should be determined. On this basis,
conclusions are drawn about the applicability of the model.
Table 1 provides data on the indicators of a real
operating enterprise for the period 2011–2019. The indicators
from 2019 are taken as a benchmark for comparing the forecast
with real data.
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Indicators
Profitability of income
Return on equity
Return on assets
Revenue efficiency
Cost efficiency
Total liquidity
Quick liquidity
Inventory turnover
Financial autonomy
Financial dependence

2011
0.27
0.55
0.45
0.70
1.42
8.10
7.30
17.48
8.65
0.12

2012
0.21
0.34
0.18
0.77
1.29
5.65
5.08
17.93
1.24
0.81

2013
0.18
0.24
0.15
0.80
1.25
4.44
4.02
16.52
1.73
0.58

2014
0.22
0.26
0.19
0.78
1.27
5.93
5.45
35.92
2.08
0.49

2015
0.15
0.19
0.11
0.84
1.18
2.70
2.55
29.23
1.88
0.53

Table 1. Indicators of financial condition
2016
2017
2018
2019
0.16
0.15
0.21
0.11
0.18
0.14
0.18
0.08
0.12
0.14
0.16
0.07
0.82
0.83
0.77
0.88
1.22
1.20
1.30
1.14
4.89
6.59
10.89
8.17
4.72
6.29
10.39
7.56
36.00
35.60
13.00
22.10
3.14
4.51
7.42
7.37
0.32
0.22
0.13
0.14

information is submitted to the neural network in the manner
shown in Table 2.

The forecasting of the indicators through a neural
network is carried out in three stages:
1. Neural network training with known data.
2. Forecasting the indicators.
3. Evaluation of the accuracy of the forecast from the
neural network by comparing the predicted with the real values
of the indicators.
The method of forecasting time series for training and
forecasting [10, 11] has been applied. A separate neural network
is created for each of the indicators studied. Each of the neural
networks has 3 input parameters and one output.
The information is distributed in a training sample,
using the so-called "time window", that covers 3 consecutive
years [12], to which the data from the fourth year are compared.
For example, for the first indicator in Table 1: the values [0.27;
0.21; 0.18], and at the output [0.22].
The distribution of information is shown in Table 1.
The training is performed in 5 stages, and at each stage

Stage
1
2
3
4
5

Table 2. Training sample for the rate of return on
income
Indicator values (from Table 1)
Input
Outcome
2011, 2012, 2013
2014
2012, 2013, 2014
2015
2013, 2014, 2015
2016
2014, 2015, 2016
2017
2015, 2016, 2017
2018

The neural network is not trained with data for 2019,
as the data for it will be used to compare with the data predicted
by the model and assess the accuracy of the model

Table 3. Values of the indicators from the training of the neural network
Indicators
Profitability of income
Return on equity
Return on assets
Revenue efficiency
Cost efficiency
Total liquidity
Quick liquidity
Inventory turnover
Financial autonomy
Financial dependence

Value 2019
0.11
0.08
0.07
0.88
1.14
8.17
7.56
22.10
7.37
0.14

At the next stage (forecasting by neural network)
information about the indicator for 2016, 2017, 2018 is
submitted to the model, and the model generates as a result a
forecast for the value of the indicator for 2019. Then the forecast
value obtained from the model is compared with the real value
of the indicator and determine the error of the model.
During the test, 10 neural networks were created,
which were trained with samples for each indicator. The data are
presented in Table 3.
The Python programming language and the LSTM
(Long Short-Term Memory Neural Network model) module to
simulate a neural network were used. The neural network
architecture is LSTM. The model uses a stochastic gradient
version and optimizes the mean square error (Mean Square
Error).
The accuracy of the forecast for each indicator is
determined as a percentage by the formula:

 x 2019  x forec. 

  100
Error (%)  
 x x
min 
 max
where:

Forecast 2019
0.13
0.10
0.09
0.85
1.15
8.03
7.35
21.41
7.02
0.28

Error (%)
-12.50
-4.26
-5.26
16.67
-3.57
1.71
2.68
3.00
4.72
-20.29

X2019 is the value of the indicator for 2019;
Xforec. - the forecasted value of the indicator;
Xmax and Xmin - the maximum and minimum values of
the indicator for the studied period (2011-2019).
When the value of the forecast exceeds the value for
2019, the error is negative, otherwise it is positive.
As a result, the following conclusions can be drawn:
The values of the indicators return on equity, liquidity,
financial autonomy and turnover of inventories are predicted by
the neural network with high accuracy - the error is within ± 5%.
The indicators turnover of inventories, financial
dependence, revenue efficiency, profitability of revenues - the
error is high over 20%. In order to reduce this error and increase
the accuracy of the prediction in future research, it is appropriate
to study a longer time interval so that the neural network can be
better trained, as well as to experiment with other structures or
neural network models.

(1)
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BANKRUPTCY RISK ASSESSMENT
Altman's management model was created to predict the
viability of industrial exchange companies within 2 years and
works with the financial performance of large corporations. As a
tool for improving the decision-making process was proposed by
E. Tsvetanova, a modified model based on the management
model of Altman, which supports the process of determining the
viability of small and medium enterprises [13].
The model is adapted to the Bulgarian conditions on the
basis of empirical information from Bulgarian enterprises in order
to predict whether small and medium enterprises will reach a state
of bankruptcy in a period of one to two years with a certain
degree of accuracy [14].
Other authors, Avelova, Marchev and team also point to
the need to propose weights of Z-score, adapted to the specific
economic conditions in which enterprises operate in Bulgaria
[15].
Based on a study conducted on Bulgarian companies to
adapt Altman's model for assessing the risk of corporate
bankruptcy for Bulgarian conditions, E. Tsvetanova [13] proposed
a model for Z-score with weighting factors according to the
following equation:
Z=2,213Х1+0,243Х2+0,760Х3+2,821Х4,
where the financial ratios are as follows:
X1 - Earnings before interest and taxes (EBIT) on total
assets. This ratio has the greatest weight
X2 - Working capital to total assets. The ratio has the
lowest correlation in the function and the lowest statistical
significance.
According to E. Tsvetanova, the first two financial
ratios coincide with those of Altman [1], as well as their statistical
significance for the model.
The next two financial ratios are structural indicators
based on data from the company's statement of financial position.
They largely reflect the specific factors and practices applied in
the country.
X3 - Equity to total assets. The company's equity is
compared to total assets, which shows its financial stability.
X4 - Money to total assets. A financial ratio that
measures the portion of assets held in cash and cash equivalents.
It is second in importance after EBIT to total assets.
The results obtained in an empirical way by E.
Tsvetanova show that at values of Z-score:
Z < 0.4 - the probability of bankruptcy is very high;
Z - between 0.4 and 1.5 - companies fall into the zone
of medium high probability of bankruptcy;
Z > 1.5 - there is a very low probability of bankruptcy
[16].
The report assesses the company's bankruptcy risk using
a Z-score. For this purpose, values of the indicators X1, X2, X3
and X4 of the company were calculated on the basis of real data
for 2018 and 2019. The weighting coefficients proposed by E.
Tsvetanova [16] are applied (Table 4).

Indicator
X1
X2
X3
X4
Z-score

Table 4. Indicators for calculating the Z-score
Values
Z
2019
0,077
0,587
0,861
0,586

2018
0,175
0,614
0,856
0,613

2015
0,077
0,587
0,861
0,586
2,613

2014
0,175
0,614
0,856
0,613
2,770

Z = 2,213Х1 + 0,243Х2 + 0,760Х3 + 2,821Х4 (3)
The obtained values for Z are high - 2,613 for 2015 and
2,770 for 2018 and show that there is no risk of bankruptcy for the
company.

Based on information about the financial and economic
indicators of the company for the period 2011-2018, training of
the neural network was performed by the method of forecasting
time series [10, 11].
For each of the studied indicators - X1, X2, X3 and X4 a
separate neural network is created, with 3 input parameters and
one output. The information is distributed in training samples,
using the "time window" method, which covers 3 consecutive
years.
After the training of the neural network, at the next
stage information is submitted about the indicators X1, X2, X3 and
X4 for 2016, 2017 and 2018 and as a result a forecast for 2019 is
obtained.
With the indicators obtained from the forecast, Z is
calculated for 2019 and the value is compared with the value of Z
= 2,613 for 2019, which is a result of the calculation with real
data. The actual and obtained from the forecast results and the
deviation are presented in Table 5.
Table 5. Results of the forecast for 2015

Indicator
X1
X2
X3
X4
Z-score

Values
2019
0,077
0,587
0,861
0,586
2,613

Forecast
data - 2019
0,081
0,772
0,774
0,509
2,394

Deviation
(%)
5,2
31,5
-1,10
-13,14
-8,38

The deviation is calculated by the formula:

 x forecast 

  100  100
Deviation (%)  
 xvalue 2019 

(2)

where:
Xforecast - projected value of the indicator for 2019;
Xvalue 2019 - real value of the indicator for 2019
The data for the indicator Z-score is calculated with real
data for 2018 and 2019 and the data forecast by the neural
network for 2019 show that for the company for both studied
periods there is a very low risk of bankruptcy - the value of The
Z-score is well above 1.5.
For 2019, there is a decrease in the value of the
indicator X1 - about 2 times, which is mainly due to a decrease in
profit - more than 2 times for the studied periods. The values of Zscore for the two periods differ minimum limits - the deviation is 8.38%, which shows that the method of forecasting with neural
networks with a "time window" - 2,968 for 2018 and 2,613 for
2019 can is used to make forecasts for future periods.
CONCLUSION
The application of neural networks and the Z-score model
could serve as additional tools for forecasting and analyzing the
financial indicators and the risk of bankruptcy of companies in
order to assist management in drawing up plans and decisions for
future development.
The study demonstrated the applicability of a neural network
simulated with a "time window" to predict financial ratios. The
application of the Z-SCORE model for assessing the risk of
insolvency of a functioning company by means of the forecasted
values of the indicators and with weighting coefficients proposed
for Bulgarian enterprises has been tested.
The obtained predicted values of the indicators show high
accuracy (compared to the real indicators) and the possibility to
apply a neural network structure with a "time window" in order to
forecast the financial indicators for future periods. On this basis, it
is possible to make timely and adequate decisions by the
company's management.
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The obtained results outline as a direction for future research
in the field of forecasting indicators for financial and economic
analysis, creating more accurate and complete forecasting models
- based on neural networks, by studying and simulating other
structures of neural networks and / or other modeling approaches
and methods.
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Abstract: We examine a different approach to complete decarbonization of the Russian economy, in a world where climate policy is
increasingly requiring radical reduction of emissions wherever possible. We propose an energy system that can supply solar, and wind
generated electricity to fulfill all demand and which accounts for intermittency problems. This is instead of a more usual approach of
planning for expensive carbon capture and storage, and a massive increase in energy efficiency and therefore a drastic reduction in energy
use per unit Gross Domestic Product (GDP). Coupled with this massive increase in alternative energy, we also propose using excess
electricity to generate green hydrogen. Hydrogen is a known technology that can function as storage for future electricity needs or for
potential fuel use. Importantly, green hydrogen can be used as a re-placement export for Russia’s current fossil fuel exports and will likely
provide higher revenues. The analysis was carried out using the highly detailed modeling framework, the High-Resolution Renewable
Energy System for Russia (HIRES-RUS) representative energy system. The modeling showed that there are a number of feasible
combinations of wind and solar power generation coupled with green hydrogen production to achieve 100% decarbonization of the Russian
economy.
Keywords: DECARBONIZATION, 100% RENEWABLE ENERGY, REPRESENTATIVE ENERGY SYSTEM, GREEN HYDROGEN
Russia is divided into 7 regions of a unified energy system:
Center, North-West, South, Volga region, Ural, Siberia, Far East.
Regions that have hard-to-reach areas (Siberia, Far East) are divided
into two regions: the main one and the hard-to-reach one. In total,
the RES (Representative Energy System) of Russia includes 9
regions. The model simulates one year with 365x24 time steps - into
days and hours, for a total of 8,760.

1. Introduction
Global climate policy is aimed at reducing GHG, which
requires radical reduction of emissions wherever possible. The
replacement of primary energy sources with solar and wind,
followed by hydrogen generation, is one of the possible options.
This paper analyzes this possibility on the example of Russia. A
highly detailed model of a representative energy system was used in
the work (365day*24*hour*500 region of generations) based on
real weather data. The energy system should meet twice the final
demand, with constant energy exports, but with the replacement of
hydrocarbons with hydrogen. A sensitivity analysis was conducted
to assess the feasibility and cost of implementing such a scenario.

To simulate intermittent energy sources, detailed weather data
from NASA, the MERRA 2 project, with an hourly data and with a
spatial resolution of 0.625° х 0.5°, were used. The database for
Russia contains about 10,580 observations, which is beyond the
numerical capabilities of modeling. For this reason, the weather
data were clustered method based on data on the coordinates and
hourly average profiles of generation, and average month
generation. All locations for generating electricity are divided into
250 possible clusters for each type of solar and wind generation
depend on its characteristics. Places where the average annual
availability factors is less than 10% for solar and 15% wind were
not taken into account when clustering the corresponding zones and
in subsequent calculations. We also exclude location higher than
1000 m above sea level, far east places, islands and water locations.
Example the clustering of data for PV with tracking systems (figure
2).

2. Methods
We carry out a numerical experiment that constructs a carbonfree energy system scenario. We assume that solar and wind power
will provide all the primary energy consumption, some of which
will be converted into hydrogen by electrolysis. Figure 1 shows the
supply curve of solar and wind power versus 10 times the final
energy consumption of all energy in Russia. It follows that the
supply is sufficient to meet the demand with a significant
availability factor, and consequently at a low price. However, the
intermittency of solar and wind power, and the possible remoteness
of sources from the point of consumption, can significantly increase
costs.

Fig. 2 Clustering of data for PV with tracking systems

Meteorological calibrations were from detailed data in hourly
increments 1 (also see [1]). Parameters of the power generation
MERRA-2 collections tavg1_2d_flx_Nx (Surface Flux Diagnostics),
tavg1_2d_rad_Nx (Radiation Diagnostics), and tavg1_2d_slv_Nx
(Single-level atmospheric state variables) downloaded from NASA
Goddard Earth Sciences (GES) Data and Information Services Center
(DISC) (https://disc.gsfc.nasa.gov/datasets?project=MERRA-2) using
GNU Wget network utility (https://disc.gsfc.nasa.gov/data-access
1

Fig. 1 Supply curve of solar and wind electricity versus 10 times Russia's
finaly energy consumption (FEC) (no more than 250 EJ)
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technologies were calibrated using Lazard’s Levelized Cost of
Energy Analysis (Lazard), and Storage technology 2. Key
technology assumptions in the model are shown in Table 1.

for electricity with hydrogen is like reducing the hard part of the
demand for electricity with a simultaneous increase in total demand
(due to losses during the conversion of electricity to hydrogen).

Table 1. Parameters for feasibility analysis and assumptions to achieve
minimum costs, leading to 72 alternatives.
Technology
Cost
Technical Parameter
Solar PV
Investment cost
Solar availability factor varies
- $825/kW,
between 9-28% depending on
Fixed Operating
location, and is estimated using
and Maintenance
Sandia’s plane-of-array model and
(O&M) - 9.5
algorithms for solar-array trackers
$/kW/year
[2] for fixed tilted, 1-axis tracking
system and 2-axis tracking system,
with an operational life of 20 years,
and is shown in the merra2ools
package3
Wind Only
Investment cost
Wind availability factor can vary
$1,050/kW,
between 13-57% depending on
Fixed O&M station location, with precision data
$27/kW/year
calculated using the merra2ools
package, with an operational life of
30 years. Wind speeds for 100m and
150m were approximated from
values at 10m and 50m.
Storage
$250/MWh
10% loss during charging,
investment cost
operational life of 15 years
500‐kV
$367M per
Losses vary between 2.5% to 7.2%
HVDC converter
depending upon distance between
HVDC bipole
station in one
regions (Losses = 0.6% + 2.9% for
transmission
direction,
every 1000 km).
line
$0.87M per 1
km, for 2.4 GW
Hydrogen
Fixed O&M,
Efficiency of 51 kWh/kgH2,
electrolysis
$18/kW/year,
availability factor greater than 15%,
Investment cost
with an operational life of 20 years
of $900/kW/year
Hydrogen
Fixed O&M,
Efficiency of 65%
Electricity
$44/kW/year,
Station
with an
investment cost
of $700/kW

Table 2. Parameters for 2050 feasibility analysis and assumptions to achieve
minimum costs, leading to 72 alternatives.
Parameter Alternatives
Description
Demand
1
Total electricity demand is 48 EJ, 70% is
critical demand, flexible portion is 30%.
Hydrogen demand is 12 EJ
2
Total electricity demand is 24 EJ, 70% is
critical demand, flexible portion is 30%.
Hydrogen demand is 36 EJ
Wind
1
Wind speed at 150 m height
2
Wind speed at 100 m height
3
Wind speed at 50 m height
Solar
1
2-axis solar tracking
2
1-axis solar tracking
3
no solar tracking
Storage
1
Unlimited
2
No more than 14 TWh (23-29% of average
daily consumption)
Trade
1
Trade with full connectivity across all
regions of RES
2
Without isolated regions

The intermittency of energy sources may be one of the main
fears of large-scale deployment of solar and wind energy. The
solution to the problem of intermittency is possible with the help of
a developed electricity transmission network and the use of energy
conservation technologies. There are several types of energy
conservation, each with its own advantages and disadvantages. The
use of Li-ion batteries and accumulators is the most promising for
large-scale networks, which can solve the problem of insufficient
energy supply during the day. Despite the fundamental differences
between these technologies, including the requirements for water
supply, from the point of view of modeling, they are quite close.
The work used Li-Ion more as the more expensive equivalent of
conservation technology. If in a certain region conditions allow the
creation of large-scale hydro pumped storage, then the costs of
100% decarbonization will become cheaper. The use of a solar
panel tracking system, with an equal area, can increase the
generation of solar panels and increase the time for generating
electricity.

3. Scenario
To analyze the feasibility of 100% decarbonization of the
Russian energy sector, 72 scenarios were built to assess the
feasibility of the scenario to critical prerequisites. Table 2 shows the
basic prerequisites for scenarios and their designation. Specific
scenarios and their designations are obtained as a Cartesian
multiplication of options / values. The scenarios consider three
options for demand for electricity and hydrogen. In the scenario
option E36, the demand for electricity is 1.5 FEC, and the demand
for hydrogen is the volume of hydrocarbon exports in energy
equivalent. Thus, the scenario can be interpreted as the fact that all
domestic consumption goes to electricity, and hydrocarbon rent will
be replaced by hydrogen. In the E12 scenario, only a third of
domestic consumption goes to electricity and the rest to hydrogen.
These extreme demand options show that 100% decarbonization is
feasible, depending on which end-demand technologies are used.
For example, will electric cars become more widespread, including
in cold climates, or will hydrogen-fueled cars become more
widespread. In all cases, it is assumed that for 20% of the demand
for electricity, it does not matter when exactly it was produced, and
consumption occurs when there is an excess of electricity, and the
rest of the demand must be strictly satisfied at the time of
occurrence (hereinafter hard demand).

Figure 3 shows a comparison of capacity across the scenarios.
All of these 72 scenarios are feasib le and request reasonable amount
of square.

The work does not consider the time of hydrogen electrolysis,
and the hydrogen transportation system, since it can be stored for a
long time and can travel long distances. Thus, replacing the demand
EA-ETSAP and IRENA© Technology Policy Brief E18 – April 2012
https://github.com/energyRt/merra2ools,
https://datadryad.org/stash/dataset/doi:10.5061/dryad.v41ns1rtt

2
3

Fig. 3 Solar and wind capacity for succeed final demands.
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Figure 4 shows the places with the highest capacity of
renewable energy sources, mainly in the southern regions of the
country. It is important to note the very potential high wind power
in the northwest regions, although it is obvious that this region does
not have significant capacity for solar energy.

Fig. 4. Solar and wind capacity for succeed final demands, MW per km2.

4.
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Abstract: The problem of study of the atmospheric state with the accumulation of polluting gases in the atmosphere as a result of
anthropogenic activity is very actually. One of the major polluting gases at large ratios is carbon dioxide. The recent study aims to obtain a
quantitative expression of the variation of the atmospheric temperature as the result of the variations of carbon dioxide con centrations. It is
known that the state of the atmospheric gas is described approximately by the model of the ideal gas. As the altitude increases, the gas
pressure and the temperature in the troposphere decrease. The adiabatic constant of atmospheric air can be found from the adiabatic
equation which is based on the ideal gas model. The natural logarithm of the pressure depending on the natural logarithm of the
temperature allows the determination of this adiabatic constant. The obtained result coincides within the limits of the real ones, fact that
denotes the correctness of the application of the ideal gas model. The known data of the pressure as a function of height allow to determine
the fictive molar mass of the atmospheric gas from the dependence of the natural logarithm of pressure as a function of the a ltitudes and the
result of the fictive molar mass coincides within the limits of the real ones. NASA observatories periodically record from the 1980s until now
the permanent increase of the average temperature of the atmosphere with a speed of the order of (0,02 oC/year) and of the concomitant
increasing of the concentration of carbon dioxide in the atmosphere. This fact currently concludes that the increase of global average
temperature is influenced by the increase of the concentration of carbon dioxide. These concomitant increases allow to elaborate one
empirical expression of the variation of the global average temperature depending on the variation of the carbon dioxide concentration. The
obtaining of this empirical expression is based on the equation of state of the ideal gas and also on the adiaba tic equation. The graphical
representation of the temperature variation as a function of the concentration variation allows the recalculation of the adia batic constant of
the atmospheric air which value is within the limits of the real ones and denotes the validity and correctness of the suggested method. The
recalculated values of the temperature variation according to the empirical formula must coincide with the real ones recorded. The
coincidence is confirmed by the functional dependence ΔTe = f (∆T). In order to ascertain the average speed of accumulation of carbon
dioxide in the atmosphere, the graph of the dependence ∆C = f (time) is represented which proportionality coefficient is the accumulation
speed of order (3,833 mg / m3/ year).
Keywords: ADIABATIC MODEL, ADIABATIC CONSTANT, MOLAR CONCENTRATION, BAROMETRIC FORMULA, EMPIRICAL
EXPRESSION

1. Introduction

function of height is the rate 

The current state of the atmosphere is described by the
presence of pollutants in both gas and aerosols that have a negative
effect on the evolution of the biosphere and on the state of the
atmosphere. Modern anthropogenic activity is characterized by the
increasing of the concentrations of gaseous pollutants that have a
green house effect. One of the major green house components is
carbon dioxide which has a ratio of 75% in comparison to other
pollutants and therefore the effect is based only on carbon dioxide
and the other components are of minor importance and almost have
no influence. The empirical method suggested in this study is based
on deeply analysis that applies in general the model of ideal gas.
The application of the model of ideal gas for atmospheric air
allows to check the calculated values with the real ones such as the
effective molar mass of the air and the adiabatic constant. The
validity of the suggested method is confirmed by re-calculation of
the important parameters such as the molar mass and the adiabatic
constant and which are coincident with the real ones. The practical
importance of this expression is based on the fact that the
anthropogenic accumulation of carbon dioxide is followed by the
accumulation of heat excess in the atmosphere, and in its turn the
increasing of the average global temperature of the atmosphere. One
thing it is important to mention that the effect which always takes
place must be explained and this explanation is given by physical
methods based on thermodynamic phenomena for the atmosphere.

dT
, (h is the altitude). This rate is
dh

called the environmental lapse rate.[2],[3],[4] The ELR assumes
that the air is perfectly still, i.e. that there is no mixing of the layers
of air from vertical convection and no winds that would create
turbulences. The dry adiabatic lapse rate accounts for the effect of
the expansion of dry air as it rises in the atmosphere and wet
adiabatic lapse rates include the effect of the condensation of water
steam on the lapse rate. Since the process of compression and
expansion of an air parcel can be considered reversible and no
energy is transferred into or out of the parcel, such a process is
considered isentropic, meaning that there is no change in entropy as
the air parcel rises and falls (dS=0).Since the heat exchanged
(dQ=0) is related to the entropy change dS by dQ=TdS, then:
dS
0
dh

(1)

where S is the entropy. The above equation states that the
entropy does not change with height. The rate at which temperature
decreases with height under such conditions is called the adiabatic
lapse rate.[5] For dry air is valid the adiabatic equation of the ideal
gas [6]:

P(h)  T h 




 1

 const

(2)

where γ is the adiabatic constant of the air (γ ≈ 7/5). Combining
with the equation for the pressure, then the expression of dry
adiabatic lapse rate [7]:

2. The adiabatic model of atmosphere with the
excess of carbon dioxide

dT
M  g  1


 9,8 0 C / km
dh
R


The composition of the dry air is complex and it contains 78,08
% nitrogen, 20,95% oxygen, 0,93% argon, 0,04% carbon dioxide
and small amounts of other gases. [1] The temperature of
the troposphere is highest near the surface of the Earth and
decreases with the altitude. The average temperature gradient of the
troposphere is 6.5°C per 1000 m of altitude. An important
parameter that describes the dependence of the temperature as the

(3)

The pressure of the atmosphere is maximum at sea level and
decreases with altitude [8]. This is because the atmosphere is very
nearly in hydrostatic equilibrium so that the pressure is equal to the
weight of air above a given point. The change in pressure with
altitude can be expressed by the density as[9]:
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dP
M Pg
   g  
dh
R T

In order to describe the increasing of the temperature due to of
the greenhouse effect, it would be better to differentiate the
T    1  P
expression (13):
(14)
 
 
T
   P

(4)

where g is the gravitational acceleration; ρ is the density of air;
h is the altitude; P is the pressure; R is the gas constant; T is the
thermodynamic temperature; M is the molar mass.

The respective expression of the equation of the state of ideal
gas: P.V   .R.T ; P  C.R.T ; C is the molar concentration of
the mixture of gas of the atmospheric air. The respective variation
of pressure: P  R  T.C  C.T 
(15)

This change in pressure (4) originates from the barometric
formula of troposphere [10]:

P(h)  Po  e



M  g h
R.T ( h )

(5)

The substitution of (15) into (14) gives:
T    1  C.T  T .C 



T   
C.R.T
   1   T C     1  T    1  C
.
.
.
 

 
  
    R.T C.R     R.T    C.R

Combining the expressions of adiabatic process (2) with (5),

Po  e

then:



M  g h
R.T

 T (h)




 1

 const

(6)

If the temperature depends on height, it would be better to
obtain by the application of (6) such expression of the value of
temperature that depends on height:

T (h)
T (h)




 1


 1



const
e
Po

Mgh
RT ( h )

(7)

const  e

The density of air at sea level is about 1,2 kg/m3. The
atmospheric density decreases as the altitude increases. [11]

Mgh
RT ( h )

The procedure of natural logarithm of (8) gives:



Mgh
 ln T (h)  ln Po  ln( const ) 
RT (h)
 1
T (h)  ln T (h) 

ln T (h) 

T (h)  (  1)



(  1)



(16)

The expression (15) shows quantitatively the increasing of the
temperature of the atmosphere with the increasing of the molar
concentration of greenhouse gases by the value ∆C.

(8)

Po



   1  C  T
 
T  
  ( R  1)  1  C

 ln Po  ln( const )  

Then the molar concentration of the atmospheric air is
calculated as:

(9)

C
Mg    1h
R 

Mg    1  h
 ln Po  ln( const) 
R    T (h)

(10)


M



1,2(kg / m3 )
 41,37(mol / m3 )  0,04137(mol / l )
0,029(kg / mol)

The average mass of the atmosphere is about 5 quadrillion
(5,13×10 15) tones or 1/1,200,000 the mass of Earth [10]. The mass
of the atmosphere that is 5,13.1018 kg allows to calculate the full
volume of the atmosphere - Vatm. :

(11)

The graphic of the dependence ln T (h)  f  h  is represented
T 
on the Fig.1 For the case when h=0, then h/T=0 and the expression
(  1)
(11) is:
(12)
ln T (0) 
 ln Po  ln( const ) 

V atm 

m atm
5,13.1018 (kg)


M  C 0,029(kg / mol )  0,04137(mol / l )

 4275,96.1018 (l )  4275,96.1015 (m 3 )  4,28.1018 (m 3 )



Then, easily we can calculate the height of troposphere - h:
h

Vatm
4,28.1018

S Earth 4.3,14. 6371.103





2



8,39.10 9.1018.10 6  8,39.103 (m)  8,5(km)

The calculated value of molar concentration of air will be used
to appreciate the change of the temperature as the result of
increasing of greenhouse gases by the value ∆C. In general the
average temperature of the atmospheric air is increasing almost
linearly the last 50 years. [12] (Fig. 2)
The opinions about the reason of the increasing of the
temperatures are various, but the most observation is on the
focusing of the increasing of the concentration of carbon dioxide
that is one major greenhouse gas and the carbon dioxide has 75%
effect from all others green house gases [14]. The registration of
the concentrations of carbon dioxide by the satellites [14] is
represented by the diagram in the Fig. 3.

Fig.1 The dependence of ln T (h)  f  h 
T 
Such a way, it would be possible to recalculate the temperature
at the null level T(0) and also the molar mass M by the slope of this
graphic. The expression (12) could be applied for the small
altitudes. Then:

ln T 

(  1)



 ln P  ln( const ) 

The changes of the values of temperatures and concentrations
which are described by the figures 2 and 3 could be included into
the expression (15) and the final result is the representation of the
graphic ∆T=f(ΔC) that in general is a linear dependence (Fig. 4)

(13)
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 1 
;
ln  P(h)  T h    ln const 





ln[ P(h)] 


 ln[ T (h)]  ln[ const ]
 1

The slope of this linear dependence allows to find the adiabatic
constant γ of air.

Fig. 2. The history of global change of the temperature [13]

Fig.5 The functional dependence ln[ P(h)]  f (ln[ T (h)]

Fig. 3 The dynamics of the change of the concentration of CO2
[14]

The correlation calculation of the linear dependence shows that


 1

 5,2521   

5,2521
 1,23
4,2521

The obtained result of the adiabatic constant of the atmospheric
air is of the same order of the results of the papers [15],[16]. In
order to check the barometric formula (5) for the troposphere air it
would be better to represent this expression by the logarithm of this
expression. The linear dependence will validate the expression of
the barometric formula: ln[ P (h)]  ln[ Po ]  M .g .h . The graphic
of ln[ P(h)]  f (h) is represented on Fig. 6.

R.T

Fig. 4 The form of the dependence of ∆T=f(ΔC)
Such a way, the slope of the dependence of ∆T=f(ΔC) allows to
re-calculate the value of adiabatic constant γ. The numerical value
of γ confirms the validity of the suggested quantitative expression
of the temperature variation.

Results and discussion
The values of temperatures and of the pressure are changeable
with the altitude. The following Table 1 shows the results [11] of
the measurements of these values.
Table 1. The important parameters of the atmosphere as the
function of altitude [11]

Fig. 6 The graphic of the dependence ln[ P(h)]  f (h)
The respective slope is: M .g  0,00012 . Then the calculation

R.T

of

the
molar
mass
of
troposphere
0,00012  8,31  288
M
 0,02921(kg / mole)
9,83

air

is:

The calculated value of the molar mass of the troposphere air is
of the same order like in [11].

ln P0  11,55 

P0  103777( Pa)  1,04 105 ( Pa)

The obtained value of the pressure of the troposphere air at the
null level is of the same order of the value from the Table 1 [11].

In order to validate the expression (2) by the application of real
values of the source [11], the following graphic
ln[ P(h)]  f (ln[ T (h)] is represented on Fig. 5. The procedure of
natural logarithm of the expression (2) is:

The graphic of ln[ T (h)]  f (h / T ) is represented on the Fig.7.
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17

1997

0,41

361

23

41,48

18

1998

0,42

362

24

43,28

19

1999

0,43

363

25

45,08

20

2000

0,45

365

27

48,69

21

2001

0,46

369

31

55,90

22

2002

0,47

373

35

63,12

23

2003

0,5

375

37

66,72

Fig. 7 The graphic of the dependence ln[ T (h)]  f (h / T )

24

2004

0,54

376

38

68,52

The correlational calculations show that :

25

2005

0,58

378

40

72,13

26

2006

0,59

379

41

73,93

27

2007

0,6

380

42

75,74

28

2008

0,61

381

43

77,54

29

2009

0,62

382

44

79,34

30

2010

0,63

383

45

81,15

31

2011

0,65

385

47

84,75

0,0057.R. 0,0057  8,31  1,2

 0,0289(kg / mol)
g.(  1)
9,83  0,2

32

2012

0,68

393

55

99,18

33

2013

0,7

398

60

108,20

The suggested method of the quantitative description of the
variation of the atmospheric temperature ∆T with the increasing of
the concentration of greenhouse gas CO 2 can be checked by the
following Table 2 that is based on the results of the sources [13],
[14].

34

2014

0,74

401

63

113,61

35

2015

0,78

402

64

115,41

36

2016

0,8

406

68

122,63

Table 2. The variation of temperature as the function of the
increasing of the concentration of CO2

37

2017

0,81

410

72

129,84

38

2018

0,82

412

74

133,44

ln T (0) 

(  1)



 ln Po  ln( const )   5,6581

ln T (0)  5,6581; T (0)  e5,6581  286,6( K ) ;
The respective slope of the graphic is:  Mg    1   0,0057
R 
Then, easily we can recalculate the molar mass of the
troposphere air:
M

C

ΔC

ΔC

39

2019

0,83

413

75

135,25

(CO2);
ppm

(CO2);
ppm

(CO2);
mg/m3

40

2020

0,85

415

77

138,85

0

338

0

0

1981

0,03

340

2

3,61

2

1982

0,05

341

3

5,41

3

1983

0,07

343

5

9,01

4

1984

0,09

345

7

12,63

5

1985

0,11

347

9

16,23

6

1986

0,13

348

10

18,03

7

1987

0,15

349

11

19,84

8

1988

0,18

350

12

21,64

9

1989

0,19

350.5

12.5

22,54

10

1990

0,22

351

13

23,44

11

1991

0,26

352

14

25,25

12

1992

0,32

353

15

27,05

13

1993

0,34

355

17

30,66

14

1994

0,36

357

19

34,26

15

1995

0,37

359

21

37,87

16

1996

0,39

360

22

39,67

No

year

ΔΤ; oC

0

1980

1

The usually concentrations that are represented on the Table 2
as mmp values can be transformed into mg/m3 by the application of
the method given in [16]. So, the respective variation of ppm is:
C ppm 

24,4(l / mole)  C[mg / m3 ]
M [ g / mole]

The variation of the concentrations of carbon dioxide
ΔC[mg/m3] in the atmosphere: C[mg / m3 ]  M [ g / mole]  C ppm
24,4
The respective dependence of the variation of the temperature
ΔT as the function of ΔC is represented on the Fig. 8.

Fig. 8 The graphic of the dependence ∆T=f(ΔC)
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The respective slope
  1  T
   0,006

  ( R  1)  1  C

of

the

graphic

∆T=f(ΔC)

is:

The atmospheric air has the concentration:
C  0,04137(mol / l )  41,37(mol / m 3 )  29( g / mol).41,37(mol / m 3 ) 
 1199,73( g / m 3 )  1,199(kg / m 3 )
The value of adiabatic constant γ is calculated from the expression
below:

   1  0,006.C 0,006.1199,73

 

 0,02499 ;
T
288
  ( R  1)  1 


Fig. 10 The variation of the concentration of carbon dioxide as
the function of time (starting year is 1980)

1  0,02499
1,02499 1,02499


 1,25
1  0,02499  (8,31  1) 1  0,1826 0,8174

mCO2  C.Vatm  3,383(( mg / m3 ) / year ).4,27596.1018 (m3 ) 

Such a way, the expression (16) could be written simply by
proportional linear coefficient a as:

 14,47.1018 (mg / year )  14,47.1012 (kg / year ) 
14,47.109 (tons / year )  14,47(Gtons / year )

Te  a.C  0,0895 ; (e)-empirical

The study [15] has such result about carbon dioxide: "Between
2009-18, however, the growth rate has been 2.3 ppm per year".
Transposing ppm into mg/m3, then:

  1  T
1,25  1
288
  
a  



(
R

1
)

1
C
1
,
25
.
7
,
31

1
1199
,73


0,25
288
72



 0,006
10,1375 1199,73 12162,2628
Te  0,006  C  0,0895 ;
The calculated values of

C[mg / m 3 ] 

[ΔC]=mg/m3;

M [ g / mole]  C ppm
24,4



44.2,3
 4,14((mg / m 3 ) / year )
24,4

The result in this recent paper is 3,383 (mg/m3)/year. Then, the
average value is 3,76 (mg/m3)/year. The respective admissible error
is:   4,14  3,76  100%  38  10%
3,76
3,76

Te can be checked with the real

variations of T by the representation of the following graphic.
(Fig. 9)

This ready performed suggested empirical expression is only
actually. It describes recently the global ecological state. The task is
the reduction of the rate of emissions of CO 2 by the application of
other types of energy resources.

Conclusions
The important task of the World's population nowadays is to
maintain at least the same level of carbon dioxide concentration in
the atmosphere and just to decrease it, because the consequences in
the future are very unpleasant from healthy point of view both for
the biosphere in general and for the human being in particular.
Therefore, in order to know the current state of the atmosphere with
the recent concentration of carbon dioxide, it is necessary to know
the variation of the concentration over time. This study suggests a
model based on thermodynamical theory of adiabatic processes in
the atmosphere and the result is the achievement of an empirical
expression of the temperature variation as a function of the
concentration. The validation of the empirical expression is
finalized with the calculation of the excess mass of carbon dioxide
which is of the order of the real one like 15 billion tons per year.

Fig. 9 The validity of empirical calculations of temperature
variations
In order to have the important parameter like interval of time
that can be included into the empirical expression, is necessary to
represent the following dependence of the variation of concentration
of carbon dioxide as the function of time (Fig. 10). The rate of
increasing of CO2 (speed of increasing of the concentration each
year) is about 3,383( (mg/m3)/year)

The aim and the researched problem of the suggested method in
this study are achieved. The values of molar mass and adiabatic
constant are re-calculated and the method is generally validated. An
important moment in this study is that as ∆C = 0, i.e. the
concentration will not increase, then the temperature is set at a
constant value at the given moment. It is clear that the method of
the stopping of the accumulation of carbon dioxide can be achieved
by the methods of the increasing of forest areas and the respective
amount of carbon dioxide can be reduced by the process of
photosynthesis. The classical method of using of fuels can be
replaced by the application of non-traditional sources of energy
such as the large application of the solar energy and of the new
technologies that have more transformation efficient of this energy.

Such a way the empirical formula of the temperature variation
can be written as:

Te (t )  0,006  C (t )  0,0895
;

C (t )  3,3833  t  8,6206;
[t ]  years; [C ]  mg / m3

If each last years the concentration of carbon dioxide is
increasing with the value of 3,383 mg/m3, then it would give the
possibility to calculate the excess mass ΔmCO2 per year.
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Smoluchowski’s coagulation equation with injections:
applications to clustering of nano-particles
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Ural Federal University, Ekaterinburg, Russian Federation1
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Abstract: The coagulation equation, proposed by Smoluchowski, has been widely used to describe aggregation phenomena in many fields of
science since its inception. It considers a physical system of many particles, and each particle is characterized by a change of some nonnegative scalar quantity (e.g. volume). Assuming such a system to be spatially homogeneous and unbounded, considering only pairwise
interactions and a balance relation of interacting particles, the Smoluchowski equation can be used to describe the evolution of a system of
many particles. In this study, we construct an exact solution to this integro-differential equation containing an exponentially-decaying source
term. This solution, in particular, describes the steady-state structural density of endosomes per cell carrying the nanoparticles (particles
smaller than 100 nm). In addition, we derived an exact analytical solution to the unsteady-state coagulation equation in the Laplace transform
image space. This solution can be inverted using numerical methods for Laplace transform inversion. For practical use, we derive an analytical
solution to the non-stationary coagulation equation stitching the steady-state and initial distributions of structural density. Choosing the
particular form of stitching functions, we demonstrate that the nonstationary solution evolves between the initial and steady-state distribution
functions. Thus, analytical solutions obtained represent a general theoretical basis to describe the dynamics of cargo distributions in the
endosomal network.
Keywords: COAGULATION, NANO-PARTICLES, CLUSTERING, ENDOSOMES
the Smoluchowski integro-differential equation. Let each endosome
contains 𝑦 nanoparticles, where 𝑦 is a continuous variable. Let us
introduce the structural density of endosomes per cell 𝑤(𝑦, 𝑡), where
𝑡 is time. Then the total number of endosomes 𝜇(𝑡) containing
nanoparticles and nanoparticles inside a cell are determined by the
integrals

1. Introduction
An important tool of modern medical technologies is
nanoparticles (particles that do not exceed 100 nanometers in size).
Such particles, for example, are intensively used in nanodiagnostics
[1], radiation therapy for cancer treatment [2], as well as for targeted
drug delivery to certain organs or cells of the body [3, 4]. In addition,
nanoparticles are intensively used in gene therapy to develop
effective treatments for many diseases [5].

∞

𝜇(𝑡) = ∫ 𝑤(𝑦, 𝑡)𝑑𝑦,

(1)

0
∞

The effectiveness of the use of nanoparticles is determined by the
mechanisms of transfer of such particles in living cells, where their
definite distribution is formed [6]. For example, the increase in the
radiation dose largely depends on the intracellular distribution of
gold nanoparticles (GNPs) [7, 8]. This suggests that the known
distribution of GNPs within living cells can be used to control
radiotherapy to treat diseases [9-13]. Note that GNPs are not
uniformly distributed within cells and their distribution depends on
the observation time [14-17]. It is also important that GNPs mainly
accumulate in endosomes [18]. Initially, clusters of GNPs penetrate
and accumulate inside the cell in the form of primary endocytic
vesicles, which transport nanoparticles to early endosomes [18, 19].
Then, intracellular transport of early endosomes leads to aggregation
of GNPs due to coagulation of endosomes. Note that the mechanism
of cluster formation and evolution is caused by the mechanism of
endosome fusion rather than the self-aggregation of GNPs.

𝑊(𝑡) = ∫ 𝑦𝑤(𝑦, 𝑡)𝑑𝑦.

(2)

0

The structural density 𝑤(𝑦, 𝑡) is defined by the Smoluchowski
integro-differential equation with a source term
𝜕𝑤 1 𝑦
= ∫ 𝑍(𝑦 − 𝑦 ′ , 𝑦 ′ )𝑤(𝑦 ′ , 𝑡)𝑤(𝑦 − 𝑦 ′ , 𝑡)𝑑𝑦 ′
𝜕𝑡 2 0
-

∞
𝑤(𝑦, 𝑡) ∫0 𝑍(𝑦, 𝑦 ′ )𝑤(𝑦 ′ , 𝑡)𝑑𝑦 ′

(3)

+ 𝑅(𝑦) − 𝛾(𝑦)𝑤(𝑦, 𝑡).

Here 𝑅(𝑦) stands for the injection rate of new endosomes containing
𝑦 nanoparticles, and 𝛾(𝑦) is the rate of exocytosis of endosomes.
The initial structural density should be considered as known, i.e.
𝑤(𝑦, 0) = 𝑤0 (𝑦).

(4)

For the sake of simplicity, parameters 𝑍 and 𝛾 can be considered
as constants [20], and a source term is given by [20]

In this article, we investigate the process of clustering
nanoparticles inside endosomes based on the integro-differential
coagulation equation with a source term. Previously, a similar
mathematical model was used by Foret et al. [20]. The authors of this
article deduced asymptotic distribution of endosome intracellular
density based on the Smoluchowski integro-differential equation [2124]. They showed that the asymptotic stationary density decreases
with increasing cluster size in accordance with a power law with an
exponential cut-off. In this study, we derive the exact analytical
solution of the stationary coagulation equation, as well as construct
an approximate solution of the nonstationary coagulation equation
based on the stitching of known distributions.

𝑅(𝑦) =

∞

𝐻
𝑦
exp (− ) ,
𝑦0
𝑦02

𝐻 = ∫ 𝑦𝑅(𝑦)𝑑𝑦.

(5)

0

Here 𝐻 designates the total flux of endosomes.
Note that the aforementioned model has the asymptotic powerlaw stationary distribution [20]
3

𝑤𝑠𝑡 ∼ 𝑦 −2 ,

𝑦 ≫ 𝑦0 .

(6)

Below we demonstrate how to find an exact steady-state solution
valid for arbitrary values of variable 𝑦. To do this, we introduce the
dimensionless variables as follows

2. The Model
An important circumstance is that nanoparticles enter early
endosomes, and then they pass into late endosomes and lysosomes.
The mathematical model developed below is based on the
assumption that the clustering of nanoparticles occurs after the fusion
of endosomes during their intracellular transport. To describe the
mechanisms of coagulation and clustering of nanoparticles, we use

𝜏 = 𝑍𝑡, 𝜅 =

𝛾
.
𝑍

Here we assume that 𝑍 and 𝛾 are constant.
Now equation (3) can be rewritten in dimensionless form as
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𝜕𝑤 1 𝑦
= ∫ 𝑤(𝑦 ′ , 𝜏)𝑤(𝑦 − 𝑦 ′ , 𝜏)𝑑𝑦 ′
𝜕𝜏 2 0

𝑤𝑠𝑡 (𝑦) ≃
(8)

𝑦

𝐻

𝑦0

𝑦02 𝑍

- 𝜇(𝜏)𝑤(𝑦, 𝑡) + 𝑄exp (− ) − 𝜅𝑤(𝑦, 𝜏), 𝑄 =

Equation (8) can be solved using the well-known Laplace
transform

𝑚=

∞
0

Rewriting equation (8) in the Laplace space, we obtain
(10)

Unsteady-state scenario.

The total number of endosomes 𝜇(𝜏) can be found from equation
(10) at 𝑝 = 0
𝑑𝜇
𝜇2 (𝜏)
=−
− 𝜅𝜇(𝜏) + 𝑄𝑦0 .
𝑑𝜏
2

Introducing the new function 𝑦̃(𝑝, 𝜏) = 𝑤
̃(𝑝, 𝜏) − 𝜇(𝜏) − 𝜅 and
taking the initial condition 𝑤
̃(0) = 𝑤
̃ 0 into account, we arrive at the
following Riccati equation

(11)

[𝜇(𝜏) + 𝜅]2 𝑑𝜇
𝑑𝑦̃ 𝑦̃ 2
𝑄𝑦0
=
+
−
−
𝑑𝜏
2 1 + 𝑦0 𝑝
2
𝑑𝜏

Now integrating equation (11), we obtain 𝜇(𝜏) in the case of
unsteady-state growth scenario

In this section, we consider the steady-state and unsteady-state
cases of the structural density of endosomes per cell.
Steady-state scenario.

𝜇(𝜏) =

The stationary value of total number of endosomes 𝜇𝑠𝑡 can be
determined from equation (11) and takes the form
𝜇𝑠𝑡 = √2𝑄𝑦0 + 𝜅 2 − 𝜅.

2𝑄𝑦0

(12)

, 𝛼 = √2𝑄𝑦0 + 𝜅 2 .

ℎ(𝜏) =

(13)

𝑑𝑦̃ 𝑦̃ 2 − 𝜅 2
𝑄𝑦02 𝑝
=
−
.
𝑑𝜏
2
1 + 𝑦0 𝑝
,

𝑦̃(𝑝, 𝜏) = 𝑠

Inverting expression (14), we arrive at the steady-state structural
density [25]
𝛼 ′ +𝛽 ′

𝛼

2

𝑦) [𝐼1 (

𝛼 ′ −𝛽 ′
2

𝑦) + 𝐼0 (

𝛼 ′ −𝛽 ′
2

𝑦)].

𝑠 = √𝜅 2 +

(15)

1
exp (𝜆)
3
𝐼0 (𝜆) ≃
(1 + ), 𝐼1 (𝜆) ≃
(1 − )
8𝜆
8𝜆
√2𝜋𝜆
√2𝜋𝜆

(23)

2𝑄𝑦02 𝑝
.
1 + 𝑦0 𝑝

If 𝜅 = 0 and 𝑦̃(0) = 0, expression (23) reads as

An important point is that the asymptotic behaviour of the
structural density (15) at large 𝑦 coincides with the power-law
expression found by Foret et al. [20], i.e. 𝑤𝑠𝑡 ∼ 𝑦 −3⁄2 . To derive this
asymptotic behaviour, we use the following formulas

exp (𝜆)

(𝑦̃(0) + 𝑠)exp(−𝑠𝜏) + 𝑦̃(0) − 𝑠
,
(𝑦̃(0) + 𝑠)exp(−𝑠𝜏) − (𝑦̃(0) − 𝑠)

where

Here 𝐼0 and 𝐼1 represent the modified Bessel functions.

𝐼0 (−𝜆) = 𝐼0 (𝜆), 𝐼1 (−𝜆) = −𝐼1 (𝜆),

(22)

An exact analytical solution of this equation can be expressed in
the form of

(14)

1 2𝑄
1
− 2 , 𝛽′ = .
𝑦0 𝛼
𝑦0

𝑄

(21)

Combining (11) and (19), we arrive at the following equation for
the shifted structural density

2𝑄

𝑤𝑠𝑡 (𝑦) = exp (−

𝑄𝑦0
𝜏),
2

where √2𝑄𝑦0 = 𝜇𝑠𝑡 at 𝜅 = 0.

2𝑄𝑦0
,
1 + 𝑦0 𝑝

𝛼[𝑝 + 𝛽′ + √(𝑝 + 𝛽′ )(𝑝 + 𝛼 ′ )]
𝛼′ =

∞
𝜇(0) + 𝜅 − 𝛼
exp(−𝛼𝜏), 𝜇(0) = ∫ 𝑤0 (𝑦)𝑑𝑦.
𝜇(0) + 𝜅 + 𝛼
0

𝜇(𝜏) = √2𝑄𝑦0 tanh (√

we rewrite (13) in the form of
𝑤
̃ 𝑠𝑡 =

(20)

Setting 𝜅 = 0 and 𝜇(0) = 0, we come to the following analytical
expression

Multiplying and dividing the r.h.s. of equation (13) by the conjugate
expression
𝛼 + √𝛼 2 −

𝛼 − 𝜅 + (𝛼 + 𝜅)ℎ(𝜏)
,
1 − ℎ(𝜏)

where

Now taking 𝑑𝑤
̃ ⁄𝑑𝜏 = 0 into account, we get the structural density in
the Laplace space from equation (10) with allowance for the steadystate solution (12)
1+𝑦0 𝑝

(19)

supplemented with the initial condition 𝑦̃(0) = 𝑤
̃ 0 − 𝜇(0) − 𝜅.

3. Analytical Solutions

𝑤
̃ 𝑠𝑡 = 𝛼 − √𝛼 2 −

𝜅2
.
𝑦0 (2𝑄𝑦0 + 𝜅 2 )

The steady-state and asymptotic structural densities (15) and (18)
are compared in Fig. 1. As is easily seen, the previously known
asymptotic distribution (18) [20] differs significantly from the exact
analytical solution (15). As this takes place, the most significant
difference occurs when the number of nanoparticles y is small
enough.

(9)

𝑑𝑤
̃ 𝑤
̃2
𝑄𝑦0
=
− [𝜇(𝜏) + 𝜅]𝑤
̃+
.
𝑑𝜏
2
1 + 𝑦0 𝑝

(18)

where

.

𝑤
̃(𝑝, 𝜏) = ∫ 𝑤(𝑦, 𝜏)exp(−𝑝𝑦)𝑑𝑦.

𝑄 exp(−𝑚𝑦) 𝑄 −3⁄2 −3⁄2
( 2)
𝑦
,
2𝛼
𝛼
√2𝜋

𝑤
̃(𝑝, 𝜏) = μ(τ) − 𝑠0 tanh (

𝑠0
𝜏),
2

(24)

where

(16)

2𝑄𝑦02 𝑝
𝑠0 = √
.
1 + 𝑦0 𝑝

(17)

Let us especially emphasize that the inverse Laplace transforms
of equations (23) and (24) are unknown. These equations can be
inverted numerically [26]. However, such a problem represents a
separate research problem.

at large 𝜆.
Now combining (15)-(17), we get
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Keeping this in mind, we consider another method for
constructing the analytical solution for a nonstationary structural
density 𝑤(𝑦, 𝑡). Note that 𝑤(𝑦, 𝑡) lies between the known initial
distribution function 𝑤0 (𝑦) and the stationary structural density (15),
to which 𝑤(𝑦, 𝑡) approaches with increasing time. Taking this
behaviour into account, we apply the stitching method for analytical
dependences 𝑤0 (𝑦) and 𝑤𝑠𝑡 (𝑦) [27, 28]. According to this method,
the structural density can be written as a function of the following
form [28, 29]
𝑤(𝑦, 𝜏) =
=

In Fig. 2, we illustrate the evolutionary behaviour of our unsteadystate analytical solution (25) for 𝑏0 (𝜏) = 1⁄𝜏 and 𝑏𝑠𝑡 (𝜏) = 𝜏. In this
case, expression (25) takes the form
𝑤(𝑦, 𝜏) =

(26)

It is significant that the structural density 𝑤(𝑦, 𝜏) at small times
coincides with the initial distribution function 𝑤0 (𝑦). At large times,
the structural density 𝑤(𝑦, 𝜏) asymptotically tends to its stationary
solution 𝑤𝑠𝑡 (𝑦). In all other cases (at 0 < 𝜏 < ∞), this function is
between the initial and stationary distributions. For a more accurate
description of nanoparticle dynamics in cells, it is necessary to
compare the analytical theory under consideration with experiments
on nanoparticle transport in living cells (e.g., with [29]). Such a
comparison is the subject of future research.

𝑏0 (𝜏)𝑤0 (𝑦)
𝑏𝑠𝑡 (𝜏)𝑤𝑠𝑡 (𝑦)
+
𝑏0 (𝜏) + 𝑏𝑠𝑡 (𝜏) 𝑏0 (𝜏) + 𝑏𝑠𝑡 (𝜏)

𝑤0 (𝑦)
𝑤𝑠𝑡 (𝑦)
+
,
𝑏𝑠𝑡 (𝜏)
𝑏0 (𝜏)
1+
⁄𝑏 (𝜏) 1 +
⁄𝑏 (𝜏)
0
𝑠𝑡

𝑤0 (𝑦) 𝜏 2 𝑤𝑠𝑡 (𝑦)
+
.
1 + 𝜏2
1 + 𝜏2

(25)

where 𝑏0 (𝜏) and 𝑏𝑠𝑡 (𝜏) represent the stitching functions. These
functions should behave as follows: 𝑏0 (𝜏) → 0 at 𝜏 ≫ 1, and
𝑏𝑠𝑡 (𝜏) → 0 at 𝜏 → 0. An important point is that 𝑏0 (𝜏) and 𝑏𝑠𝑡 (𝜏)
should be selected from the condition that the theory is consistent
with experimental data.

4. Conclusion
In summary, we consider the theory of nanoparticle clustering in
living cells using the integro-differential coagulation equation with a
source term. In this paper, we have constructed an exact analytical
solution of the steady-state model when the source term is
exponentially damped. In the case of unsteady-state clustering, the
model equations are solved in the Laplace transform image space.
For practical purposes, the analytical solution of the nonstationary
model is constructed using the initial and stationary structural
densities stitching. This stitched solution evolves between the initial
and final (steady-state) distributions.
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Four models of the upper human limb in sagittal plane with different number of mono- and
bi- articular muscles – optimization task and sensitivity analysis
Prof. Rositsa Raikova 1, Assoc.Prof. Zdravka Ivanova2, Assoc. Prof. Silvija Angelova 1
Institute of Biophysics and Biomedical Engineering, Bulgarian Academy of Sciences, Sofia, Bulgaria1
Sofia University, Faculty of Mathematics and Informatics, Sofia, Bulgaria2
Abstract: Indeterminate problems appear when models of human limbs are investigated aiming to calculate individual muscle forces since
there are much more driving elements (muscle forces) than equations for joint moment equilibrium. Four models of human up per limb in the
sagittal plane with different number of mono- and bi-articular muscles are presented. The optimization tasks are solved analytically and
numerically with the objective function, which is the sum of the squared muscle stresses. Sensitivity a nalysis is performed and the
conclusions are: the analytical solutions, when they exist, coincide with the numerical solutions; the monoarticular muscles are more
powerful, the biarticular muscles fine tune the motions; the change of the muscle force lever arms can change not only the value of the
predicted muscle forces, but also the set of active muscles; antagonistic muscle co-contraction can not be predicted if biarticular muscles are
not present in the model.
Keywords: INDETERMINATE PROBLEM, ANALYTICAL SOLUTION, UPPER ARM MODEL, BIARTICULAR MUSCLES, SENSITIVITY
ANALYSIS
1. Introduction
Indeterminate problems in biomechanics have usually been
formulated for the lower or upper human limb models, especially
when the attention is paid on the individual muscle forces
developed during a motor task. The reason is that anatomically
there are much more driving elements (unknowns muscle forces)
than the number of equations for static or dynamic equilibrium.
Mathematically these problems are formulated in the form of
optimisation tasks where the moment equations are linear with
respect to the unknown muscle forces. The main problem is the kind
of the optimisation function. It has to have some physiological
meaning and to predict adequate synergism and antagonistic cocontraction. It is proven that a linear function cannot predict enough
realistic synergism observed using the electromyographic
experiments. The sum of muscle stresses raised to the power of two
or three have been extensively used as the optimisation functions.

Figure 1. Models of muscle-joint-bone system with 2 DoF –
flexion/extension in the shoulder and elbow joints. BASMOD
includes four biarticular muscles. MOD1 includes two biarticular
muscles and two monoarticular muscles in the elbow joint. MOD2
includes two biarticular muscles and two monoarticular muscles in
the shoulder joint. MOD3 includes only four monoarticular
muscles. O1 and O2 correspond to the centres of rotation in the
elbow and shoulder joint, respectively, and Fi (i=1, 2, 3, 4) to the
muscle forces. M1 and M2 correspond to the external moments in
the elbow and shoulder joint, respectively.
3. Optimization task
To find minimum of the function

 Fi 

Z  i 1 
PCSA
i 


2

4

PCSAi – physiological cross-

section area of the i-the muscle
At the iquality constraints
(1) d1(e)F1+ d2(e)F2 +d3(e)F3 + d4(e)F4=M1
(2) d1(s)F1+ d2(s)F2 + d3(s)F3 + d4(s)F4=M2
and inequality constraints Fi ≥ 0
Because muscles 1 and 2 are flexors the muscle force arms are:
d1(e)≥0, d2(e)≥0, d1(s)≥ and d2(s)≥0
Because muscles 3 and 4 are extensors the muscle force arms are:
d3(e)≥0, d4(e)≥0, d3(s)≥ and d4(s)≥0
The optimization task is solved analyticaly using Lagrange
multipliers method
The Lagrange function can be presented as follows:
(3) L= c 1F12+ c 2F22 +c3F32 +c4F42-1(d1(e)F1+ d2(e)F2 +d3(e)F3 +
d4(e)F4-M1) –
-2 (d1(s)F1+ d2(s)F2 + d3(s)F3 +
(s)
d4 F4-M2)
1 and  2 – Lagrange multipliers; ci=(1/PCSAi)2

2. Four variants of bone-joint-muscle model

Ai depend in a very complex way on weight coeficients (hence
PCSAi) in the objective function and on the muscle forces lever
arms. The optimization task is solved analiticaly and numericaly
using build in functions in MATLAB and MATHEMATICA
F1 

F3 

1
(e)
(s)
( 1d1  2 d1 )
2c1

1
(e)
(s)
(1d 2  2 d 2 )
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1
1
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Ai depend in a very complex way on weight coeficients (hence
PCSAi) in the objective function and on the muscle forces lever
arms. The optimization task is solved analiticaly and numericaly
using build in functions in MATLAB and MATHEMATICA

All calculations during sensitivity analysis were performed using
the following parameters: d 1 (e) =0.0313 m, d 2 (e) =0.0471 m,
d3 (e) =-0.0204 m, d4 (e) =-0.0088 m, d1 (s) =0.036 m, d2 (s) =0.062 m,
d3 (s) =-0.04 m, d4 (s) =-0.062 m, PCSA1=5.55 cm2, PCSA2=3.88
cm2, PCSA3=4.73 cm2, and PCSA4=8.63 cm2. Therefore,
c1=0.0325, c2=0.0664, c3=0.0447, and c4=0.0134.
The following parameters vere varied: joint moments, muscle force
moment arms and PCSAi

4. Results – sensitivity analysis
The analytical solution did not provide positive solutions for
MOD1, MOD2, and MOD3

Figure 2. Possible solutions (marked by ‘*’) of the optimisation task when the external moments M1 and M2 are changed from -10 to 10 Nm.
A. BASMOD – the optimisation task is solved using the analytical solution, and only when all muscle forces are positive, the optimal
solution is considered as a possible one. B. BASMOD – the optimisation task is solved numerically and the inequalities Fi ≥ 0 are taken into
consideration. C. MOD1, MOD2, and MOD3 – the optimisation task is solved only numerically and the inequality Fi ≥ 0 are taken into
consideration; for all combinations of M1 and M2, the optimal non-negative solutions exist.

Figure 3. The calculated muscle forces when M1=0 and M2 is changed from -10 to 10 Nm. The muscle forces are marked with different
colours as follows: F1 – red, F2 – blue, F3 – green, F4 – magenta. A. BASMOD – the optimisation task is solved using the analytical
solution. Only the non-negative muscle forces are considered while implementing the analytical solution. Possible optimal solutions exist for
M2 changing from -10 to -1 Nm. In this interval, all forces are active. The same solutions were obtained using the numerical method – both
numerical and analytical solutions are identical. B. MOD1 – the solutions exist for the entire interval of M2. Antagonistic co-contraction
exists between monoarticular and biarticular muscles, i.e. non-zero forces are predicted simultaneously for F1 and F3, and F2 and F4.
However, the antagonistic force F3 is very high when M2 is positive. C. MOD2 – the solutions exist for the entire interval of M2. When M2 is
negative, F2, F3, and F4 are simultaneously active (so, there is antagonistic co-contraction), but when M2 is positive, only the force of the
monoarticular muscle F1 exhibits non-zero values. Therefore, there is no antagonistic co-contraction when M2 is positive. D. MOD3 – the
solutions exist for the entire interval of M2. Note that only one muscle force F3 is predicted to have non-zero values, when the moment M 2 is
negative, and only one force F2 is predicted to have non-zero values, when the moment M2 is positive. Therefore, there is no predicted
antagonistic co-contraction in this case as well as there is no synergistic muscle action.
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Figure 4. Influence of some muscle force arms on the muscle forces when M1=-1 and M2=-5 and BASMOD is considered. Note that the
maximal values on the vertical axis are different. The muscle forces are marked with different colours as follows: F1 – red, F2 – blue, F3 –
green, and F4 – magenta. The muscle force arms changed from -0.001 to -0.08 m with a step of -0.001 m. The remaining parameters are the
basic ones.
forces depend on both joint moments. Fewer changes were
observed for MOD3, since this model can be segregated into two
separate models with one degree of freedom. The muscle lever
arms exert more influence. The results from the sensitivity
analysis indicate that the lever arms and PCSAi have to be
chosen very carefully to develop a limb model, since they can
change not only the values of the predicted forces, but also the
number and set of active muscles.

5. Conclusions
Generally, the modifications with combinations of different
number of biarticular and monoarticular muscles MOD1 and
MOD2 were more realistic and often occurred in human and
animal limbs. Obviously, the model with only biarticular muscles
was very difficult to be controlled since using BASMOD, only
several possible solutions could be obtained.
The analytical solutions could not be obtained for MOD1,
MOD2, and MOD3, and this was proved mathematically using
the positive coefficients in the used quadratic objective function.
If negative coefficients were allowed to be used (Raikova, 1999;
Raikova and Aladjov, 2003), the solutions would exist, but then
the Hessian matrix would not be positive-definite, and this would
lead to an inflection point.
The existing analytical solutions for BASMOD, which are the
exact ones, coincide with the respective numerical solutions
obtained using the function “fmincon” in MATLAB and the
function “NMinimize” in Mathematica.
As can be seen from the analytical equations for the basic
model, the optimal solution was found to depend on all model
parameters in a very complex way.
Generally, when a PCSAi increases, the i-the muscle force
increases or remains nearly unchanged. When the absolute value
of a lever muscle arm increases, usually the respective force
decreases, but for BASMOD, more complex changes were
observed, since it involved only biarticular muscles.
More influence of the parameters can be observed for
BASMOD, where the four muscles are interconnected, and their
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