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Procedure for analyzing the quality, structure and subjective rating of distorted images by the Full-

Reference technique  
 

David Asatryan1,2, Mariam Haroutunian1, Grigor Sazhumyan1, Gurgen Hakobyan1 
1Institute for Informatics and Automation Problems of NAS, Yerevan, Armenia 

2Russian-Armenian University 

dasat@iiap.sci.am, armar@sci.am 
 

 

Abstract. In the present work, we study the regularities of the influence of the type of distorting algorithm on the result of evaluating the 

image quality by the Full-Reference method in the presence of subjective quality assessments. As an example, we used the TID2013 database 

with 3000 images distorted by 24 types of algorithms and subjective mean square scores (MOS) quality ratings. An image quality score 

based on the Weibull distribution model and the usual PSNR similarity measure is applied. It is shown that the applied distorting algorithms 

are classified into two types - normal, leading to results consistent with the Human Visual System, and "anomalous", the corresponding 

quality estimates of which are disordered or chaotic. 

Keywords: IMAGE QUALITY, DISTORTED IMAGE, FULL REFERENCE, MEAN OPINION SCORE, SIMILARITY MEASURE, WEIBULL 

DISTRIBUTION. 

 

1. Introduction 

Image quality estimation is an important component in various 

applications such as pattern recognition, classification, restoration, 

and other tasks. At the same time, as it is known, the concept of 

quality does not have an acceptable unambiguous formal definition, 

therefore, in problems of this type, one has to limit oneself to 

specific considerations of the concept of image quality and the 

corresponding methods for its estimation [1, 2]. 

There are three types of methods for evaluating image quality. 

The first type assumes that there are two samples of images, one of 

which is considered to be the original with acceptable quality in this 

task, and the second is the test one, which is the original somewhat 

distorted as a result of some actions, and it is required to estimate 

the degree of quality change as a result of distortion. The degree of 

distortion is taken as an estimate of the quality of the second image. 

Here we deliberately indicate not an expected decrease in quality, 

but only a change, since as a result of the mentioned actions, quality 

can increase. In most applications, the quality score is identified 

with the similarity score of the images under consideration. 

Methods for solving the problem in the situation under 

consideration are called Full-Reference (FR) methods [3, 4]. 

The second type of methods is called No-Reference and is 

characterized by the absence of a sample for comparison, and the 

decision on quality is made solely on the basis of the analysis of the 

properties of the tested sample. Here, the structural and other 

properties of the image are used, which in this problem may contain 

information about its quality [5, 6]. 

The third type of methods is called Reduced-Reference because 

it partially uses information about the original image.  

At present, there is extensive scientific and scientific-technical 

literature devoted to methods for evaluating image quality for all 

three types described above. These methods, in turn, can be 

classified into two classes - objective and subjective methods. 

Objective methods are implemented using formal methods of the 

theory and image processing techniques, while subjective methods 

involve the use of expert quality assessments obtained as a result of 

analysis by the human visual system (HVS) [7, 8]. Subjective 

quality ratings evaluated by test subjects are then averaged to obtain 

the mean opinion score (MOS). 

It should be noted that the result of quality assessment is formed 

by the influence of the following, necessarily present, main factors. 

First of all, this is the initial quality of the tested image. Any image 

initially has some implicit quality level, characterized by the content 

of the depicted scene. The second factor is originated by objective 

actions during image acquisition, its visualization, transmission 

over communication channels, etc., which introduce distortions into 

the image content. The third factor operates in the process of image 

processing, in which, in order to achieve the goal, it is necessary to 

change the structure and parameters of the image, using various 

mathematical or computer methods. This leads to the conclusion 

that there are no universal methods for assessing the quality of an 

arbitrary image, therefore, when making quality decisions, it is 

necessary to take into account the individual properties of the tested 

objects and the methods used, combining them with the available 

subjective assessments. Therefore, the tasks of developing new 

quality criteria, evaluating the similarity of images, methods of 

analysis and comparison of different approaches remain relevant. 

The literature offers a number of image databases with MOS 

estimates obtained experimentally as a result of interviewing a large 

number of experts using a special technique. For example, 40 such 

databases are described and critically analyzed in [8]. There is also 

an extensive bibliography devoted to the issues of assessing quality 

by objective and subjective methods. At the same time, an 

important link in the experiments of the type under consideration is 

the application to images of various methods of artificial distortions 

with several levels of influence, making it possible to compare 

objective and subjective quality assessments.  

In this paper, using the example of a specific database and a 

specific measure of image quality, we study the following issues: 

• Classification of types of distortions according to the 

degree of impact on the similarity with the original and according to 

MOS values, 

• Investigation of the nature of the impact of "bad" and 

"good" types of distortion on quality estimates and image structure. 

2. Research Methodology 

Let us briefly describe all the components of the proposed 

research methodology. 

The selected database is TID2013 [9]. This database contains 

3000 images obtained from 25 originals, distorted by 24 different 

types with five levels each. Fig. 1 shows an example image and its 

distorted version. 

 

Fig. 1. Image i07.bmp from TID2013 base and its distorted version.  
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The authors of the database conducted an extensive experiment 

on the visual assessment of the quality of the images of the database 

according to the point system by a large number of people in 

different countries. As a result of processing these data, each of the 

3000 images is assigned a numerical MOS score. 

FR-method of image quality estimation. The article proposes to 

use the previously developed image gradient magnitude model 

based on the Weibull distribution, the density of which is given by 

the formula 

           (1) 

where η>0 is the shape parameter, λ>0 is the scale parameter. 

Distribution parameters (1) are estimated from the totality of all 

gradient magnitudes using the Sobel operator. The similarity 

(proximity) of two images is estimated by the proximity of the 

estimates of the parameters of the Weibull distribution by the 

formula   

                  (2) 

This measure turned out to be convenient and very useful in a 

number of processing tasks, including those with large arrays of 

images. Details of the procedures and the corresponding 

experimental results with an illustration of the quality factor of the 

proposed models can be found in [10]. 

 To evaluate the quality of images, we also use PSNR, 

taking advantage of the fact that all images in the base have the 

same size. Note that earlier, as a measure of quality, we also used 

the shape parameter of the Weibull distribution [11] and the 

Shannon entropy [12].  

Methods of analysis and interpretation of the results of quality 

assessment. Calculations of all necessary quantities are made using 

the developed software system, and the results are entered into 

Excel tables. The base data are the results related to the original and 

five distorted samples of a particular image. For each such data set, 

the Spearman correlation coefficient ρ (SCC) and PSNR between 

the quality score under study and MOS are estimated. All cases, 

where the modulus of the correlation coefficient differs from 1, are 

considered anomalous and are recorded for further analysis. 

3. Experimental results 

Experiment 1. Preliminary analysis of the obtained results of 

calculation revealed a behavior of the correlation of the measure of 

similarity between each original and the corresponding five 

distorted samples. There are cases when SCC=1 (these cases are 

detected even visually if the compared series are monotonous) and 

when SCC≠1 (SCC of both signs and/or with low values). In the 

latter case, we consider weak correlations as anomalous, and they 

manifest themselves in different ways, depending on the type of 

image and/or type of distortion. The distribution of the number of 

anomalies by types of distortions in the whole database is given in 

Table. 1. The data in the table shows that there are types of 

distortions that lead to anomalies for most images (for example, 

types with numbers 7, 14-18).          

 

 
 

Experiment 2. Analysis of the influence of types of distortions on 

image quality estimates. Two sets of types of distortions are 

considered based on the manifestation of anomalous correlation 

values.  

First, consider cases with normal correlation values and as an 

example, choose the i01 image of the TID2013 base and following 

type distortions 

3 Spatially correlated noise, 

8 Gaussian blur, 

9 Image denoising. 

To demonstrate the degree of distortion of the selected image 

i01.bmp, Table. 2 shows images corresponding to the fifth level of 

the impact of distortions of the types under consideration. The W2 

and PSNR estimates relative to the original are also given for 

review.  

 

 

To compare the proximity measures of the original and the 

distorted sample, W2 and PSNR were calculated for five levels of 

distortion. The results of the calculations and the corresponding 

MOS values are shown in Table 3. The visual analysis allows us to 

conclude that in all three cases, SCC=1. This means that these types 

of distortions change the structure and content of the image in 

proportion to the applied level of exposure, as it should be. 

Anomalous data obtained, for example, from distortion types, 

looks completely different.  

14 Non-eccentricity pattern noise, 

15 Local block-wise distortions of different intensities, 

18 Change of color saturation. 

 

 

 

 

 
 

The data in Table 4 show that in this case the descending order 

of the ratings of quality and applied impact level is violated. The 

W2 measure shows a very high and almost constant degree of 

similarity between the distorted samples and the original, which is 

evidence of the preservation of the image structure with these types 

of distortions and the degree of their impact. It should be noted that 

the MOS estimates vary within a narrow range, i.e. HVS also does 
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not detect strong distortions in the image structure. Moreover, the 

MOS values may contradict the quality values expected under the 

experimental conditions (see, for example, the data in Table 3).  

 

Thus, the observed patterns indicate a weak effect of the 

selected types of distortions on the structure and content of the 

image and, most likely, are a reflection of the internal properties of 

the distorting algorithm. 

 

4. Conclusion  

In this article the patterns of mutual influence of the type of 

distorting algorithm, the properties of the applied FR-algorithm, and 

subjective assessments of image quality are studied. As an example, 

the TID2013 database was used, which included 3000 images 

distorted by 24 types of algorithms and subjective MOS quality 

estimates, the W2 measure of image similarity based on the Weibull 

distribution model, and the PSNR similarity measure. It is shown 

that the applied distorting algorithms are classified practically into 

two types - normal, leading to results consistent with the HVS, and 

"anomalous", the corresponding quality estimates of which are 

disordered or chaotic.  

The results obtained show that when developing databases of 

the type under consideration, it is important to choose such 

distorting algorithms that really provide a change in the structure 

and content of the image when they are applied. 

The proposed approach to image quality analysis can be useful 

for developers of databases containing subjective quality 

assessments, as well as for developers of new, more universal, 

image quality assessment measures. 
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D – optimal plans in the case of a piecewise constant function 

 

Adamov Abilmazhin, Kozybayev Daniyar, Kussebay Azamat 

L.N. Gumilyov Eurasian National University, Astana, Kazakhstan 

E-mail: adam1955@mail.ru, kozybayev@gmail.com, kau12920@gmail.com 

 

Abstract: It is known that a large number of algorithms of the Monte Carlo method and experiment planning are based on the choice of a 

certain probability distribution ρ. 

This probability distribution ρ is given on a measurable space (X, B). And a given measurable space (X, B) has a density ρ(x) = dρ/dν by 

some σ-finite measure v on (X,B). 

When choosing a probability distribution ρ, the problem of solving the problem of finding the optimal density ρ arises. 

As a result of solving the tasks, an explicit form of the Least squares Method of unknown parameters and variance was obtained. The 

criterion of D - optimality is considered. 

The D-optimal plans considered in this article are well known due to an important class of efficiency functions. To compare plans in terms of 

D-optimality, the effectiveness of an arbitrary plan relative to the optimal plan is determined.  

Thus, this article is devoted to the analysis of methods for constructing D-optimal experimental plans, where the basic object is a piecewise 

constant function. 

Keywords: OPTIMAL DENSITY, FUNCTIONAL, OPTIMALITY CRITERION, INTERPOLATION AND DISPERSION MATRIX, OPTIMAL 

PLAN. 

A large number of algorithms for the Monte Carlo method and 

experiment planning is based on the choice of some probability 

distribution ρ given on a measurable space (Χ,Β ) with a density 

ρ(x) = dρ/dν  for some σ – finite measure with ν on space (Χ,Β ). As 

well as in modeling the distribution of ρ and estimating on the basis 

of the obtained sample some finite or infinite set of linear functional 

[1]. 

The effectiveness of these algorithms depends on the choice of 

ρ distribution Ρ and will be determined by some functional Φ, given 

on the set of allowable densities Ρ  and being a composition of 

integral functionals linearly dependent on 1/ρ. 

Such problems of optimal density construction include, for 

example, the following problems: 

- random interpolation; 

- optimal choice of densities for regression estimating 

from observations at random points; 

At the same time, in all problems of finding the optimal 

density, p consists in finding the density 

 

    ρ*=argmin Φ D ρ     (1)       

ρϵΡ 

where 

D ρ =   φ x φT(x)/ρ(x) ν(dx) - A  (2) 

φ x = φ
1
 x ,…,φ

m
(x) 

T
 

 

ν is a measure on (Χ,Β), Φ is some functional,  φ1 x , … , φm (x) T  

- are piecewise continuous functions from L2(x,ν). 

 

ν  x∈χ   φ
i
2(x)

m

i=1

  > 0 

 

Ρ is the set of densities ρ with respect to the measure ν on χ such 

that ρ(x) > 0 for almost all x∈χ . 

Formulation of the problem. 

Suppose there is a classical linear regression model. Suppose 

that the measurement result y(xj) at the point xj∈χ is represented as 

[2]: 

             y
j
= y  xj,ωj =  θiφi

(x
j
) +

n

i=1

ε  xj,ωj , j =1, … , N     (3) 

where, θi  – are unknown parameters, ε xj  – are random errors, 

with respect to the distribution of which the conditions are assumed 

to be fulfilled 

Εε x  = 0,   Ε ε2 x  = σ2 x  = const < ∞,  

 Εε xi  ε(x
j
) = 0,  i ≠ j   (4) 

φ x = φ
1
 x ,…,φ

m
(x) 

T
– are known measurable basis functions on 

χ. It is required to evaluate unknown parameters θ  and their 

variances. 

The given regression model is written as (Y, Fθ, σ2In) 

where  

Y=  

y
1

y 2
⋯

y
n

  , F=  

φ
1
 x1   …  φ

n
 x1 

…

φ
1
 xn    …   φ

n
 xN 

  =  
φΓ(x1)

⋮
φΓ(xn)

 ,  θ=  

θ1

θ2

⋮
θn

  . 

The basic functions φ
1
 x ,…,φ

n
(x ) are a system of step 

functions that are piecewise constant. The system of step functions 

on the set χ with a given (probabilistic) measure μ is defined as 

follows: the set χ is divided into n subsets d n, in  of equal measure 

and it is assumed that 

       φ
i
 x =  

 n ,  x∈d(n, in)

0,      x ∈ d (n, in) 
     (5) 

For unknown parameters θi  of the linear model (3), let us 

construct estimates by the least squares method. For this, let 

kj  (j=1,…,n)  the number of points belonging to the subset 

d(n, j
n
)of the set χ and 

 kj=N

n

j=1

 

As it is known [2], if the matrix of the system of normal 

equations FTF is non-degenerate, then the LSM estimate has the 

form 

θ =(FTF )
-1

FTY   (6) 

variance                                                                                              

                                                 Dθ =σ2 FTF  
-1

 

where                                                                            

                                 FTF=  φ
i
,φ

1
  φ

i
,φ

2
 …[φ

i
,φ

n
] n

1
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    φ,ψ =  φ xj ψ

N

j=1

 xj , xj∈χ    

 

The matrix FTF=M is an information matrix for the model (3). The 

matrix Dθ  = σ2M-1is a dispersion matrix. 

Taking into account the orthogonality of the system of step 

functions {φ
i
(x)}

n 

1
on χ, we get the matrix 

 

FTF=   

 φ
1
,φ

1
           0                …   0

    0              φ
2
,φ

2
          …    0

    …               …                        

           0                0            …    φ
n
,φ

n
 

  = 

 

nk1 0 … 0

0 nk2 … 0
…

0

…

0

… …

… nkn

  (7) 

Direct calculation of the determinant of the FTF matrix gives 

 Δ2(Q)= det FTF = nnk1k2…kn     (8) 

and for the non-degeneracy of the matrix FTF, it is necessary that in 

each subset d(n,j
n
) there is at least one point xj (j=1,…,N) i.e. the 

condition must be met 

    kj≥1 ,  j=1,… ,n 

LSM estimates of unknown parameters are found for step functions 

without much difficulty, as the arithmetic mean of y
j
 observed in 

this interval. 

Therefore, for the LSM estimation of unknown parameters θ 

of the linear model (3) and their variance, we obtain the following 

expressions 

 

θ =(FTF)
-1

FTY =

 
 
 
 
 

1

 nk1

β
1

… …
1

 nkn

β
n
 
 
 
 
 

 (9) 

Dθ =σ2(FTF)
-1

= σ2

 
 
 
 
 
 
 

1

nk1

  0  …    0

0   
1

nk2

…     0

  …     …     …     …

    0      0      …   
1

nkn 
 
 
 
 
 
 

 (10) 

where  

           β
i
=  y xj ,  i=1,2, …, n,    k0 = 0 (11)

k1+…+ki

j=k1+…+ki-1+1

 

Task 1.  
It is required to find a discrete optimal design of the 

experiment for N measurements, i.e. plan, 

       ξ
N

*
=  

x1
*  , … , xN

*

1

N
 , … , 

1

N

  (12) 

optimal according to some given criterion Φ in the set of plans ΞN 

of the form 

            ξ
N

=  
x1  ,… , xn

1

N
 ,…, 

1

N

   (13) 

                      ξ
N

*
=argmin

ξ
N
∈ΞN

Φ  D ξ
N
   (14) 

In the future, when constructing optimal experimental plans, it 

is more convenient to work not with information matrices FTF, but 

with normalized information matrices [2]. 

The normalized information has the form 

               M(ξ
N

)=
1

N
FTF=

1

N
 φ

N

j=1

 xj φT xj (15) 

for plan (13) or 

          M ξ
N
 =  p

j
φ xj φT xj ,

N

j=1

 p
j
=

rj

N
 

where rj number of repetitions xj. 

Let's return to finding the exact experimental plan that is 

optimal in the sense of the location of a finite number of N points 

xj (j=1,…,N). 

As a criterion for the optimality of the plan, consider the criterion 

standard for the classical theory of experimental planning, D –

optimality: 

             Φ M ξ  = - ln det  M ξ      (16) 

From the formula [2] it follows that 

ξ
N

*
=argmax

ξ
N
∈Ξ

det M  θ ,ξ =argmax
ξ

N
∈Ξ

det M  θ 1,ξ
N
 , (2.55) 

where M is the information matrix. Since the determinant of the 

information matrix in the case of step functions is easily calculated 

and is equal to. 

 

           det M θ  1 ,ξ =nnk1k2…kn ,  (17) 

then it is enough to maximize this determinant. 

Let N=ln. 

 

Theorem 1.  
The determinant of the information matrix (17) in the case of 

step functions reaches its maximum value when k1= k2 =…= kn. 

Proof:  

Let kp= max {k1, k2, … , kn}, then k1 k2…  kn ≤kp    
n

 

Equality is achieved when all kj , j=1,…, n  are equal to each other. 

What needed to be proved.  

Now let the number of points N not be a multiple of the 

partition number n , i.e. N≠ln. Let's determine at which distribution 

of points xj  the determinant of the information matrix M(ξ) takes 

the maximum value. 

 

Theorem 2.  

The determinant of the information matrix (17) in the case of 

step functions reaches its maximum value when all ki differ from 

each other by no more than one [3]. 

Indeed, for this we will order the values k1, k2, … , kn and we 

get a variational series, 

k(1)≤k 2 ≤…≤k(n) , 

where 

k(1)∙k 2 …k n =k1k2…kn=
1

nn
det M(ξ) 

let 

       k(n)-k 1 >1   (18) 
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By choosing a new plan in which all k(i) , except for k(n) and k(i) 

remain the same, k(n)  replace with k(1)+1. For the new plan, the 

determinant is  k 1 +1 … k n -1 >k 1 …k n   i.e. the original plan 

is not optimal, so assumption (18) is wrong. 

Thus, in the optimal plan, all k(i) differ from each other by no 

more than one. The number of such plans is СN
S . One of these plans 

is 

ξ=  

    x1  ,   x2  , … ,  xs,   xs+1 , …, xn

(l+1)

N
,
(l+1)

N
, … ,

l+1

N
, 

1

N
  , …, 

l

 N

  

where the number N is represented as N=ln+S, 0≤S<n and 

k1=k2=…=ks=l+1 , 

ks+1=ks+2=…=kn=l . 
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Abstract: Topological Data Analysis (TDA) is relatively new filed of Applied Mathematics that emerged rapidly last years. The main tool of 

Topological Data Analysis is Persistent Homology. Persistent Homology provides some topological characteristics of the datasets. In this 

paper we will discuss classification of digital images using their topological signatures computed with Persistent Homology. We will 

experiment on the Fashion-MNIST dataset. Using Topological Data Analysis, the classification was improved. 

Keywords: TOPOLOGICAL DATA ANALYSIS, PERSISTENT HOMOLOGY, MACHINE LEARNING, COMPUTATIONAL TOPOLOGY 

 

 

1. Introduction 

Image classification has been one of the most trending topics in 

both research areas machine learning and computer vision. Daily 

usage of high-quality cameras and social media platforms have 

provided many pictures that can be used in machine learning. There 

are machine learning models, especially deep learning models, that 

have shown state of art performance in image classification. In this 

paper, we investigate how persistent homology can improve image 

classification using neural networks with simple architectures. 

Homology is a mathematical concept which associates sequences 

of algebraic objects with topological spaces. One way to study a 

topological space is to find and compute its homology groups. The 

motivation behind defining homology groups was that two shapes 

can be distinguished by examining their holes. For example, a disk is 

different from a circle, or a disk is not a circle, because the disk is 

solid while the circle has a hole through it. Homology groups are set 

of invariants of a topological space. Homology groups characterize 

the topological space. The main idea of Persistent Homology is to 

track topological characteristics of a reconstructed from a dataset. 

The advantages of using Persistent Homology are the robustness 

and invariance of the topological signatures which can be traced by 

Persistent Homology. Topological signatures are global and more 

resistant to local deformations and computations of these signatures 

do not depend on the scale of data. The Persistent Homology has 

found applications in gene expression, cancer detection, 

chemoinformatics, natural language processing, sensor networks, 

complex networks, noise detection, signal processing, bioinformatics 

and many other research areas [1-5]. 

In this paper we will discuss how persistent homology may 

improve image classification that using topological signatures 

combined with original digital images as a dataset for classification 

task. 

 

2. Persistent Homology of digital image 

In this work it is applied Persistent Homology on digital images.  

CW-complexes are generalization of simplicial complexes that allow 

cells that are not necessarily simplices, homeomorphic to balls or 

open discs [6,7]. For example, cubes instead of tetrahedra. In this 

work it is used CW-complexes that are regular and in this paper for 

such complexes we will use the term cell complex or simple complex. 

We will use cell complexes instead of simplicial complexes because 

digital images are matrices. By the nature they are some kind of cell, 

grid structures. 

Definition 1. A filtered cell complex is (𝑋, 𝐹) is a cell complex 

𝑋 together with a monotonic function 𝑓: 𝑋 →  ℝ. A linear ordering 

𝜎0, 𝜎1, 𝜎2, … , 𝜎𝑛 of the cells in 𝑋, such that 𝜎𝑖 ≼ 𝜎𝑗  implies 𝑖 ≤ 𝑗, is 

compatible with the function 𝑓 when  

𝑓(𝜎0) ≤ 𝑓(𝜎1) ≤ 𝑓(𝜎2) ≤ ⋯ ≤ 𝑓(𝜎𝑛) 

We will construct cell complexes from the images and then for 

the complexes, we will compute Persistent Homology to detect 

topological signatures of the images. 

 

 

Figure 1. An example of constructing cell complex from two dimensional 

image together with persistent homology. 

 

          

In the Figure 1, there is an example of construction of cell complex 

from a digital image together with persistent homology More 

information about construction of cell complexes from digital images 

and computing Persistent Homology of cell complexes can be found 

in [7].  

 

3. Combining Topological Signatures with Original 

Images 

The main idea in this work is to combine original images with 

topological signatures of the images and do a classification task. We 

start with a dataset consisted of digital images. In the experiments for 

this paper grey-scale digital images are used. Every image in the 

dataset is represented with two-dimensional matrix. Firstly, every 

image of the dataset is preprocessed. After preprocessing, two 

different datasets are constructed. The first dataset is constructed in a 

way that every image is represented as a sequence of three two 

dimensional matrices, we will call them three channels, and every 

matrix in this sequence is the matrix that represent original image. In 

other words, on every image of the new constructed dataset three 

channel matrix and on every channel there is the original matrix of 

the grey-scale image. 
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Persistent Homology can be represented with persistence 

diagrams [9]. In Figure 2, upper right picture, it is shown synthetic 

generated dataset of points in a two dimensional plane which 

represent two noisy circles. For this dataset Persistent Homology is 

computed and it is constructed persistent diagram. The diagram is 

shown on the left upper picture in Figure 2. The black circles in the 

persistent diagrams are signatures with dimension 0 and the red 

triangles are the signatures with dimension 1. More for persistence 

diagram, as a tool in TDA, can be found in [9]. Then from the 

persistent diagrams we compute persistent image for dimension 0 and 

persistent image for dimension 1 that are shown on the two down 

pictures in Figure 2. Persistent images are stable representation of 

persistence diagrams. More about persistent images can be found in 

[10]. 

 

For the construction of the second dataset, there is one additional 

step. In this step, the persistent homology of the images is computed 

to track the topological signatures of the images. For each image in 

the dataset persistent homology is computed and represented with a 

persistence diagram. After this, persistent image for dimension 0 and 

persistent image for dimension 1 are computed from the persistence 

diagram. The dimension of persistent image is the same as the 

dimension of the matrix of the original images. After these 

computations, we create a sequence of three matrices. At first place, 

there is the original image matrix. At second place there is the matrix 

which represents the persistent image for dimension 0 of the original 

matrix and, as a third element in this sequence, there is the persistent 

image for dimension 0 of the original matrix. Finally, the second 

dataset is constructed of such three element sequences for every 

original image. 

In the experiment we will classify both dataset, the first dataset 

which is without topological signatures, and the second which is with 

topological signatures. 

4. Experiments 

Dataset 

For the purpose of this paper, the Fashion-MNIST dataset [11] is 

used.  Fashion-MNIST is well known dataset and is a good starting 

point to evaluate new model for classification. It has 70000 grey-

scale digital images which represent article clothing. The dataset is 

divided in train set consisted of 60000 images and test set of 10000 

images. Each image is 28 pixels in height and 28 pixels in width, for 

a total of 784 pixels in total. Each pixel has a single pixel-value 

associated with it, indicating the lightness or darkness of that pixel, 

with higher numbers meaning darker. This pixel-value is an integer 

between 0 and 255. The training and test data sets have 785 columns. 

The first column consists of the class labels, and represents the article 

of clothing. Class labels are 0:T-shirt, 1:Throusers, 2: Pullover, 3: 

Dress, 4: Coat, 5: Sandal, 6: Shirt, 7: Sneaker and 9: Ankle boot, see 

Figure 3. The rest of the columns contain the pixel-values of the 

associated image.  

 

Figure 3 Images from the Fashion-MNIST with their classes 

In Figure 3 ten pictures from Fashion-MNIST. Each of them 

represents one class of the dataset. 

Preprocessing of data 

In the preprocessing of data, the original dataset’s digital images 

were scale such that the value of the pixels will be in the range from 

0 to 1. This process was done using R. 

Constructing the persistent images 

For each image in the dataset, persistent image for dimension 0 

and persistent image for dimension 1 were constructed. The 

dimension of the persistent images was 28x28. It is the same 

dimension as the dimension of original images. Then the 

concatenating these persistent images with the original images, as it 

is explained in previous section of this paper, was done. And finally 

the second dataset consisted of original images and topological 

signatures was created.  

Classification 

Simple neural network is used as a classifier. First layer 

transforms the input from three matrices to a row of 2352 elements. 

The neural network has two hidden layers which are fully connected. 

The last layer, the output of the network has 10 neurons. “Softmax“ 

is used as an activation function and „adam“ as an optimizer. 

“Sparse_categorical_crosentropy” is used as a loss function. The 

accuracy converges after 30th epoch in the training process in both 

tasks without topological signatures and with topological signatures. 

The codding is done in R for computing topological signatures, using 

RCPP library, and for the classification are used Keras models.  

Figure 2 A noisy circles dataset with persistence 

diagram and persistent images for the dataset 

Figure 4. Loss and accuracy of training process of the model 

without topological signatures. 
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The loss and accuracy of training process of the model without 

topological signatures and the model with topological signatures are 

given in Figure 4 and Figure 5, respectively. 

Hardware and time consumption 

      As it is mentioned, for the classification task it is used neural 

network with simple architecture. So, we used cheap hardware 

uncharacteristic for training neural networks. The training process for 

both the dataset without topological signatures and the dataset with 

topological signatures ended in less than an hour.  Before that the 

process of computing topological signatures ended in 1 hour. So 

experiments ended in less than 3 hours. 

 

5. Results 

      In this section, the results of two models, one without topological 

signatures and second with topological signatures, are given. For 

evaluation of this models on the test dataset we used four metrics: 

accuracy, precision and f1-score. The accuracy for the model without 

topological signatures is 0.879 and the loss is 0.573. The values of 

other metrics are given in Table 1. 

 

Table 1. Metrics of testing of the model without topological signatures. 

CLASS PRECISSION RECALL F1-

SCORE 

0 0.8534031 0.815 0.83376 

1 0.9928058 0.966 0.97922 

2 0.8658854 0.665 0.752262 

3 0.8957055 0.876 0.885743 

4 0.7150974 0.881 0.789427 

5 0.9835391 0.956 0.969574 

6 0.6666667 0.746 0.704106 

7 0.9412341 0.961 0.951014 

8 0.9876923 0.963 0.97519 

9 0.9543198 0.961 0.957648 

AVERAGE 0.8856349 0.879 0.879794 

 

     The accuracy for the model without topological signatures is 

0.889 and the loss is 0.4. The values of other metrics are given in 

Table 2. 

  

 

Table 2. Metrics of testing of the model with topological signatures. 

CLASS PRECISSION RECALL F1-

SCORE 

0 0.844898 0.828 0.836

364 

1 0.98491 0.979 0.981

946 

2 0.811695 0.819 0.815

331 

3 0.865275 0.912 0.888
023 

4 0.822497 0.797 0.809

548 

5 0.988566 0.951 0.969

419 

6 0.714141 0.707 0.710
553 

7 0.949744 0.926 0.937

722 

8 0.975928 0.973 0.974

462 

9 0.914019 0.978 0.944
928 

AVERAGE 0.887167 0.887 0.886829 

 

We can say that two models have good results on this dataset. 

The accuracy of the model with topological signature is improved. 

We should accent that we have less loss in the model with topological 

signatures than in the model without topological signatures 

6. Discussion and further work 

In this paper, classification model with topological signatures and 

without topological signatures are evaluated on digital image dataset. 

From the results of the experiment, two of the models are good. Also, 

the model with topological signatures has improved results for the 

metrics. Maybe, the improvements are not significant because this 

dataset is classified as “easy” for classification task. The results of 

the model with topological signatures are comparative with state of 

art models, which are using complex deep network architectures 

combined with transfer learning.  

As, a further work we will define loss function based on the 

topological signatures of a dataset. Also, we will construct more 

complex neural network combining convolutional networks, which 

are concentrating on the local features of the images and topological 

signatures, which give insight for global features of the images, to 

investigate the improvements of classification task.      
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Abstract: The paper stress-strain state of the homogeneous isotropic body bounded by coordinate lines of the parabolic coordinate system is 
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1. Introduction 

In the present paper the boundary value problem is 

considered in parabolic   coordinate system  , ;  

  0  ,  (if x, y  are Cartesian coordinates, then 

)22(2   cx , cy  , where c is a scale factor and in the 

present paper, we take 1c  [1]). Here we represent internal 

boundary value problem of elastic equilibrium of the 

homogeneous isotropic body bounded by coordinate lines of the 

parabolic coordinate system, when on parabolic border normal or 

tangential stress is given. Analytical (exact) solution is obtained 

using the method of separation of variables. Numerical results 

and corresponding graphs of above mentioned problem are 

presented. 

2. Setting and solution problem  

In domain  
111

0  ,0   (see Fig.1), let us find a 

solution of the system of equilibrium equations [2] 
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 chhh  are Lamé coefficients, 

v  ,u  are components of the displacement vector at tangents to 

the coordinate lines    , ; D


 2
 is the divergence of the 

displacement vector, 


K
 is the rotor of the displacement vector; 


   ,  and 


   are normal and tangential stresses;  

subscripts  ,  denote partial derivatives with respect to the 

corresponding coordinates; 
  

,
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E
 are 

elastic Lamé constants;    14 ;   is the Poisson’s ratio and 

E is the modulus of elasticity. 

 
Figure 1 Area

 
  

111
0  ,0     bounded by 

parabola and line y=0. 

The stress tensor components  written as 
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      (6) 

Boundary conditions on the linear parts 0  and  0  of 

consideration area enables us to continue the solutions 

continuously in the domain, that is the mirror reflection of the 

consideration area in a relationship 0y  line  (see Fig.2). 

 
Figure 2  Area  

1111
0  ,  D  bounded by 

parabola. 

The solution is constructed using its general representation by 

two harmonic functions 
1

 , 
2

  [ 3].  

      

  

     

   ;1      

1v

                       ,1       

1

2

,2,11,2,1

2

1

2

,2,1

2

1

1,2,1






































u

              (7) 

    

                              ,

   ,

,2,1,2,12

0

,2,1,2,12

0















h
K

h
D

 

where            .2,1   ,0
1

,,2
 i

h
ii 

  

The stress tensor components can be written as: 
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The boundary conditions (3), (4) are satisfied if 
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Instead of conditions (2) we have to take their equivalent 

following expressions 
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3. Test problems 

 a. We have to solve problem (1) - (5), when    PQ 
1

  and  

  0
2

Q  , i.e. at 
1

    boundary the normal load 
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 is given, but tangent stress is equal to zero. From 

(2), (9), (10) we obtain the following equations: 
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From here obtained infinite system of the linear 

algebraic equations with unknown 
n

A
1

  and 
n

A
2

 coefficients 
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where 
n

F
1

~
 and 

nF2

~
  are the coefficients of expansion into 

Fourier series    
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As seen, the main matrix of system (11) has a block-

diagonal form, dimension of each block  is 22  . Thus, will be 

solved two equations, to  two
n

A
1

 and 
n

A
2

 unknowns. After 

solving this system, we find 
n

A
1

 and 
n

A
2

 coefficients, next from 

formulas (7), (8), (9) we get displacements and stresses at any 

points of the body. 

Numerical results obtained for some characteristic points of 

the body, in particular,   
11

,0M ,  
112

,M ,  0,
13
M  points 

(see. Fig. 1), when 31.0
1
   for the following data: 3.0 , 

26 /10*2 cmkgE  , 2/10 cmkgP  , 31.0
1
 ,  *2

1
 , 

 *4
1
  and  *6

1
 . Numerical calculations and the visual 

presentation are made by MATLAB's software. 

In points  
11

,M , ( 31.0
1
  and   *2

1
 , 

 *4
1
 ,  *6

1
 )   are presented graphs of values of  

normal  


 , tangential  


 , shearing  


   stresses, normal u  

and tangential v displacements, when on the parabolic boundary 

are given a) normal stress  (see Fig.3) and b) tangential stress 

(see Fig.5). 

In points  
11

,0M ,  ( 31.0
1
  and   *2

1
 ,  *4

1
 , 

 *6
1
 )   graphs of values of tangential  


  stresses and 

normal u   displacements, and in points  0,
13
M  tangential  


  

stresses and tangential v   displacements are presented,  when on 

the parabolic boundary is given a) normal stress  (see Fig.4) and 

b) tangential stress (see Fig. 6). 

The obtained results show that in case of the normal loads on 

the parabolic boundary the  displacements are more than in case 

of the tangential loads. 
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Figure 3  Stresses and displacements in points  
112

,M  for 

 *2
1
 ,  *4

1
  and  *6

1
 , when  31.0

1
  (normal 

stress is applied on parabolic boundary of body). 

 

 
Figure 4  Tangent stress and displacements in points  0,

13
M  

and  
11

,0M  for  *2
1
 ,  *4

1
  and  *6

1
 ,   when 

31.0
1
  ( normal stress is applied on parabolic boundary of 

body) 

b.  We solve problem (1) - (5) , when    0
1

Q   and  

  PQ 
2

 , i.e. at 
1

   is given the tangent stress 
2

0
2

1

h

P






 

, but the normal stress is equal to zero.  
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Figure 5  Stresses and displacements in points  

112
,M  for 

 *2
1
 ,  *4

1
  and  *6

1
 , when  31.0

1
  (tangent  

stress is applied on parabolic boundary of body). 

 

 
Figure 6 Tangent stress and displacements in points  0,

13
M  

and  
11

,0M  for  *2
1
 ,  *4

1
  and  *6

1
 ,   when 

31.0
1
  (tangent  stress is applied on parabolic boundary of 

body). 

4. Conclusion 

The main results of this work can be formulated as follows. 

 The equilibrium equations (1) are written in terms of 

parabolic coordinates. 

 The solution of the equilibrium equation (1) is obtained 

by the method of separation of variables. The solution 

is constructed using its general representation by two 

harmonic functions.  

 In the parabolic coordinates exact solution  of two-

dimensional static boundary value problem for the 

elasticity is constructed for  homogeneous isotropic 

body occupying domain bounded by coordinate lines of 

parabolic coordinates. 
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Abstract: In this paper, the infinite numbers and functions are introduced and applied in modeling physical and mathematical systems and 

processes, where infinity somehow appears, i.e. infinite ladder electrical networks and systems instability analysis, series of numbers and 

limits calculation. Infinite numbers are defined as limits of complex functions that tend to infinity. Using these numbers it is possible to 

calculate the extended Laplace transform across the whole frequency spectrum as well as the extended bilateral Laplace transform, where 

the corresponding integral does not converge. Furthermore, the derivatives/integrals of the infinite number functions are determined. Using 

infinite numbers certain mathematical problems can be analysed and calculated, as well as problems in Physics and Engineering, where 

infinity appears, can be easily modeled and solved.  
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1. Introduction 

Although the real technological systems are finite, mathematical 
infinity may appear during their operation in various ways. For 
example, a system can lead to instability, which means that some 
physical quantity tends to infinity and therefore during the 
analysis/synthesis, it needs to be investigated and properly 
dimensioned (see the application in control systems below). Also, a 
system with a very large number of elements can be considered as a 
system of infinite number of elements (see applications in electrical 
engineering below). Therefore, the investigation of infinity is very 
useful (not only in theory but in practice), and finds important 
application in the real technological systems. The idea of the 
quantitative infinity started in the late 19th century from works by 
Cantor, Gottlob Frege, Richard Dedekind and others—using the 
concept of collections or sets [1, 2]. More modern efforts include 
nonstandard analysis, infinitesimal numbers, as well as hyperreal 
numbers, incorporating the ordinary (finite) numbers and infinite 
numbers of different sizes [3, 4]. Ιn the present work, a simple 
theoretical model for dealing with infinity is developed based on the 
well-founded theory of limits and derivatives, with which problems 
(in mathematics but also in applied sciences) where infinity appears, 
can be easily established and solved. 

2. Prerequisites and means for solving the problem  

2.1. The infinite numbers definitions and calculus  
 
The infinity unit (ξ) is defined through the real function f(x)=x, 

according to the following formula (1), where  xℝ.  
)(lim)(lim xxf

xx 
                                                                     (1) 

          

                                                         

 
Based on the above definition of infinity unit (ξ), the following 

are also defined. The multiples of infinity unit (αξ), where αℂ , 
are defined as presented by the formula (2). The negative infinity 
unit (-ξ), the imaginary infinity unit (iξ) and the negative imaginary 
infinity unit (-iξ), are defined as shown in the relations (3), (4) and 
(5) below, where xℝ. Moreover, all natural powers of ξ are 
defined by eq. (6). Furthermore, relation (7) gives the definition of 
zero in accordance with the definition of the infinity unit (ξ).  

)(lim)(lim xxaa
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Making further use of the infinity unit (ξ), more generally, each 

continuous complex function φ of the infinity unit ξ, that is the 

function φ(ξ), is an ―infinite number function‖, which is also an 
―infinite number‖. The set of all these numbers is called the set of 
infinite numbers and is denoted by the letter A (in bold). For 
example: 

φ(ξ) = φ1(ξ)+iφ2(ξ) = )()62( 42  i  

  )(lim)62(lim)()62(lim 4242 xixxxixx
xxx 

  where xℝ 

 
According to the above, the zero power of the infinity unit (ξ), is 

calculated as follows:  
)/1(/10 lim x

x
x


     where x ℝ                                                (8) 

However: x

x

xx eex
x

ln

ln)/1( )/1(

                                      (9) 

 
According to eq. (9), the relation (8) is transformed:  

x

x

x

x

x

xee

ln
lim

ln

0 lim 


                                                          (10)  

Though: 0
ln

lim 
 x

x

x
                                                            

(11) 

Based on (11), eq. (10) becomes:   
 100  e  

                                                      
Infinite numbers of polynomial form are numbers of the form of 

the following eq. (12), where 
01 ...,,, aann  ℝ and n ℕ: 

on

n

n aaaA
n




  11 ...)(
1

,                          (12)          

                                     
Based on what is known from function limits and taking into 

account that: x
x 

 lim , the following also apply: 

The sum or the subtraction of infinite numbers of polynomial 
form with the same power of the infinity unit (ξ) is performed 
exactly as in the polynomials. For example: 

424422 26032040    
 
Also, when addition-subtraction of infinite numbers is done and 

there are also different powers of (ξ), then their arithmetic 
operations are performed just like polynomials and one can end up 
with a final expression. From this final expression, its ―simplified 
form - SF‖ can be determined by taking only the term with the 
highest power of the infinity unit (ξ). Further, the part of an infinite 
number that includes all the terms with the lower powers of ξ, is 
called advancement (AD) of the infinite number. Finally, the full 
form of the infinite number is depicted as FF. For example, the 
simplified form of the following infinite number A, is: 

42442 26083608  A  

     4242
2608limlim2lim60lim8 xxxxxx

xxxx


  

  44

23

4 22lim1
2

60

2

8
2lim 



















x

xx
x

xx

 
 

MATHEMATICAL MODELING 2022

19

 



Therefore in the above example: )2608( 42  FF  
is the full 

form, )2( 4SF is the simplified form, and )608( 2 AD  
is the 

advancement of infinite number A. In the calculations below, in 
order to distinguish between FF and SF, from now on, the symbol 
(≈) will be used instead of (=) after the simplification of an infinite 
number. 
 

Also, regarding multiplication the same applies as for 
polynomials, and in addition, in its simplified form only the term 
with the highest power of ξ is taken. For example: 

  xxxxx
xxxxx 

 limlim)2(limlim1)2(lim)12( 222 

333 22lim)2(lim  


xx
xx

  (SF) 

 
Finally, with regard to division, the ratio ξ/ξ is first calculated. 

According to relationship (1) it applies: 

1)1(lim
x

x
lim

)(lim

)(lim

















xx

x

x

x

x





  

xℝ                     (13)  

It should be noted that division with the infinity unit (ξ) is 
particularly applicable (ξ/ξ=1) while ∞/∞ does not apply (i.e. it does 
not give a unique result). The reason is that (ξ) no longer represents 
infinity in its general determination, but in its specific univocal 
form that is the infinity unit (ξ) defined by the eq. (6). Based on (13) 
it follows:                                                                            










 1    

   
                                                                          
According to the above, it is noted that the infinity unit (ξ) 

behaves in arithmetic operations just like any real variable.  
 

In addition to the previous infinite numbers (i.e. polynomial 
form), other continuous functions of the infinity unit (ξ) are also 
calculated, considering (ξ) as any other real variable, e.g.: 

x
x

lnlim)ln(


 ,   x

x
ee


 lim ,     

x

x

x ln
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 ,  

xeie
x

x

x 
 limilim

   
etc. 

 

2.2. The Laplace transform extension in the set of infinite 
numbers 

 
As it is known, the Laplace transform is calculated in the set of 

complex numbers, certainly where the corresponding integral is not 
infinity. The Laplace transform F(s) of a function f (t), where t>= 0, 
is given by relation (14), where sℝ. The Laplace transform is 
defined for the values of s for which the generalized integral (14) 
converges. In general sℂ  (s = σ + iω) but this does not change the 
idea since in this case the value of the real part (σ) again determines 
the convergence or not of the integral. Taking into account the 
proposed infinite numbers, the Laplace transform F(s) can be 
extended also for values of (s) for which the corresponding integral, 
does not converge (i.e. tends to infinity). 








t

t

stdtetfsF
0

)()(

         

                                               (14) 

The following formula (15) defines the Laplace transform 
extension in the set of infinite numbers, where instead of (+∞) the 
infinity unit ξ is used and instead of zero the infinite number (1/ξ) is 
used, where t>= 0 and s ℂ .  
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 (15)  

The Laplace transform F(s) of the unit function (f(t)=1), for s<0 
and s=0, determined in infinite numbers, is calculated in the 
following.  

For s ≠ 0, it applies: 
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therefore:   

For s>0   
s

1
)( sF                                                         (17) 

for s<0 
s

e
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(18)  

finally, for s = 0, the relation (15) becomes:    
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(19) 

Furthermore, through the infinite numbers consideration, the 

bilateral Laplace transform (or two-sided Laplace transform), can 

be defined, even in the cases where the corresponding integral does 

not converge. The following formula (20) defines the extended 

bilateral Laplace transform in the set of infinite numbers, where 

instead of (+∞) the infinity unit ξ is used, and where -∞<t<∞ and    

s ℂ . 
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(20)          

According to the above, the bilateral Laplace transform of the 
unit function (f(t)=1), for s>0, is calculated: 

s

e
dtesF

st

t

st




 




1)(                                 

 
Using the same definitions, for the function f(t)=t, one calculates:   

for s<0:  
s

e

s

ee
sF

sss   


2s

)(                                    

for s = 0:   
22

1

2
)(

2

2

2 




sF

                                        

(21) 

Also, the bilateral Laplace transform for s>0, is:   
s

e
sF

s
)(    

In the same way, one can calculate the Laplace transform of 
various functions, in cases where the corresponding integral does 
not converge, using infinite numbers. Since the Laplace transform is 
used as a mathematical tool for solving differential equations, the 
proposed bilateral Laplace transform also applies for solving 
differential equations (piecewise defined), when the equation 
independent variable t, receives not only positive but also negative 
values (-∞<t<∞). 
 

2.3. Derivatives of infinite number functions and infinite 
series evaluation 
 

By definition, the differential of ξ is defined as: 
   )(lim)(lim dxxdd

xx 
  where  xℝ.  

Also, by definition, the derivative of φ(ξ) is defined:  

dx

xd
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d
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similarly:   

dxxd
x  
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where  xℝ 

Based on the above definitions, the following also applies: 
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                 (22)        

Using infinite numbers, the series An below can be written as an 
infinite number function A(ξ) given by the formula (23), since αξ  

represents the last infinite term of this series.  

...... 121   nnn aaaaA       where n ℕ                       
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                                                  (23) 

 
For example the infinite series An=1+2+3+…+(n-1)+n+… can be 

written as the infinite number function A(ξ)= 1+2+3+…+(ξ-1)+ξ.  
 

Then we can try to find the derivative of the infinite number 
function A(ξ) which according to eq. (22) is written as eq. (24).  
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As it is known, the infinitesimal dx is an infinitely small quantity 

of x (where xℝ), and therefore it applies that: 0)/( xdx  

(for x≠0). Therefore, it applies: 
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Thus, taken into account that 0)/( d , one could obtain 

dξ=1 since 1/ξ=0. Hence, eq. (24) is transformed to eq. (26) if in the 
place of dξ one places 1. Moreover, instead of dξ=1 one can also 
consider dξ=2 or dξ=3 … or dξ=α, where αℝ, given that 

R.0/  a  

 )1()(
1

)1()(
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d
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 aaaaaaa   )...()...( 12121
        (26) 

 
Therefore the derivative of the infinite series A(ξ) is equal to the 

last term of this infinite number, that is (αξ).   
 

However, if dξ=2 is obtained instead of dξ=1, then eq. (24) is 
transformed to the following equation (27).   

2

)2()(
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d
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Then the derivative of A(ξ) equals to: 

22

)...()...( 122121  


  aaaaaaa

               

(28) 

 
Therefore, in view of the above, the relations (26) and (28) as 

well as all the corresponding relations derived for dξ=1, 2, 3, 4, … 
should be equal to each other, since the derivative of A(ξ) must be 
the same in all these cases. That is, the following condition (29) 
must hold: 

 
...

32

121








 






aaa

                                   

(29) 

Hence, this condition should always be considered before using 
just the last term as the derivative of the series. Moreover, by 
integration, one can recalculate the initial series Α(ξ) as a simple 
infinite number. Thus, one can finally calculate the limit of the 
series, easily.  

3. Solution of the mathematical and engineering 

problems where infinity appears   

3.1. Applications in calculating limits of series of numbers 
 
Calculation of the harmonic series (30) written as an infinite 

number function A1(ξ).     
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1
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A                                        (30)  

Proof: According to the above, the derivative of infinite number 
function A1(ξ) is equal to its last term (1/ξ), taken also into account 
that the respective condition (29) is satisfied. Indeed, given that 
ξ≈(ξ-1)≈(ξ-2)≈…, relation (31) below is true, and thus the 
respective condition applies. Hence, in following, eq. (32) holds and 
by integration relation (33) is determined, where Cℝ. Finally, 
from eqs (30) and (33) the limit of relation (34) is determined.  
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In the same way, very complicated limits, such as for example 

those of eqs (35) and (36) below, can be easily calculated:  
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3.2. Applications in electrical engineering modeling and 
systems analysis, in which infinity appears 

 
Consider the infinite electrical network of Fig. 1, where each 

subsequent branch includes an additional resistor R compared to the 
previous branch, and where all resistors R, are equal to 1Ω. 
Therefore, the nth branch includes n resistors R in series and all the 
branches are connected in parallel with each other as well as with an 

electrical voltage source: V
n

U
ln

10
 . Find the current I when n 

tends to infinity. 

 
Fig. 1 Infinite electrical network 

 
Proof: Relation (37) applies, where Rtotal is the total resistance:  
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hence: 
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So, by taking into account relation (34), it follows that I=10A. 

More complicated infinite electrical networks can also be analyzed 
and solved, in the same way.   
 

Now, let’s solve the infinite ladder electrical network of Fig. 2, 
where ra=rb=rc=rd…=r=1Ω.  

 
Proof: The parallel connection of infinite number of resistors of 

1Ω, gives a total resistance rtotal equal to zero. Hence, there is a short 
circuit between nodes α and b (v=0). Therefore the current I through 
the voltage source should be equal to 1 A, while the current flowing 
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through each of the purely resistive branches is v/(1 Ω)=0/1=0. 
However, an infinite series of zeros sums to zero. Therefore, we are 
led to conclude that 1 A flows toward node α while 0 A flows away 
from it (i.e. violation of Kirchhoff’s current law). On the other hand 
if we assume that v≠0, then I=(1-v)/1 A and the current flowing 
downward through every purely resistive branch is v/1=v A. In this 
case, calculus dictates that an infinite series of nonzero constants v, 
all identical, is infinite. Now we have a finite current flowing 
towards α, and an infinite current flowing away from it. Τhereafter, 
using standard calculus, we have to conclude that Kirchhoff’s 
current law fails at node α and node b too, as shown in [5].  

 
Fig. 2 Infinite electrical network 

 
On the contrary, if we use the proposed infinite numbers, the 

following applies: The total resistance of the infinite (ξ) parallel 
resistors of 1 Ω is rtotal=1/ξ Ω. Hence, the current I=1V/(1 Ω+1/ξ Ω) 
=1 Α, and the voltage between the nodes α and b is v=(1 A).(1ξ Ω) 
=1/ξ V, while the current flowing through each of the purely 
resistive branches is v/1=1/ξ Α. In this case, the sum of all (ξ) 
currents away from node α is calculated equal to ξ.(1/ξ)=1 Α and 
therefore there is no violation of the Kirchhoff’s current law. 
Consequently, where standard calculus has failed to come to a 
reasonable conclusion, the proposed infinite numbers consideration 
can give the answer.    
 

3.3. Application in control systems stability analysis, in 
which infinity appears 

 
A major theme of control systems is their composition by using 

simpler ones. Cascade and parallel composition are methods that are 
usually used [6, 7]. Let’s consider the control system of the block 
diagram of Fig. 3, where H1(s), H2(s) and H3(s) are transfer 
functions and X, W, Y are the Laplace transforms of the respective 
signals. The signal X is the noise source, W is the desired signal, 
and Y is the output. In the following, the stability analysis of the 
system is presented.   

 
Proof: The composite system includes two parallel branches: {α} 

and {b}, as shown in Fig. 3. The initial branch {α} has α transfer 

function 
221

1
)()()(

s
sHsHsH 

 for Re(s)>0, which of 

course represents an unstable system, given that its output (impulse 

response) in the time domain is tth )(
, where t>=0. Also, 

branch {α} has a double pole at s=0, that is located on the 
imaginary axis.  

 
Fig. 3 Block diagram of a control system 

 
However, the transfer function of the composite system is:  

W
s

W
ss

sHWsHsHsH 
2321

111
)()()()(                     (39) 

Therefore, according to eq. (39), one can erroneously consider 
that the parallel branch {b} cancels branch {α} and the total output 
becomes Y=W and hence the composite system is stable. Of course, 
the poles of the two branches, at s=0, must be exactly the same 
(identical) so that they can eliminate each other.  

Let’s now examine the system behavior more specifically for the 
complex frequency values (s) with Re(s)=0. It should be noted that 
the previous transfer functions of Fig. 3 are no more valid as they 
apply only for Re(s)>0, while for Re(s)=0, according to eqs. (19) 
and (21), the diagram of Fig. 4 bellow, becomes:   

 
Fig. 4 Block diagram of a control system, for Re(s)=0 

 
From the block diagram of Fig. 4 it is obtained that:  

2

21 )()()(   sHsHsH               hence: 

WWsHWsHsH 
22

)()()(
22

2

3




 

Therefore for Re(s)=0, the system response is infinite (ξ2/2+W). 
Consequently, the system is not stable as the region of convergence 
(ROC) does not include the imaginary axis.  

4. Conclusion   

The proposed infinite numbers retain important properties of 

real-complex numbers (arithmetic operations, powers, roots, etc.). 

They also offer the possibility to extend the Laplace F(s) transform 

(which is widely used in the sciences) in cases where F(s) does not 

converge in the field of real and complex numbers. As shown in the 

indicative presented examples from Ι) the infinite series of numbers 

limit determination, II) the infinite electrical networks analysis and 

III) the control systems stability, the extended Laplace transform 

and the infinite numbers and functions in general, are useful tools in 

modeling systems in Physics, Engineering and Mathematics, where 

infinity appears. Furthermore, they can give solution in applications 

where conclusion cannot be easily drawn due to divergence of the 

calculations.  
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Abstract: In this study, we solve linear singularly perturbed two-point boundary value problems applying the collocation method based on 
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1. Introduction 

Many problems in fluid mechanics, chemical-reactor theory, 
aerodynamics, magnetohydrodynamics, oceanography, diffraction 
theory and reaction-diffusion processes are modeled by singularly 
perturbed two-point boundary value problems. A variety of different 
numerical approaches have been suggested to obtain an approximate 
solution for different classes of singularly perturbed boundary value 
problems. The reader is referred to the books [1-3] and articles [4-8] 
for an overview of some efficient and reliable methods for solving 
these problems. We also mention the papers [9-11] focused on 
numerical treatment of singularly perturbed boundary value 
problems with an interior layer in its solution. 

We consider the linear singularly perturbed two-point boundary 
value problems 

     −𝜖𝑢 (𝑥) + 𝑝(𝑥)𝑢 (𝑥) + 𝑞(𝑥)𝑢(𝑥) = 𝑓(𝑥),    𝑥 ∈ (−1, 1),      (1) 

subject to the Dirichlet boundary conditions 𝑢(−1) = 𝑎, 𝑢(1) = 𝑏, 
where 𝜖 is a perturbation parameter, 0 < 𝜖 ≪ 1; a, b are given 
constants;  𝑝(𝑥), 𝑞(𝑥) and 𝑓(𝑥) are assumed to be sufficiently 
smooth functions, such that the above problem has a unique solution. 

If 𝜖 approaches zero, the corresponding solution exhibits highly 
localized rapid variation, e.g., sharp spike, interior and boundary 
layers. In these cases, the standard numerical methods fail to produce 
satisfactory results and therefore mathematicians and engineers are 
still developing new methods to achieve accurate results also for very 
small values of 𝜖. 

In this study, we solve the above problem applying collocation 
method based on mapped Chebyshev polynomials. For appropriate 
mapping function we determine simply computed collocation points 
such that the presented collocation method generates well-
conditioned collocation matrices and produces highly accurate 
results. We also present some numerical experiments for a problem 
with solution exhibiting a steep interior layer. 

2. Collocation with mapped Chebyshev polynomials  

The use of spectral and pseudospectral methods based on 
algebraic and goniometric polynomials leads to some difficulties in 
approximation of functions with non-polynomial behavior like sharp 
spikes, thin interior and boundary layers. However, in these cases we 
can use special trial functions which describe the corresponding non-
polynomial behaviour better than algebraic and goniometric 
polynomials.  

Such functions with non-polynomial behaviour in a small 
vicinity of the origin may be approximated by the functions 

                    𝜑 (𝑥) = 𝑇
𝑥√1 + 𝜏

√𝑥 + 𝜏
,      𝑗 = 1, 2, … , 𝑛,                  (2) 

where 𝑇 (𝑥) are the j-th order Chebyshev polynomials of the first 
kind and 0 < 𝜏 < 1 is a parameter governing the intensity of the 
resulting non-polynomial behaviour. For very small values of 𝜏, the 
mapping function 𝑥√1 + 𝜏/ √𝑥 + 𝜏  is strongly increasing at points 

approaching the origin and causes the oscillations of 𝜑
( )

(𝑥) are 

concentrated near the origin. This is what we need - highly localized 
trial functions with steep gradient in a small vicinity of an isolated 

point. We plot the function  𝜑( )
(𝑥) for different values of τ in Figure 

1. 

 
Figure 1.  Plots of 𝜑( )

(𝑥) defined in (2) for 𝜏 = 0.1 (upper case) and 
for 𝜏 = 0.001 (lower case). 

 Now, for appropriate trial functions we need to determine 
suitable collocation points. Since the zeros of 𝑇 (𝑥) are 

                          𝑧 , = cos
( )

,           𝑖 = 1, 2, … , 𝑛,  

the required zeros 𝑥 ,  of 𝜑( )
(𝑥) may be simply expressed from the 

equation 

𝑧 , =
𝑥 ,  √1 + 𝜏

𝑥 , + 𝜏

 

by the formula 

                              𝑥 , = sign 𝑧 ,

𝑧 , 𝜏

1 + 𝜏 − 𝑧 ,

 .                            (3) 

For the sake of simplicity, we denote 𝑥 , ≡ 𝑥  and 𝜑( )
(𝑥) ≡ 𝜑 (𝑥). 
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If we seek an approximate solution of the problem (1) with the 
homogeneous Dirichlet boundary conditions 𝑢(−1) = 𝑢(1) = 0 
using the collocation method, we require the differential equation (1) 
is satisfied for the approximate solution 𝑢 (𝑥) of the form 

𝑢 (𝑥) = 𝑐 (1 − 𝑥 )𝜑 (𝑥) 

in 𝑛 collocation points 𝑥 ∈ (−1, 1) and for n unknown coefficients 
𝑐 . Consequently, the corresponding computational procedure 
consists in solving the following linear system for 𝑐 , 𝑐 , … , 𝑐  

  −𝜖𝜑 (𝑥 ) + 𝑝(𝑥 )𝜑 (𝑥 ) + 𝑞(𝑥 )𝜑 (𝑥 ) 𝑐 = 𝑓(𝑥 ),        (4) 

with the trial functions 𝜑 (𝑥) and the collocation points 𝑥  defined in 
(2) and (3), respectively. 

3. Numerical Experiments 

The efficiency of the proposed method is presented in solving the 
following problem 

                    −𝜖𝑢 (𝑥) + 2𝑥𝑢 (𝑥) = 2𝑥,    𝑥 ∈ (−1, 1),                  (5) 

with the boundary conditions 𝑢(−1) = 𝑢(1) = 0. The exact solution 
of this problem exhibits an interior layer at 𝑥 = 0 and is of the form 

𝑢(𝑥) =  
erf 𝑥 √𝜖⁄

erf  1 √𝜖⁄
− 𝑥, 

where erf(𝑥) is the error function. The shape of the exact solution of 
the problem (5) for various values of ϵ are shown in Figure 2. 

 

Figure 2.  Exact solution of the problem (5) for 𝜖 = 10  (***), 
 𝜖 = 10  (...) and 𝜖 = 10  (---). 

The computational results based on the trial functions (2) and the 
mapped Chebyshev zeros (3) are presented in Table 1. For 
comparison purpose, we use the same values of n and ϵ as were used 
by Tapia and López in [12, Table 3]. 

Table 1.  Error values of the approximate solution of the problem (5) 
obtained in [12], our solution using (2) and (3); values of spectral 
condition number of the collocation matrix 𝐶  ; and values of mapping 
parameter 𝜏 (in all cases n =128). 

log (𝜖) −2 −3 −4 −5 −6 

error [12] 3.8e-5 5.8e-6 6.3e-7 4.5e-7 1.1e-5 

our error 1.5e-15 1.4e-15 1.1e-10 1.0e-4 2.0e-3 

cond(𝐶 ) 1.3e+3 1.5e+2 1.6e+2 2.3e+2 4.6e+2 

𝜏 1.0e-1 1.0e-1 2.0e-2 5.0e-3 6.0e-4 

 

Although the results of Tapia and López for 𝜖 = 10  and 𝜖 =
10  are better than ours, we are able to obtain higher accuracy. We 
can consider the mapped Chebyshev polynomials 

                   𝜑 (𝑥) = 𝑇
arctan(𝑥 𝜏⁄ )

arctan(1 𝜏⁄ )
,       𝑗 = 1, 2, … ,              (6) 

and the corresponding mapped Chebyshev zeros 

         𝑥 = 𝜏 tan 𝑧 , arctan(1 𝜏⁄ ) ,     𝑖 = 1, 2, … , 𝑛.                 (7) 

 

As shown in Table 2, the new choice of 𝜑 (𝑥) and 𝑥  produces 
higher accurate results than those presented in Table 1. 

Table 2.  Error values of the approximate solution of the problem (5) 
obtained using (6), (7) and different values of 𝜖 for n = 128; 256; 512. 

log (𝜖) |𝑛 −5 |128 −6 |128 −7|128 −8|256 −9|256 −10|512 

error 2.9e-13 5.2e-10 2.6e-5 6.7e-9 1.7e-5 5.6e-8 

cond(𝐶 ) 3.1e+2 2.5e+2 3.6e+2 8.2e+2 1.1e+3 2.7e+3 

 τ 2.0e-2 1.0e-2 3.0e-3 2.0e-3 7.5e-4 4.1e-4 

 

Owing to the specific behaviour of the solution and used trial 
functions near the origin, the error values have been monitored very 
carefully. The error values in the presented tables are computed as 

  error = max
∈[ , ]

|𝑢 (𝑡 ) −  𝑢(𝑡 )| ,    𝑘 = 0, 1, … , 10000, 

where 𝑡 = −1 + 𝑘ℎ for ℎ = 2 10000⁄ . The computations presented 
in this study have been carried out in the MATLAB environment. 

4. Concluding remarks  

The main features of the presented mapped Chebyshev 
collocation method are its simplicity, good computational stability 
and high accuracy. With respect to accuracy, we need to comment 
the spectral condition number cond(𝐶 )  in the presented tables. This 
parameter provides very important criterium in checking round-off 
error propagation in solving the system of linear equations (4) with 
the coefficient matrix 𝐶 . Strictly speaking, if cond(𝐶 ) ≈ 10 , the 
round-off error may destroy last l digits of final calculated values 𝑐 . 
Seeing that the method produces well conditioned collocation 
matrices (cond(𝐶 ) ≈ 10  for 𝑛 = 512 trial functions), it will be 
possible to solve difficult linear and nonlinear real-world problems 
requiring a few thousands of trial functions. 

To be successful also in solving such complex problems, it is 
necessary to improve the following properties of this method:  
- whereas the mapping functions in (2) and (6) were constructed 
intuitively, the investigation of techniques for construction of 
suitable mapping functions for each particular problem is of great 
practical importance;  
- good values of τ were selected using a trial-and-error technique, 
thus the determination of an optimal value of τ by a formula remains 
an attractive task. 
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Abstract: The study was performed to identify irrigation scheduling of some common crops such as seed-maize, tomato, carrot, rice, 

alfalfa, and tomato plants at arid Rosso province, Mauritania. In that purpose, crop water requirement, ETc, for those crops were calculated 

by Cropwat software computer program. In results, ETc values for Rice, Alfalfa, Carrot, Maize (grain), and Tomato crops were calculated 

as about 1378 mm, 1542 mm, 814 mm, 705 mm, and 956 mm respectively. The irrigation water requirements, I, for the examined crops were 

found as 1677 mm, 1535 mm, 811 mm, 699 mm, and 950 mm, respectively. In accordance with our findings, the following suggestions can be 

considered; crop pattern should be designated in accordance with current water resources; water delivery systems should be converted to 

modernized systems; deficit irrigation can be applied for some crops; farmers should be educated about correct water management, and 

there should be strong relationships between landowners and water managers. 
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1. Introduction 

One of the great interests in arid and semi-arid environment is 

productive utilization of limited water resources in agriculture. The 

main target of irrigation is to enhance water savings [1]. Water is a 

vitally important element in agriculture, as well as for all living 

creatures and agriculture is the highest water consumer with 70% in 

the world in general, 90% in developing countries [2], and around 

80% in Central Anatolian Region, Türkiye. Therefore, water saving 

must be started in irrigation processes, and even little amount of 

water saving in irrigation will lead to notable contributions of water 

in both the industrial and residential sectors.  

Experience of landowners in irrigation system managements, is 

possibly one of the most important factors in achieving desired 

irrigation performance. In that context, improving farmer’s 

qualifications particularly in water management at farm levels 

results in improving irrigation success [3].  

Adequate water management is necessarily prerequisites for 

maximum crop returns particularly in water-starved regions like 

Rosso province of Mauritania. In addition, proper agricultural water 

management is more important than selection of the irrigation 

techniques. In Rosso, province, main income of nationals is 

obtained from the farming activities. Grain-maize, sunflower, 

wheat, carrot, potato and tomato are main crops in region. Irrigation 

is necessarily prerequisites for increasing the crop yield as well as 

quality in the region since annual rainfall is less than 200 mm in 

general. The distribution of such rainfall is not uniform among the 

months. In other word, each drop of rainfall as well as irrigation 

water is just like a pearl for farmers. Therefore, the maximum yield 

from unit-applied water is the main objective of irrigation managers 

in such environments.  

Productive use of current water resources is key issue for 

sustainable irrigated agriculture especially in such kind of arid and 

semi-arid environments [4]. 

One of the practical ways for calculation of crop water 

requirement is application of Cropwat computer software program. 

This model is very beneficial for water resources allocation works, 

irrigation water planning and accomplishing greater efficiency in 

agro-productivity [5]. In other word, Cropwat is very practical way 

for agro-meteorologists, agronomists, and irrigation managers to 

perform standard calculations of consumptive water use and crop 

water requirement studies and more specifically design and 

management of the irrigation systems. It facilitates the practical 

suggestions for productive irrigation practices, planning of the 

irrigation programs under various water supply conditions, and 

comparatively evaluation of agro-production under rain fed and 

deficit irrigation conditions [6]. Well-management of crop patterns 

is also one of the most important strategies in irrigation scheduling. 

The yield response factor, ky, is a good indicator for the 

interpretation of crops to different water stress conditions. The ky 

values for maize, alfalfa and tomato were calculated as 0.96, 1.00, 

and 0.88 in semi-arid Qazvin province of Iran [7]. Those values 

were determined as equal or lower than 1.00 so those crops were 

accepted as water stress tolerant crops, and they well response to the 

deficit irrigation.  

Crop water requirements depend highly on location, vegetation 

cycles, seasons, soil, and moisture availability in rooting depth, crop 

varieties, and irrigation techniques. Water stress conditions within 

the crop rooting systems have negative effect on crops leading to 

reductions in stoma conductance, transpiration rate which affects 

crop yield performance [8]. In one study [9] irrigation water for 

wheat, grain-maize, and barley crops were determined as about 336 

mm, 344 mm, and 308 mm, respectively in Al-Qassim province of 

Saudi Arabia. The ETc values of such crops were found as 462 mm, 

465 mm, and 423 mm, respectively in that research. 

 The grain-yield of maize crop in Giza province of Egypt was 

reported as an average of two-year around 7.82 t/ha for fully and 

4.65 t/ha for marginal water stress conditions. ETc for those 

irrigation levels were found as 603 mm, and 537 mm, respectively. 

It is very practical way in irrigation water management in farm level 

to apply irrigation water by using 1.0 pan evaporation coefficient to 

save more water as well as greater water productivity [10].  

In dry lands, deficit irrigation is feasible solution for obtaining 

satisfactory water savings in irrigation processes. Maize is one of 

the best-suited field crops to the certain water stress conditions. In 

that regard, Attia [11] found no significant yield reduction in maize 

crop under 80% of ETc by comparison to 100% of ETc. Similarly 

Demelash [12] stated that based on Cropwat irrigation program of 

2-days interval during whole vegetation cycles, 75% of full 

irrigation could be implemented for well tuber performance of 

potato crop as well as notable water savings which is vitally 

important for scarce water ecologies. The author declared the 

marketable tuber yield of 26.83 t/ha for full irrigation and 25.68 t/ha 

for 75% of full irrigation. 

The grain yield of corn for full, deficit, and rain-fed conditions 

were reported as 11.8 t/ha, 10.1 t/ha, 5.6 t/ha, respectively [13]. 

In the literatures, almost none study was performed for 

determination of irrigation program of common crops in Rosso 

region of Mauritania so the aim of the current study therefore, is to 

design irrigation scheduling for widely planting crops in accordance 

with Cropwat modelling, and to propose some applicable 

recommendations for successful agricultural water management 

particularly at poor water ecologies. 

2. Materials and Methods  

The study site, Rosso province of Mauritania Northwest Africa 

nearby Atlantic Ocean, is located at 16.50 oN and 15.81 oW with 
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altitude of 6m (Fig. 1). 

 

Fig. 1 Position of Rosso province in Mauritania 

The region is characterized as arid environment due to the long-

year average annual precipitation of 180 mm. The main source of 

income of such province is based on agricultural production. 

Irrigation water obtained from the surface water supply, which is on 

tail of the Senegal River and crops are irrigated by surface irrigation 

methods. The soil is Clay-Loam (CL) in general at research 

location. 

In this study, irrigation scheduling was done using Cropwat 

software program for carrot, tomato, alfalfa, maize (grain), and rice 

crops for Rosso province, Mauritania. The crop patterns of those 

crops in research site 12.5 %, 12.5%, 25%, 25%, and 25%, 

respectively. The climate data obtained from Meteorological station 

of Rosso mostly relevant to 2000-2020 were used in calculation of 

evapotranspiration. The CROPWAT software (8.0) was used to 

determine radiation MJ/m2/day and reference evapotranspiration, 

ETo, as mm/day [6].  

In calculation of ETo as mm/day, mean monthly min. 

temperature (oC), mean monthly max. temperature (oC), mean 

monthly relative humidity (%), mean monthly wind speed (m/s), 

mean monthly sunshine (hour) were used in Cropwat program. The 

effective rainfall was determined in accordance with mean monthly 

rainfall (mm). FAO Penman-Monteith Formula was used to 

estimate ETo [14]; 

 

where; ETo = reference evapotranspiration (mm day-1), 

Rn = net radiation at the crop surface (MJ m-2 day-1),  

G = soil heat flux density (MJ m-2 day-1), 

T = mean daily air temperature at 2 m height (°C), 

u-2 = wind speed at 2 m height (m s-1), 

es = saturation vapor pressure (kPa), 

ea = actual vapor pressure (kPa), 

es - ea = saturation vapor pressure deficit (kPa), 

∆ = slope of the saturated vapor pressure curve (kPa °C-1), 

γ = psychometric constant (kPa °C-1).  

The mean rainfall for 20-year period was determined and the 

data with monthly basis was used in CROPWAT for calculating 

effective rainfall. The ratio of rainfall that can be productively used 

by crops was referred to effective rainfall. Although there are some 

methods for calculating effective rainfall, USDA soil conservation 

service methodology was used in current study. 

Crop water use (ETc) was then calculated by multiplying the 

crop coefficient (Kc) with ETo. Irrigation requirement was 

calculated by using following formula [6]; 

Irrigation requirement, I (mm), = ETc - Reff  

where; Reff - effective rainfall (mm).  

3. Results and Discussions 

3.1- Analysis of Rainfall Pattern 

There is big fluctuation in rainfall amount among the months 

for periods between 1990-2021. In accordance with average 32-

year, the lowest rainfall recorded at November as 0.17 mm, 

December as 2 mm, January as 3.82 mm, and February as 1.01 mm.  

The greatest precipitations as an average were observed in August 

as 102.3 mm, and in September as 82.2 mm. In examining yearly 

rainfall amount, the highest value was found in 2010 as about 478 

mm, and the lowest one was in 2014 as 77.3 mm (Fig. 2). As seen 

in fig. 2, rainfall distribution is none uniform in both the months and 

years. It was very low in some years, so correct agricultural water 

management is very important for sustainable irrigation in our study 

region of Rosso province. 

 

 
Fig. 2 Rainfall regimes during periods 1990-2020 

 

3.2- Analysis of Humidity Trends 

In general, maximum relative humidity, RH, were recorded at 

July, August and September. The maximum and minimum RH were 

found as 55%, and 10% in August 2005, and March 2000, 

respectively. In examining the average of the last 20-year, the RH 

were less than 20% in December, January, February, March, April, 

and May. There is very nice relationship between RH and 

precipitation values. As expected, increase in RH has resulted in an 

increment in precipitation amount as well. In accordance with RH 

assessment, RH values were low in most periods so the study region 

is almost dry environment. The low RH has led to high evaporation 

and transpiration as a consequence greater evapotranspiration. 

Therefore, it is impossible to get economical benefits from 

agricultural activities without irrigation practices. Each drop of 

water is very useful so whole precipitation and applied water must 

be stored within the crop rooting depth with minimal losses. 

 

3.3- Evapotranspiration (ETc) and Irrigation water 

requirement (I) 
There are different methodologies such as water balance, soil 

moisture monitoring, and mathematical equations for the calculation 

of evapotranspiration. The water balance / budget, and monitoring 

soil moisture have some difficulties and it is time consuming. 

Therefore, using computer software program is highly practical in 

irrigation scheduling studies. In current study, as mentioned in 

methodology section ETc was computed using well-known 
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computer program namely Cropwat model which was derived by 

FAO so as to arrive at a better result in short time. The sample ETc 

and irrigation water requirement, I, calculation for grain-corn is 

shown in fig 3. 

ETc highly depends on geographical position of study site, 

meteorological conditions such as temperature, humidity, wind 

speed, sunshine hours, and crop properties such as crop variety 

rooting depth, leaf characteristics, growing stages.  

The ETc for Rice, Alfalfa, Carrot, Maize (grain), and Tomato 

plants were calculated as 1377.6 mm, 1541.7 mm, 814.2 mm, 704.5 

mm, and 955.6 mm, respectively (Fig. 4). The highest ETc was 

found in Alfalfa (1541.7 mm), and the lowest one was obtained 

from grain-maize crop (704.5 mm). The ETc values highly varied 

from the crop growth stages. For example, the vegetation period of 

maize crop was about 130-day starting from late December and 

ending early January. The ETc was found to be high between Late-

October and End-January, and ETc was found 346.6 mm (49.2% of 

whole ETc) in those stages. So water requirement of such crop 

should be met properly particularly in those growth cycles. Carrot 

plant used 79.2% (644.7 mm) of whole crop water consumption in 

periods Early-March-Early-May (Fig. 5). 

 

The irrigation water requirements, I, for those crops were found 

as 1677.3 mm, 1535.0 mm, 810.9 mm, 698.8 mm, and 949.8 mm, 

respectively (Fig. 4). The ETc values of grain-maize were reported 

as 570 mm in Giza region of Egypt [10], and 465 mm in Al-Qassim 

province of Saudi Arabia [9]. Evapotranspiration of Alfalfa, maize 

and tomato were calculated as 1541.1 mm, 814.2 mm, and 955.6 

mm in semi-arid Qazvin province of Iran [7]. The result of current 

study is higher than those findings [10] and [9], and is almost in 

conformity with the finding of Shirshahi et al. [7]. The reason 

behind could be the differences in evapotranspiration determination 

methodologies, crop cultivars, ecological conditions, and 

managerial processes of cultural practices in study regions. 

 

 

 
Fig. 3 ETc and I calculations for grain-maize with Cropwat 

computer program 

 

 

 
 

Fig. 4 Evapotranspiration and irrigation water requirement of 

study crops 

 
Fig. 5 ETc and irrigation water requirement of carrot plant 

4. Conclusion 

Considering the current study, water saving in irrigation is one 

of the most important interests in water shortage or dry 

environments. The main target of irrigation water managers is to 

obtain maximal crop production with unit-applied water. In that 

context, the following solutions could be recommended for 

sustainable irrigation in such kind of climates: 1- correct irrigation 

program and its application on irrigated agriculture. Well 

management of limited water resources results in rising water 

productivity; 2- Determination of evapotranspiration with computer 

program, such as Cropwat, is highly feasible and time saving in 

comparison to the other methods like soil moisture monitoring. It is 

possible to say that Cropwat model yielded good results, 

subsequently could be recommended for future studies; 3- if 

possible shifting surface irrigation systems to the pressurized 

irrigation techniques such as drip or sprinkler irrigation method. 

Those techniques lead to greater water savings under well 

management. If farmers have to use surface irrigation methods, they 

should design the basin, border, and furrow irrigation systems in 

accordance with soil properties, availability of water resources, and 

field slope. For example basin and border size should be shorten 

under conditions of high field slope, light soils, and low stream size; 

4- application of deficit irrigation strategy. The main goal of deficit 

irrigation is to get maximum yield or returns with unit-used 

irrigation water. It is more beneficial to apply water deficiency as 

crop growth cycles based than certain amount (standard) of water 

deficiency in each irrigation process. There are several studies 

showing the deficit irrigation effect on crop yield performance. For 

example; Acar et al. [15] reported no significant yield reductions 

between full and 75% of full irrigation in sugar beet, grain-maize, 

sunflower, dry bean, potato and so on under semi-arid Konya 

province of Türkiye; Seid et al. [16] obtained no notable yield 

difference between full and 85% of full irrigation at Melkassa 

province of Mauritania; and Gadedjisso-Tossou et al. [17] stated no 

remarkable yield reduction between full and 80% of full irrigation 

in maize crop under Northern Togo conditions; 5- crop pattern must 

be planned in accordance with current water resources. The farm-

size cultivating less water consuming crops such as sunflower, 

chickpea, and cereals should be enlarged and landowners producing 

less water using crops should be subsidized more; 5- Farmers 

should be educated about agricultural water management at farm 

levels with sample practices under field conditions. 
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Abstract: This study proposes a mathematical pathway to achieve sustainable design and resource-friendly management of a biodiesel 

supply chain produced from dairy waste scum. In the work, the features of a combined biodiesel/dairy supply chain are outlined and a set of 

design and management tools is developed, which is formulated in MILP terms. The optimization criterion is defined in terms of economic 

sustainability and environmental assessment data is applied as part of it. The purpose of the defined mathematical model is to obtain optimal 

operating conditions of the considered combined supply chain. A test example based on a case study from Bulgaria was considered. The 

results of the toolbox implementation can be used as a decision-making tool. 
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1. Introduction 

Energy saving is pointed out as one of the world's problems to 

solve in the modern world. This is dictated by the gradual but sure 

exhaustion of natural resources and the complex economic, political 

and social situation in different parts of the world. Along with this, 

the need arises to overcome climate change, the degradation 

(deterioration) of lands and ecosystems. These facts provoke the 

scientific community to face global challenges, such as finding 

alternative sources of energy and developing approaches for 

sustainable use of energy carriers. In the last few decades, biodiesel 

has been introduced as an analogue of traditional energy carriers 

and in particular promising alternative source of energy in transport 

sector [1], [2]. Biodiesel is defined as ecologically clean fuel 

obtained from practically inexhaustible raw material (biomass). 

The first document to pay significant attention to the 

consumption of biofuels and set the stage for the development of a 

policy on biofuels was the 1997 White Paper "Energy for the 

Future: Renewable Energy Sources" [3]. The negatives in the use of 

conventional fuels, such as environmental pollution, disrupted 

supplies around the world, energy security [4] reinforce the role of 

biofuels as a possible substitute for fossil energy carriers. Currently, 

the role of biofuels could be defined as the "Gold Rush" of industry 

in the 21st century. Biodiesel is classified as a monoalkyl ester 

obtained by the transesterification of methanol with higher fatty 

acids, which may be of vegetable or animal origin [5], [6] Main raw 

materials are soybean oil, rapeseed oil, sunflower oil, waste oil from 

cooking, animal fats and other edible or inedible fats [7]. The 

replacement of traditional diesel fuels with biodiesel leads to 

minimization of emissions of greenhouse gases and dust particles in 

the air [7]. The cost of biodiesel is higher than that of petrodiesel 

and it’s a major difficulty in its commercialization [8]. The cost of 

raw materials constitutes 75–85% of the production cost of 

biodiesel [9]. However, what is the real price to pay for biodiesel to 

be a sustainable alternative to fossil fuels? The problem comes from 

the fact that a large part of the planet's population is starving or 

undernourished. In counterpoint to this, the cultivation of oil crops 

used as raw material for the production of biodiesel takes up 

agricultural land, thereby reducing the area sown with food crops. 

Advanced second-, third- and fourth-generation feedstock’s such as 

cellular biomass, microbial oils, algae and others are attracting 

increasing interest because they have a shorter life cycle, do not 

require arable land, and can use organic waste as a carbon source 

[10], [11], [12]. These feedstock has opened new avenue for less 

expensive and competitive biodiesel production [13] The food 

industry and in particular milk processing and the production of 

dairy products (drinking milk, cheese, yogurt, milk powder, ice 

cream, melted butter, breading and others) also generate large 

amounts of waste biomass with a high fat concentration, which can 

to be used as a potential feedstock in biodiesel production. A large 

dairy that processes 500,000 liters of milk per day generates about 

250-300 kg dairy waste scum per day. A significant amount, which 

makes it difficult to dispose of it [14]. The dairy waste scum (DWS) 

is a non-solid, dense, floating substance, white in texture and color 

because it is usually formed by a mixture of fats, proteins, lipids and 

others. DWS is generated during equipment cleaning, processing, 

storage, packaging and transportation of milk and milk products. A 

large proportion of dairies dispose of this waste in solid waste 

storage facilities or incinerate it [15]. This is economically 

unprofitable and could be seen as a "dissipation" of hidden energy 

carriers. Waste from the dairy industry causes direct and indirect 

obstacles to wastewater treatment, and can lead to eutrophication in 

water bodies. There are mainly four different methods used for 

production of biodiesel, viz. blending, micro emulsification, 

pyrolysis, and transesterification. The transesterification is the most 

convenient and established methods. The reaction of alcohol and 

triglycerides in presence or absence of catalyst to produce alkyl 

ester is known as transesterification. The triglyceride molecules 

having long and branched chains are converted to monoester, 

known as biodiesel. The high proportions of saturated and mono 

saturated fatty acids in dairy waste scum oil are considered optimal 

for fuel production [8]. 

Apart from the type of feedstock used, the quality and price of 

the biodiesel produced depends on transport logistics, production 

and storage technologies, as well as the location of the biorefineries 

because of which the commercialization of biodiesel is related to 

the design and management of efficient and sustainable supply 

chains [16]. The sustainable design and friendly management of 

supply chain is one possible way to increase the economic and 

environmental benefits of biodiesel production through optimize all 

activities across the network from feedstock’s, through the 

production itself, to the customer. This could be achieved through 

the development and implementation of special mathematical 

approaches to designing sustainable supply chains 

The present study proposes a MILP approach for sustainable 

design of combined biodiesel/dairy supply chain. Dairy waste scum 

is considered as a potential raw material for the production of 

biodiesel satisfying economic and environmental criteria. In the 

work, the features of a combined biodiesel/dairy supply chain are 

outlined. Optimization problem have been formulated and solved 

either at in terms of economic sustainability and environmental 

assessment data is applied as part of it. The purpose of the defined 

mathematical model is to obtain optimal operating conditions of the 

considered combined supply chain. The proposed approach has 

been implemented on real case study, in which the territory of the 

Republic of Bulgaria has been considered with its 27 administrative 

regions. The results of the toolbox implementation can be used as a 

decision-making tool. 

 

2. Supply chain optimization problem formulation 

This study presents a combined biodiesel/dairy supply chain 

represented in Fig. 1. It comprises suppliers of dairy farms, dairy 

plants, customers of milk products and bio refinery plants. 
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Fig. 1 A combined biodiesel/dairy supply chain 

The problem considered in this paper can be formulated as 

follows Table 1: 

Table 1: Problem statement 

Given are: Determine the optimal parameters 

of the supply chain as: 

the location of farms and their 

production capacity; 

dairy farms portfolios; 

the selling price of milk; dairy plants portfolios; 

the locations of dairy plants and 
their capacities; 

size, capacity and location of 
biorefineries that should be built; 

the technologies for production of 

dairy products and the 
technologies for biodiesel 

production from dairy waste scum; 

optimal performance of 

biorefineries; 

the dairy products and biodiesel 

demands; 

transportation connections. 

type of transportation for their 

delivery; 

 

greenhouse gas emissions for each 

stage of the life cycle; 

 

transportation costs for each 

transport connection and 

transportation mode. 

 

 

MILP optimization model includes the definition of constant 

parameters and decision variables; the optimization criterion is 

defined in terms of economic sustainability and environmental 

assessment data are implemented as part of it. An objective function 

and constraints are included. To model the set of time intervals of 

the planning horizon 𝜏 = {1,2, … , 𝑇} is introduced. The ecological, 

economic constants and continuous and binary variables are taken 

from [17]. 

The optimization problem can be solved using the GAMS 

application software and it is possible to use it to make 

comprehensive smart decisions. After changing the necessary data, 

the proposed plan can be adapted to different territories. 

2.1. Environmental performance of the combined 

biodiesel/dairy supply chain [18] 

 

The environmental impact of the combined dairy and biodiesel 

supply chain is represented as the total greenhouse gas emissions 

generated over the whole live cycle of the production of dairy and 

biodiesel products. They are converted into carbon credits 

multiplied by the price of carbon emissions on the market. 

The environmental impact criteria include the overall 

environmental impact of the operation of the combined dairy and 

biodiesel supply chain, by means of the generated greenhouse gas 

emissions for each time interval t∈T. The latter includes greenhouse 

gas emissions generated at each stage of the life cycle of the 

products. They are determined for each time interval t∈T: 

𝐸𝐼𝐽𝑡 = 𝐸𝑃𝐼𝑡 + 𝐸𝑃𝐵𝑡 + 𝐸𝑊𝑆𝑡 + 𝐸𝑇𝐹𝑡 ,    ∀𝑡   (1) 

Where: 

𝐸𝐼𝐽𝑡  - Total environmental impact of the operation of the combined 

dairy and biodiesel/diesel supply chain for the whole life cycle, 

 𝑘𝑔𝐶𝑂2𝑒𝑞 /𝑑 ; 

𝐸𝑃𝐼𝑡  - Environmental impact in the production of dairy products in 

dairy plants,  𝑘𝑔𝐶𝑂2𝑒𝑞 /𝑑 ; 

𝐸𝑃𝐼𝑡 =   𝑖∈𝐼   𝑚∈𝑀   𝑘∈𝐾  𝐸𝐼𝑀𝑖𝑚 𝐶𝐼𝑖𝑚𝑘𝑡 𝑃𝐼𝐵𝑖𝑚𝑘𝑡  ,    ∀𝑡 (2) 

𝐸𝑃𝐵𝑡  - Emissions from biodiesel production using dairy waste 

scum as feedstock,  𝑘𝑔𝐶𝑂2𝑒𝑞 /𝑑 ; 

𝐸𝑃𝐵𝑡 =   𝑗 ∈𝐽   𝑓∈𝐹   𝑝∈𝑃  𝐸𝐹𝐵𝑗𝑓𝑝 𝑃𝐵𝐹𝑃𝑗𝑓𝑝𝑡  ,    ∀𝑡   (3) 

𝐸𝑊𝑆𝑡  - Emissions from unused dairy waste scum for biodiesel 

production,  𝑘𝑔𝐶𝑂2𝑒𝑞 /𝑑 ; 
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 (4) 

𝐸𝑇𝐹𝑡  - Emissions released during transport of raw materials, 

products and dairy waste scum to the respective facilities, 

 𝑘𝑔𝐶𝑂2𝑒𝑞 /𝑑 . 

tETMFETMCETNMETF tttt  ,    (5) 

2.2. Economic performance of the combined biodiesel/dairy 

supply chain [18] 

 

For definition of the economic impact assessment of the supply 

chain operation the annual operating costs are used. The economic 

criterion includes the total investment costs for the biodiesel plant, 

costs for building the biodiesel plants and the operation of the 

combined dairy and biodiesel supply chain for the planned time 

period. They define for each time interval t∈T as: 

tТLTBTCOTTCTPW

TPITDKNTDWSTPCTICTDC

ttttt

tttttt





,2

  (6) 

𝑇𝐷𝐶𝑡  – the total costs of the combined supply chain per year,  $/
𝑦 ; 

𝑇𝐼𝐶𝑡  – the total investment costs for the production capacity of the 

combined supply chain according to the operation period and the 

purchase of the biodiesel plant per year,  $/𝑦 ; 

𝑇𝐼𝐶𝑡 = 𝜀𝑡    𝐶𝑜𝑠𝑡𝑝𝑓
𝐹 𝑍𝑝𝑓𝑡   ,   ∀𝑡𝑝∈𝑃𝑓∈𝐹    (7) 

𝑇𝑃𝐶𝑡  – the production costs for the total quantity of biodiesel per 

year,  $/𝑦 ; 
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𝑇𝐷𝑊𝑆𝑡  – the dairy waste scum costs for the biodiesel production 

per year,   $/𝑦 ; 
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  (9) 

𝑇𝐷𝐾𝑁𝑡  – the raw materials (milk) costs for the production of dairy 

products per year,  $/𝑦 ; 
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𝑇𝑃𝐼𝑡  – the production costs for dairy products per year,  $/𝑦 ; 
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𝑇𝑃𝑊𝑡  – the production costs for utilization of the unused dairy 

waste scum remaining from biodiesel production per year,  $/𝑦 ; 
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𝑇𝑇𝐶𝑡  – the total transportation costs for the combined supply chain 

per year,  $/𝑦 ; 

tTMFTMCTNMTTC tttt  ,
     (13) 

tTTC  are the total transportation costs for transportation of raw 

materials (milk), dairy products and dairy waste scum per year 
 $/𝑦 ; 

tTNM  are the total transportation costs for transportation of raw 

materials (milk) per year  $/𝑦 ; 

tTMC  are the total transportation costs for transportation of dairy 

products per year  $/𝑦 ; 

tTMF  are the total transportation costs for transportation of dairy 

waste scum per year  $/𝑦 . 

𝑇𝐶𝑂2𝑡   - the carbon tax charged according to the total amount 

𝐶𝑂2 released during the operation of the combined supply chain per 

year,  $/𝑦 ; 

tCCOEIJTCO tttt  ,22       (14) 

𝑇𝐵𝑡  – the revenue from the sale of biodiesel produced per year, 
 $/𝑦 ; 

 
  


Jj Pp Ff

jfptttt tPBFPPBTB ,

    (15) 

𝑇𝐿𝑡  – the government incentives for biodiesel production and 

building per year,  $/𝑦 . 

 
  


Jj Pp Ff

jfptfttt tPBFPINSTL ,   (16) 

 

2.3. Constraints 
 
The constraints are linear functions with respect to: 

 the production capacity of biorefineries; 

 providing admissibility of flows; 

 providing that the needs of all regions of dairy products will be 

met; 

 providing the necessary amounts of milk for the production of 

dairy products; 

 logical and transportation constraints; 

 providing that produced dairy waste scum from dairy plants 

will be used for the biodiesel production; 

 providing satisfaction of the material balance of combined 

supply chain; 

 providing satisfaction of the annual demand of the dairy plants; 

 providing maximum annual production capacity of farm n ∈ N 

for the production of milk of type k ∈ K; 

 providing admissibility of flows. 

 

2.4. Objective function 
 

The optimization problem for determining the optimal location 

of the plants in the regions and their parameters is formulated as: 

𝐹𝑖𝑛𝑑: 𝑋𝑡 𝐷𝑒𝑐𝑖𝑠𝑖𝑜𝑛 var𝑖𝑎𝑏𝑙𝑒𝑠   

𝑀𝐼𝑁𝐼𝑀𝐼𝑍𝐸 𝐶𝑂𝑆𝑇  𝑇𝑡     𝑠. 𝑡. :  𝐶𝑜𝑛𝑠𝑡𝑟𝑎𝑖𝑛𝑡  𝑠   

𝐶𝑂𝑆𝑇 =   𝐿𝑇𝑡𝑇𝐷𝐶𝑡 𝑡∈𝑇                                                            (    ) 

where 

LTt - duration of time intervals t∈T, (y). The objective function and 

all constraints are linear functions of all decision variables. 

3. Results and discussion 

The formulated above optimization problem have been solved in 

terms of economic sustainability, and environmental assessment 

data are implemented as part of it. For that purpose, GAMS® 

optimization software-CPLEX solver has been used. The 

prepositional mathematical model is implemented on an example 

study from Republic of Bulgaria. The obtained results are 

demonstrated in Fig. 2 and Fig 3. 

Fig.2 presents the distribution of GHG emissions generated at 

each stage of the supply chain operation and shows that the largest 

amount of GHG emissions are generated during the production of 

milk products in dairy plants, as well as during disposal of unused 

waste biomass for biodiesel production. 

Fig. 3 presents the cost structure of the supply chain and shows 

that the largest cost is the carbon tax, calculated according to the 

total amount of CO2 generated during the operation of the supply 

chain and the production costs of the utilization of the unused waste 

biomass to produce biodiesel 

 

 

Fig. 2 Greenhouse gas emissions generated at each stage of operation of the 

combined supply chain 

 

 

Fig. 3 The costs for operation of combined dairy and biodiesel supply chain. 
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4. Conclusion 

The study proposes a MILP model for sustainable design and 

friendly management of combined biodiesel/dairy supply chain. The 

proposed approach has been based on example case study, in which 

the territory of the Republic of Bulgaria with its 27 administrative 

regions is considered.  The optimization criterion is defined in terms 

of economic sustainability and environmental assessment data is 

applied as part of it. The proposed task is solved using the 

application software GAMS and it can be used as a decision-making 

tool. 
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Appendix A 

 

 Sets, subsets and indices 

K Set of types of milk used as a raw material in dairy plants, 

k 

I Set of produced dairy products in dairy plants generating 

dairy waste scum, i 

J Set of generated types of dairy waste scum in dairy plants, 

j 

P Sets of the capacities of used biorefineries for biodiesel 

production, p=(1,N_p )  ̅

GF Sets of the administrative regions into which the territory 

of Republic of Bulgaria is divided, gf 

L Set of vehicles used for transportation of raw materials 

and products, l 

T Sets of time intervals, t 

 Subsets/indices 

F Sets of regions for biodiesel production. It is a subset of 

GF ( F ⊂ GF ),  f 

M Set of regions where dairy plants are built. It is subset of 

GF ( M ⊂ GF ),  m 

N Set of dairy farms which produce milk used as a raw 

material in dairy plants. It is subset of GF ( N⊂ GF ),  n 

C Set of regions where dairy products are used. It is subset 

of GF ( C⊂ GF ),  c 

L1 Set of vehicles used for transportation of raw materials 

(milk), l1. It is subset of L ( L1⊂ L) 

L2 Set of vehicles used for transportation of dairy products, 

l2 . It is subset of L ( L2⊂ L) 

L3 Set of vehicles used for transportation of the types of 

dairy waste scum, l3; It is subset of L ( L3⊂ L) 
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Modelling of the new route drawing technology for a metal processing efficiency   
 

Irina E. Volokitina1, Abdrakhman B. Naizabekov1, Andrey V. Volokitin2, Oxana Y. Salko1, Valery V. Chigirinsky1, Evgeniy A. Panin2 

 
1 Rudny Industrial Institute, Rudny, Kazakhstan 

2 Karaganda Industrial University, Temirtau, Kazakhstan 

cooper802@mail.ru  

 

Abstract: The results of finite element modeling of a new method with an increased metal processing level were considered. The 

improvement of the drawing process was achieved by changing the usual scheme of metal movement during deformation, which 

made it possible to achieve large strains compared to the standard drawing scheme. It is established that step drawing has the 

advantage of an increased processing level, but it leads to the formation of an inhomogeneous gradient strain. 

Keywords: METAL FORMING, DRAWING, MODELING, DEFORMATION. 

 

Wire drawing is one of the few metal forming processes where 

large tensile stresses inevitably arise, which, according to the 

correctly selected process parameters, can lead to wire breakage. It 

is also known that in classical drawing, the level of accumulated 

strain is low compared to other metal forming processes and is 

concentrated mainly in the surface layers of the workpiece [1].  

 

Many researchers are tasked with developing new deformation 

technologies that will increase the metal processing level, which will 

make it possible to obtain wire with improved mechanical 

characteristics. During the review of existing non-standard drawing 

methods, the technology proposed at the Krakow University of 

Science and Technology AGH (Poland) was selected as promising 

for use and implementation [2-4]. The improvement of the drawing 

process was achieved by changing the usual scheme of metal 

movement during deformation, which made it possible to achieve 

large strains compared to the standard drawing scheme. 

 

To study and analyze the applicability of this drawing method, 

mathematical modeling of the standard drawing method and the new 

proposed method was carried out. Modeling was carried out with 

reference to the drawing route, geometric parameters and wire 

material used at Kaz-Metiz LLP. 

 

Computer modeling of various metal processing processes is of 

great importance, which is facilitated by several factors. Modeling 

allows to study the process from the inside and more fully assess the 

stresses and strains that arise, identify patterns of their development, 

predict the appearance of defects. It allows to determine the most 

suitable parameters of the tool and the workpiece for pre-debugging 

the process. Also, the advantage of modeling is that modern 

software systems allow to simulate almost any process, avoiding 

expensive and complex experiments. 

 

The geometric parameters of the tool and the workpiece are 

preliminarily taken from the current drawing technology in Kaz-

Metiz LLP for mode 4→2.3 mm on the drawing mill 12x600 (Table 

1). A wire with a diameter of 2.3 mm is obtained from a wire rod 

with a diameter of 4 mm made of steel grade 15GM. 

 

Table 1 – Drawing mode 

Mode Pass number 

1 2 3 4 5 6 7 

4→2,3 

mm 

3,86 

mm 

3,46 

mm 

3,13 

mm 

2,85 

mm 

2,62 

mm 

2,42 

mm 

2,3 

mm 

 

Modeling of the drawing process was carried out in seven 

passes using the DEFORM software. The compression of the 

workpiece after each pass was 0.14 mm→0.4 mm→0.33 mm→0.28 

mm→0.23 mm→0.2 mm→0.12 mm. The geometry of the drawing 

dies is constructed in accordance with GOST 9453-75. 

 

The initial blank had the initial diameter of 4.0 mm and the 

length of 50 mm. A grid of finite elements distributed evenly was 

generated on the workpiece. The number of nodes was 2240, the 

number of elements was 2067. According to the technology, 15 GM 

steel was chosen as the workpiece material, its temperature was 

assumed to be 20°C. The material rheological properties are taken 

from the DEFORM database. A non-isothermal type of calculation 

was used, i.e. in addition to giving heat to the tool, the workpiece 

also gave heat to the environment (the temperature of which is 

assumed to be 20°C). The value of the friction coefficient was 0.15, 

corresponding to drawing with dry lubrication [5]. The drawing 

speed was 4 m/s, according to the current technology. 

When constructing the two proposed drawing schemes, the 

distance between the drawing dies and the displacement distance of 

one drawing die relative to the other was assumed to be 10 mm 

(Figure 1). 

 

 
Figure 1 – The position of drawing dies relative to each other 

 

At the beginning of the process, the wire enters the portages and 

their location corresponds to the usual drawing scheme. The 

displacement of the drawing dies is carried out sequentially without 

stopping the workpiece movement. The movement of each drawing 

die begins at the moment the wire leaves it. The displacement order 

of the drawing dies is shown in Figure 2.  

When studying the equivalent strain, the following can be seen: 

1) when passing the drawing channels, the workpiece in the 

longitudinal direction receives the same level of strain increase. 

2) in the workpiece cross section the amount of equivalent strain 

is distributed unevenly, it decreases from the surface to the center of 

the workpiece. After the seventh drawing, the equivalent strain 

values are 1.23 on the surface and 0.7 in the center of the workpiece 

(Table 2). The distribution of equivalent strain after the 7th pass is 

shown in Figure 3a. 

 

Table 2 - Values of equivalent strain in conventional drawing 

Pass 

number 

1 2 3 4 5 6 7 

Surface 0,128 0,292 0,459 0,611 0,758 0,904 1,23 

Center 0,052 0,19 0,31 0,413 0,528 0,627 0,7 
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Figure 2 – The displacement order of the drawing dies 

 

 

 

a)  

b)  

a – conventional drawing; b – step drawing 

Figure 3 - Equivalent strain distribution 

 

 

 

With a step drawing scheme, the accumulation of equivalent 

strain in the metal of the deformation zone occurs asymmetrically to 

the central part of the workpiece. The values of equivalent strain in 

the lower part of the workpiece are greater than in the upper part. 

This difference in the values of the equivalent strain between the 

lower and upper part of the workpiece increases with each pass. It is 

explained by the fact that the wire in the process of drawing 

undergoes bending only in one direction – in the direction of 

displacement of the drawing. 

After the seventh drawing, the values of equivalent strain are 2.24 

and 3.88 on the surfaces and 1.19 in the center of the workpiece 

(Table 3). The distribution of equivalent strain after the 7th pass is 

shown in Figure 3b. 

 

Table 3 - Values of equivalent strain in step drawing 

Pass 

number 
1 2 3 4 5 6 7 

Center 0,052 0,213 0,414 0,535 0,698 0,879 1,190 

Surface 

(upper part) 
0,128 0,308 0,925 1,300 1,700 2,160 2,240 

Surface 

(lower part) 
0,128 0,851 1,560 2,13 2,75 3,320 3,880 

 

Mathematical modeling of wire drawing with a diameter of 2.3 

mm from a wire rod of 4 mm was carried out according to two 

drawing schemes. The values of equivalent strain in the deformation 

zone during wire stretching after seven passes on the surface of the 

workpiece and in the center of the workpiece are determined. It is 

revealed that the most effective method is a step drawing scheme, 

which provides maximum processing level. 
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Abstract: In recent years, the problem of food safety and traceability has been one of the difficulties faced by restaurant and hotel 

businesses. Food spoilage can occur at any stage of the food chain; most of all food spoilage is due to improper storage conditions in 

refrigerators. Increasing attention to food quality and safety requires the development of sensitive and reliable analysis methods as well as 

innovative technologies for maintaining freshness and food quality. Freshness is a factor that has both health qualities and features that 

affect customer satisfaction and business profitability. Within the scope of this study, simulation studies were carried out to improve the 

cooling performance with mathematical modeling on a horizontal commercial refrigerator (operating temperature: -2/+8°C) prototype. 

Along with the original design, evaluations were made with mathematical modeling according to many different variables (temperature, 

airflow distribution, etc.) that affect the cooling performance, and R&D gains were achieved in developing the prototype according to the 

most suitable working conditions. 

Keywords: COMMERCIAL REFRIGERATOR, ENERGY EFFICIENCY, MATHEMATICAL MODELING 

 

1. Introduction 

Commercial cooler units are widely used in large enterprises 

(restaurants, hotels, shopping malls, dormitories, etc.) to keep food 

and beverages in suitable conditions for a long time. In particular, 

research and developments are continued on cooling products to 

ensure that the food chain is not interrupted and to provide adequate 

cooling properties according to many variable parameters (eg 

refrigerant [1-4], different condenser [5-7], evaporators [8-10] and 

compressors [11-13], etc.). 

Our company's refrigerator products include commercial 

refrigerators and deep freezers (in different models and capacities). 

Within the scope of this study, activities aimed at improving the 

cooling performance were carried out with the original designs to be 

obtained by mathematical modeling and simulation studies on the 

horizontal-type refrigerator. 

Since most of the studies in the literature are related to domestic 

refrigerator products, it has been determined that the studies on 

commercial products are limited. Various studies from literature 

research in this field in relation to refrigerant products are 

summarized below. 

Mathematical applications for thermal analysis were carried out 

by Ledesma and Belman in order to keep the food in the fresh food 

compartment in the most suitable conditions by replacing the glass-

sectioned shelves of the domestic refrigerator. The image of the 

displacement of the glass shelves for the thermal behavior 

examinations in the different compartments in the refrigerator is 

given in Fig. 1 [14]. 

 

Fig. 1 Position of shelves (y1 and y2) and manipulated spacing in a domestic 

refrigerator [14]. 

Tests were carried out to evaluate the thermal difference of the 

domestic refrigerator according to the change of compartments. In 

the tests, the refrigerator was operated at a constant room 

temperature of 294 K ± 1.5 K and a relative humidity of 60 ± 5%. 

Evaluations were made to determine suitable shelf locations with 

2D color temperature variance maps. A thermal map representing 

the temperature means in the fresh food compartment when the 

position of the glass shelves shown in Fig. 1 is changed (y1 and y2) 

is given in Fig. 2. High temperatures are shown in black. In 

contrast, the lowest temperatures (-3.3°C) are shown in dark blue 

[14]. 

 

Fig. 2 Temperature mean in the fresh food compartment of the domestic 

refrigerator. [14]. 

Roccate and his work group evaluated probability density 

distributions for domestic refrigerator temperatures and storage 

times of refrigerated foods with long or short expiration dates for 

northern and southern European countries. They reported that 

storage time and temperature stand out as the two main factors 

affecting microbial growth and that there may be different 

approaches according to the purpose within the framework of food 

safety assessment. They emphasized the importance of shelf life 

studies and food safety risk assessments in domestic refrigerators 

[15]. 

Belman and Munoz analyzed a refrigerator compartment's flow 

and thermal behavior, where the cooling effect is based on 

diffusion-absorption technology using CDF. They compared the 

thermal behavior of a plate-evaporator design with a finned surface 

(reference refrigerator) and a plate-evaporator with a smooth 

surface (recommended design). The refrigerator's energy 

performance was analyzed according to the design of the plate 

evaporator [16]. 
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A comparative analysis of the COP was made based on the 

design of the plate evaporator, and the cooling capacity of the 

refrigerator differed by about 0.5 W, while the COP difference was 

determined as 0.008. With this result, it was concluded that the plate 

evaporator design affected the thermal and energy performance of 

the refrigerator at a minimum level [16]. 

Belman and his work group evaluated various parameters that 

could increase the energy efficiency of a household refrigerator. It 

has been reported that the domestic refrigerator includes cabinet 

improvements (insulation, magnetic seals), refrigeration system 

improvements (adequate performance of components, use of 

harmless refrigerants), mechanism improvements (defrosting, 

temperature control), and minimal thermal stratification in 

compartments [17].  

Chen and his work group were evaluated by comparing the 

modified ejector-enhanced dual temperature refrigeration cycle 

(MERC), and the basic ejector-enhanced dual temperature 

refrigeration cycle (BERC) with cycle performance by performing 

thermodynamic modeling with energetic and exergetic analysis 

methods. With the simulation data, they determined that the COP 

(coefficient of performance) and qev (volumetric refrigeration 

capacity (kJ.m-3) values of MERC improved by 23.1% and 34.7% 

compared to BERC under general operating conditions of domestic 

refrigerator/freezer. The comparison of exergy destruction (Exd) 

between the modified ejector-enhanced dual temperature 

refrigeration cycle (MERC) and basic ejector-enhanced dual 

temperature refrigeration cycle (BERC) is given in Fig. 3 [18].  

 

Fig. 3 Comparison of exergy destruction values between MERC and BERC 
(Z: mass fraction of R290 in the mixture, φ: cooling capacity ratio) [18]. 

 

Each component (see Fig. 3) of the modified ejector enhanced 

dual temperature refrigeration cycle (MERC) shows lower levels of 

exergy destruction compared to the basic ejector enhanced dual 

temperature refrigeration cycle (BERC). They conducted studies on 

energy modeling, exergy modeling, and ejector model validation 

within the scope of mathematical modeling [18]. 

2. Methodology 

The temperature and airflow distribution in the horizontal 

commercial refrigerator compartments have been studied in the 

literature. Numerical methods have been used to predict the 

temperature distribution inside the refrigerator. By 3D simulations, 

temperature uniformity and airflow in a natural convection 

refrigerator can be improved. In this work, a numerical simulation is 

used to model the performance of a convection refrigerator. The 

compartments are investigated to improve operating conditions. 

Through simulations, we proposed a new design for the shelves in 

the air outlets achieving a better thermal profile. A thermal camera 

to observe the temperature distribution of the horizontal commercial 

refrigerator as an alternative method to analyze the cooling system; 

we compared the thermal behavior of the new design with 

conventional thermocouples. 

The temperature distribution in the compartments is 

investigated numerically and experimentally, and, in most cases, 

results with numerical simulations are compared. The method to 

reach temperature uniformity inside the horizontal commercial 

refrigerator and temperature distribution influenced by the 

geometric configuration, the accessory position in the compartment, 

and the refrigerating space are investigated.  

3. Experimental procedure 

The results of various simulation analyses (velocity distribution, 

distribution of streamlines, time-dependent thermal analysis) on the 

horizontal commercial refrigerator prototype are shown in Fig. 4-7. 

 

Fig. 4 Flow analysis (velocity distribution) of a horizontal commercial 
refrigerator prototype. 

 

 

Fig. 5 Flow analysis (distribution of velocity vectors in the cross-section) of 

a horizontal commercial refrigerator prototype. 

 

 

Fig. 6 Flow analysis (distribution of streamlines) of a horizontal 

commercial refrigerator prototype. 
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Fig. 7 Time-dependent thermal analysis (time: 9.6 sec.) of a horizontal 

commercial refrigerator prototype. 

As seen in Figs. 4-6, flow analysis shows a good velocity 

distribution in the horizontal commercial refrigerator prototype. Fig. 

7 shows that surfaces are colder than compartments near the trays. 

This is improved by adding censors in several places.   

4. Conclusions 

Mathematical modeling and simulation studies were carried out 

to optimize the cooling performance of the horizontal commercial 

refrigerator prototype. 

According to the positioning of the cooler group elements 

(compressor, evaporator, fan, etc.) on the existing product, 

evaluations were made regarding the distribution of the cooling air 

in the cabinet of the horizontal commercial refrigerator prototype 

(according to the blowing and suction conditions of the air). 

Various flow analyses (velocity distribution, distribution of 

streamlines, time-dependent thermal analysis) on the horizontal 

commercial refrigerator prototype have provided data on improving 

the effective and efficient operating performance. 

A mathematical method is considered to analyze the thermal 

behavior of the compartments in a horizontal commercial 

refrigerator. This work mainly focused on studying the thermal 

effect in the horizontal commercial refrigerator compartment when 

the shelves' location is changed. Finally, we proposed using thermal 

maps to find the most appropriate shelf location for a compartment 

as the specific application in this kind of fridge. The main 

conclusions of this paper are summarized as follows: 

• The temperature analysis provides an easy way to evaluate the 

thermal change rate.  

• To analyze the thermal distribution of the horizontal 

commercial refrigerator compartments, an algorithm is developed. 

• The temperature variance map shows the temperature average 

in the compartments of the horizontal commercial refrigerator as a 

function of the shelves' location. This map is an excellent tool for 

finding suitable shelf locations to attain the proper temperature. 
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Abstract: A headbox of a machine producing a paper sheet has a slice opening controlled in response to signals indicative of total head of 

fluid in the headbox, the rate of flow of a paper slurry into the headbox and the speed of a inclined  wire headbox receiving a jet of slurry 

emerging from the headbox slice. The slice opening is controlled to affect formation of the paper sheet on the wire. Consistency of the slurry 

being fed into the headbox is varied to control the position of a dry line on the wire or formation of fibers on the wire. The level of liquid in 

the headbox is maintained at a predetermined level by a controller. The slice opening is controlled in an anticipatory manner to compensate 

for the slow response of the total head in the headbox to changes occurring in response to the slurry mass flow rate into and out of the 

headbox. Since the double flap structure used as the control mechanism is hinged to each other, they move relative to each other, which 

creates an obstacle in keeping the flap positions constant. Forward kinematic calculations were tried to be made using the angle sensor, but 

since the sensor resolutions could not respond to small movements due to the size of the flap lengths, the final flap positions were determined 

by performing inverse kinematic calculations according to the servo  motor positions. 

KEYWORDS: PAPER MAKING, INCLINED WIRE, SLICE OPENING CONTROL, INVERSE KINEMATIC, PAPER FORMING 

 

1. Introduction 

Paper consists essentially of fibers. The quality of the finished 

paper sheet is determined by the fiber properties, which in turn 

depend on the type of fibers and treatment during the stock 

preparation and the process conditions in the paper machine. The 

head box has a major influence on paper quality. It must, first of all, 

provide a uniform basis weight profile across the wire and which 

also should be steady in time. In addition, it must provide a 

controllable formation meaning well distributed fibres having an 

isotropic orientation.[1] 

Depending on the design of the headbox as shown in the Fig.1, 

flow stabilization elements are present inside the headbox. These 

elements create turbulence and prevent the fibers from flocculating 

and collapsing. Depending on the type of headbox, these elements 

can be rolls, pipes or plates with equal holes. Flow stabilization in 

the headbox improves paper formation. The headbox slice, also 

known as the nozzle, consists of an upper lip and a lower lip. The 

distance between the upper lip and the lower lip is called the slice 

opening. Slice clearance controls the stock velocity and the angle of 

impact of the stock on the wire. Slice clearance is crucial for paper 

formation and dewatering on the wire. The lower lip is fixed and the 

upper lip is adjustable.[2] 

 

  

Fig. 1 Section view of an Inclined wire headbox 

2. Description of the Problem 

The MD/CD strength ratio is one of the key parameters that 

determine the quality of the paper. The situation in which this 

parameter is provided optimally is when the water flow rate in the 

headbox and the movement speed of the screen belt are equal to 

each other. In order to adjust the speed of the water moving with a 

constant flow in the headbox with the speed of the screen belt, it is 

necessary to change the flap1 position on the fixed slice, so that the 

headbox cross-sectional area is changed and the flow speed of the 

water is adjusted precisely. 

By adjusting the flap 2 position, air is prevented from entering 

the headbox, and the surface quality of the paper is improved by 

changing the thickness of the water jet at the flap 2 outlet, which is 

also called the Headbox slice opening. 

Since the flap 1 and flap 2 surfaces are hinged to each other, the 

movement of the units that enable the flap positions to be changed 

causes the movement of other flap. In addition, the slice opening 

value changes as a result of the movement of the flaps bearing on 

the sliding mechanisms moving parallel to the earth's surface on an 

angled surface. 

In the solution of the problem, it was desired to use the sensors 

first, but the measurement attempts with laser distance sensors and 

inductive distance sensors were unsuccessful due to the fact that the 

slice opening part is touching to the water with a point. 

             

Fig. 2 Slice opening 

As can be seen from the headbox section in Fig. 2, the slice 

opening can be expressed as a point, which means that the sensors 

do not have a reference surface that they need for measurement. It 

has been observed that this is the biggest reason for the failure in 

the experiments with the sensors. 

After unsuccessful attempts with distance measurement sensors, 

forward kinematic equations were calculated and it was aimed to 

calculate these equations by measuring flap angles and assigning 

them to the angle variables in the equation by means of the machine 

software in the PLC. Equations have been successfully extracted, 

verified using Excel and Solidworks software, and position 

calculations have been made with PLC by mounting accelerometer-

based sensors with 0.015 degree resolution on flap mechanisms. 
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Due to the fact that the flap lengths are too long, the angular 

movements of the flaps are very low and both sensitivity and 

hysteresis values of the sensors prevent achieving the desired 

accuracy, and instead of the desired ±0.1 mm positioning accuracy, 

a positioning accuracy of ±1.5mm, which is far from this value, can 

be achieved has been observed. 

 

Fig 3. Simplified Model of a Headbox 

The forward kinematic equations for the slice opening control 

are obtained as follows. 

 

               
                

Equ 1. Vectorial form of forward kinematic equations 

 

 

Equ 2. Vertical axis part of  forward kinematic equations 

 

When it was understood that angle sensors could not be used, it 

was tried to reduce the equations to the form to be solved by 

entering the boundary conditions, but it was understood that it 

would be difficult to solve the equations on the plc. The reason for 

this was that the Runge-Kutta method to be applied did not respond 

to the required processing speed because of the equations 

containing trigonometric functions which will take 2nd degree form 

after trigonometric function transformation.  

  

Fig 4. Runge-Kutta Iteration Pseudo Code[3] 

3. Solving  the Problem 

Due to the hardware-related inadequacies experienced during 

the solution phase of the problem, the solution method of the 

problem was updated again so that it could be solved within the 

hardware capabilities. According to this update, instead of solving 

the forward kinematics equations, the program has been changed so 

that the inverse kinematic equations given below are solved by 

PLC. In addition, the screw jack mechanism, which provides the 

movement of the flaps, is turned by servo motors, thus providing 

precise positioning capability of the flaps. The source of this 

sensitive movement is that the screw jack mechanism has a gear 

ratio of i:36, contrary to the experiments with angle sensors, and 

therefore the angular movements of the motor shaft are reduced 36 

times and converted into flap angular movements. 

 

 

       

 
Equ 3. Screw jack position changes according to  inverse kinematic  

 

3. Results 

The method used to calculate the equation on Plc was as 

follows; 

Via control display as limit condition |SD| and |C'C| entering 

values |SD| and |C'C| screw jack positions are changed with 0.1mm 

increments in decreasing or increasing direction until the equations 

created in the PLC program are greater than or equal to these 

positions. Since the hinged structure of the flaps behaves in such a 

way that they change the positions of each other during the 

movement, the program structure has been arranged so that if there 

is a change in the calculated position of the other flap during the 

movement of one of the flaps, it will move in the opposite direction 

as much as the position difference. 

4. Conclusion 

In inclined wire type headbox units, the relative movements of 

flaps and position equations are calculated and flap movements are 

realized without the need for human influence. With the developed 

system, depending on the speed and flow rate changes during the 

operation of the machine, the flap positions of the machine are 

automatically changed to keep the MD/CD ratio at the optimum 

level, and the paper quality coming out of the machine is guaranteed 

always to be at a high level. Since the system can adjust the slice 

opening distance completely autonomously, the contact between the 

screen belt and flap 2 is prevented due to operator error, and the 

screen belt rupture problem is eliminated. 

The machine in which the experiments described and mentioned 

in this article were made is shown in Figure 5. 

 

Fig 5. Headbox used in the experiments 
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Abstract: In this paper we consider the task of estimating the volume of recreational fish catch yield in a water body. We design 

mathematical models for the tasks varying in complexity and generality and demonstrate how they can be solved using Bayesian approach. A 

Markov Chain Monte Carlo (MCMC)-based Bayesian approach is widely used as a solution for stochastic models. To solve the simplest case 

of a proposed model we have used the PyMC library. The proposed models were later used to estimate the recreational fishing capacity of 

the water bodies in Qazaqstan. 

Keywords: MATHEMATICAL MODEL, BAYESIAN APPROACH, MONTE CARLO METHOD, PROBABILISTIC PROGRAMMING, 
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1. Introduction 

The classical problems of the fishing industry include estimating 
resource capacity (total stock, exploitable stock, spawning stock), 
modeling population growth (cohort growth model, Walter’s model 
etc) and distribution of fishing quotas between interested parties. 
The task of estimating catch yield is relatively novel and not 
thoroughly researched. Specifically, it is hard to estimate 
recreational catch yield and illegal catch yield since the data is very 
scarce. Coincidentally these types of fish catch have a huge 
influence on fish populations growth dynamics. Reliable estimates 
of commercial catch yields are needed as well for the data provided 
by the commercial fishers can be imprecise or even intentionally 
skewed. In this article we consider the task of estimating 
recreational catch yield for a single water body. Such yield depends 
on multiple random factors whose influence is impossible to assess 
individually. This leads us to choose Bayesian approach for 
developing a model. In the paper we provide a general 
mathematical model and show how it can be solved using the 
PyMC library for probabilistic programming [1]. 

2. Prerequisites and means for solving the problem  

2.1. Requirements for the mathematical model  
 
Growing pressure on the total fish capacity of the waters of 

Qazaqstan necessitates the development of a mathematical model to 
estimate recreational catch yield. This is a complex and 
indeterministic task dependent on multiple random factors. Among 
these stochastic factors that are hard to evaluate are a region’s 
economy, mentality and traditions of the population, laws regulating 
fish catch, illegal catch proliferation, total exploitable stock of a 
given fish species, allowed fishing tools, weather conditions etc. 
The influence of so many random factors makes development of a 
deterministic mathematical model, like ones used to analyze the 
population growth of sturgeons, unfeasible [2]. 

For practical purposes mathematical models must satisfy certain 
requirements. According to article 34 of the Law of the Qazaq 
Republic on Protection, Reproduction and Use of the Wildlife, 
recreational catch is a catch of fish and other water-bound animals 
aimed to satisfy sports or esthetic needs, conduct sport competitions 
or to personally consume the yield through the means allowing only 
single-fish catch (non-commercial fishing equipment). The first 
difficulty in estimating the volume of recreational fish yield is the 
fact that some recreational fishermen use prohibited fishing 
equipment. Thus part of recreational catch yield is actually illegal 
catch yield even though it is conducted by non-commercial actors. 
Developer of a model of recreational catch yield faces a problem of 
qualifying all catch yield as recreational catch yield. Therefore, the 
model should factor in fishing tools. On the other hand, considering 
a wide variety of fishing tools doesn’t make much sense since it 
doesn't improve the accuracy of the model while making it more 
complicated. For these reasons we have identified three groups of 
fishing equipment: passive equipment with hooks (first group), 
active equipment with hooks (second group) and other allowed 
equipment (third group). The fourth group includes equipment that 
is prohibited to use. 

Secondly the model should factor in not only the quantity of 
caught fish but also the weight of individual fishes. For it an 

estimate of caught fish weight is required. Which in turn depends on 
fish species and on the specific water body where the fish was 
caught as the weight fluctuation between different specimens of a 
single species can be rather big depending on the quality of 
zoobenthos and zooplankton the fish feeds on. Therefore, the model 
should be applicable to a specific water body or a river stretch and 
consider the species of fish inhabiting it.  

The third factor is the time period when the catch yield volume 
should be estimated. The mandatory time period is one calendar 
year. However, the rate of catch fluctuates during a year and 
depends on a fish species, the amount of holidays when recreational 
anglers engage in fishing the most, weather conditions, angler 
residence (local or visitor) etc. Thus the model should be able to 
estimate catch yield at different time periods.  

Any method is going to use field data actually available to the 
analyst. In the perfect world we would have access to the data on 
the number of fishermen and the amount of fish caught by a single 
fisherman on any given day of a year. It would make the solution 
for the task very easy. Unfortunately, such data is impossible to 
obtain. Therefore, the model should be able to estimate recreational 
catch using small data or even no data at all but only qualitative 
data. In other words, the model should be able to train and to fine-
tune its estimate after new data is introduced. 

Another desirable requirement is having the model include 
indirect means for taking into account all the random factors that 
can influence the estimated parameter. For instance, there should be 
a way to allow for the seasonal change of fish habits (spawning 
season, winter season etc.). Such influence is usually factored in 
through the choice of a distribution law for the random variables 
accounted for. 

Last but not least is the practical applicability of the model. I.e. 
the model should be implementable as an information system that 
conceals mathematical complexity from its ichthyologist users.  

Whether the model satisfies these requirements depends on 
availability and quality of field data as well as how precisely 
maximum allowable commercial catch yield is estimated. We 
suggest a probabilistic model based on Bayesian approach is the 
most adequate solution in part because there is not a lot of data on 
recreational catch yield. 
 

2.2. Bayesian approach 
 
Bayesian approach to modeling various stochastic processes is 

based on Bayes theorem about conditional probability of a random 
event. Bayesian approach has become more popular in the last 
decades due to the rise in available computing power as well as the 
emergence of  instruments for automation of statistical inference 
like PyMC library [1]. 

To demonstrate the essence of Bayesian approach consider this 
example. A common situation is an event A can only happen under 
the condition of one of the events 𝐵1, 𝐵2 ,… , 𝐵𝑛 , that comprise an 
exhaustive group of mutually exclusive events, happening. Let’s 
suppose that we know probabilities of each of those events and 
conditional probabilities 𝑃 𝐴|𝐵1 , 𝑃 𝐴|𝐵2 , … , 𝑃 𝐴|𝐵𝑛  of A. 
Then the probability of A can be expressed as total probability 
formula 

𝑃 𝐴 =  𝑃 𝐵𝑖 𝑃(𝐴 𝐵𝑖
 )𝑛

𝑖=1 .   (1) 
 
In terms of Bayesian approach events 𝐵1, 𝐵2 ,… , 𝐵𝑛  are called 

hypotheses since we do not know beforehand which event will 
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happen. Now let’s imagine a test has been run which resulted in the 
event A happening. We pose a question, how have the probabilities 
of the hypotheses changed now that the event A has happened. In 
other words we are working out conditional probabilities 
𝑃 𝐵1|А , 𝑃 𝐵2|А , … , 𝑃 𝐵𝑛 |А . According to the Bayes theorem 
conditional probability 

 

𝑃 𝐵𝑖 𝐴  =
𝑃 𝐵𝑖 𝑃(𝐴 𝐵𝑖

 )

𝑃(𝐴)
.    (2) 

 
Substituting the denominator from the formula (1) we get for every 
i 
 

𝑃 𝐵𝑖|𝐴 =
𝑃 𝐵𝑖 𝑃(𝐴|𝐵𝑖)

𝑃 𝐵1 𝑃 𝐴|𝐵1 +𝑃 𝐵2 𝑃 𝐴|𝐵2 +⋯+𝑃 𝐵𝑛  𝑃 𝐴|𝐵𝑛  
. (3) 

 
These formulas are called Bayes’ formulas after the British 

mathematician who determined them (published in 1764).  These 
formulas allow to update probabilities of the hypotheses after the 
test has produced event A as a result. The Bayes’ formulas are the 
foundation for the Bayesian approach, which implies that whenever 
new evidence appears, known probabilities must be updated.  

Let’s demonstrate the Bayesian approach in another example. 
Suppose a fisherman may catch fish in one of two lakes. The 
probability that the fisherman will go to one lake is 0.6 while the 
probability they will go to the other lake is 0.4. They will later sell 
the fish they’ve caught to a wholesale buyer who checks if the fish 
satisfies certain standards. The probability that the buyer will buy 
the fish from the first lake is 0.9 while for the fish from the other 
lake it is 0.96. Given that the fish was bought, let's find out the 
probability that it had been caught in the first lake.  

We represent as A the event that the fish satisfies a buyer’s 
standards. We can make two assumptions: 1) the fish has been 
caught in lake one (hypothesis В1); and 2) the fish has been caught 
in lake two (hypothesis В2). Using the Bayes’ formula (3) let’s find 
out the probability the fish has been caught in lake one: 

 

𝑃 𝐵1|𝐴 =
𝑃 𝐵1 𝑃(𝐴|𝐵1)

𝑃 𝐵1 𝑃 𝐴|𝐵1 +𝑃 𝐵2 𝑃 𝐴|𝐵2 
. 

 
Under these conditions P(В1)=0.6 is the probability that the fish 

had been caught in lake one, P(В2)=0.4 is the probability that the 
fish had been caught in lake two, 𝑃(𝐴|В1) = 0.9  is the probability 
that the fish from lake one satisfies the buyer’s standards, 
𝑃(𝐴|В2) = 0.96 is the probability that the hush caught in lake two 
satisfies the buyer's standards. Substituting these values into the 
latter formula we get 𝑃(В1|А) = (0.6 ∙ 0.9)/(0.6 ∙ 0.9 + 0.4 ∙
0.96) = 0.54/0.924 = 0.584. Similarly we can calculate 
𝑃(В2|А) = 0.416. As you can see before the test the probability of 
В1 hypothesis was 0.6 while the probability of В2 hypothesis was 
0.4. After the test result became known the probabilities (or rather 
conditional probabilities) have changed and became 0.584 and 
0.416 respectively. So the Bayes’ formula allows us to update the 
probabilities of our hypotheses factoring in new data. The example 
demonstrates the essence of Bayesian approach. 

Generally, Bayesian approach is used to evaluate parameters of 
certain random values. Examples can be found in [1,3,4] and further 
in this paper. Traditionally Bayesian inference follows  these steps 
prior distribution → observable data → posterior distribution. The 
unknown parameter is considered to be a random variable. To 
determine it we choose prior distribution of unknown parameters, 
then through evidence we generate new data, congruent to the prior 
distribution and the evidence, that converges on a certain posterior 
distribution which is the estimate of the unknown parameter (either 
scalar or vector). The process is fully automated in the PyMC 
library for the Python programming language that we are using 
further. 

 
 
 
 

3. Mathematical model and its solution using 

Python PyMC library 

 

3.1. Designing mathematical model 
 
Given the requirements above we design a model we will use to 

find out the volume of recreational catch yield in a given body of 
water. Here are the definitions: 

m – fish population in the given water body; 
𝑉𝑖𝑗 (𝑡) – quantity of fish of species i caught by recreational 

anglers with class j fishing equipment in the given water body on 
day t (pcs); 

𝑉𝑖(𝑡) – quantity of fish of species i caught by recreational anglers 
in the given water body on day t (pcs); 

𝑊𝑖𝑗 (𝑡) – weight of fish of species i caught by recreational 

anglers with class j fishing equipment in the given water body on 
day t (kg);  

𝑊𝑖(𝑡) – weight of fish of species i caught by recreational anglers 
in the given water body on day t (kg); 

𝑅𝑗 (𝑡) – average number of recreational anglers using class j 

fishing equipment on day t at the given water body (humans); 
𝑅(𝑡) – average number of recreational anglers at the given water 

body on day t (humans); 
𝑆𝑖𝑗 (𝑡) – average number of fish of species i caught by a single 

recreational angler with class j fishing equipment on day t (pcs); 
𝑆𝑖(𝑡) – average number of fish of species i caught by a single 

recreational angler on day t (pcs); 
𝑈𝑖(𝑡) – average weight of a single fish of species i caught by 

recreational anglers on day t (kg); 
𝑈(𝑡) – average weight of one fish caught by recreational anglers 

on day t (kg); 
𝑉(𝑡1, 𝑡2) – quantity of fish caught by recreational anglers in the 

given water body during time period [𝑡1, 𝑡2] (pcs); 
𝑊(𝑡1 , 𝑡2) – weight of fish caught by recreational anglers in the 

given water body during time period [𝑡1, 𝑡2] (kg.). 
All the defined values are random and each follows its own 

distribution law. Index i=1,2, …, m denotes fish species that live in 
the water body. Index j=1,2,3,4 denotes the class of fishing 
equipment where classes 1 through 3 are all legal fishing equipment 
(active, passive and other respectively) while class j=4 is illegal. 
Index t denotes day-of-year number. 

To determine the quantity and weight of fish caught during time 
period [𝑡1, 𝑡2] the relationship between the defined values can be 
described with these equations: 

 

𝑉 𝑡1, 𝑡2 =    𝑆𝑖𝑗 (𝑡)𝑅𝑗 (𝑡)4
𝑗=1

𝑚
𝑖=1

𝑡2
𝑡=𝑡1

,  (4) 

 

𝑊 𝑡1 , 𝑡2 =    𝑆𝑖𝑗  𝑡 𝑅𝑗  𝑡 
4
𝑗=1 𝑈𝑖(𝑡)𝑚

𝑖=1
𝑡2
𝑡=𝑡1

. (5) 

 

Thus if we know distribution laws for 𝑆𝑖𝑗  𝑡 ,𝑅𝑗  𝑡 ,𝑈𝑖(𝑡), then 

the values V и W can be calculated with formulas (4), (5). Average 
weight of a single fish of species i depending on its age can be 
found in the field data published by fish industry scientific-research 
center. Commercially exploitable fish stock broken down by age is 
available through it as well. Ergo, average fish weight for species i 
can be defined as weighted average of weights for all ages of 
species i. If such data is not available (not all water bodies are 
probed) then the average weight can be estimated using data from 
similar water bodies or polling fishermen. We can assume the 
distribution law for average fish weight to be the normal law of 
distribution with expected value and standard deviation equal to one 
third of expectation.  
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While we always have some estimate for the average weight of a 
single fish, for 𝑆𝑖𝑗  and 𝑅𝑗  we can only rely on polling fishermen. 

These data often disregard influence from the class of fishing 
equipment, so we usually only have 𝑆𝑖(𝑡) and 𝑅(𝑡). By definition, 

 

𝑆𝑖 𝑡 𝑅(𝑡) =  𝑆𝑖𝑗  𝑡 𝑅𝑗  𝑡 
3
𝑗=1 + 𝑆𝑖4(𝑡)𝑅4(𝑡),  (6) 

 
However the j = 4 part of the formula is often neglected while 

collecting data for 𝑆𝑖 𝑡  and 𝑅 𝑡  since anglers using illegal 
equipment elude observation. They don’t need to stay at the water 
body continuously as such equipment (nets) can catch fish without 
active involvement of a human being. Therefore 𝑆𝑖 𝑡 𝑅(𝑡) can be 
assumed  

 

𝑆𝑖 𝑡 𝑅(𝑡) =  𝑆𝑖𝑗 (𝑡)𝑅𝑗 (𝑡)3
𝑗=1 ,   (7) 

 
Accordingly equations (4) and (5) can be rewritten as 
 

𝑉 𝑡1, 𝑡2 =   𝑆𝑖(𝑡)𝑅(𝑡)𝑚
𝑖=1

𝑡2
𝑡=𝑡1

,   (8) 

 

𝑊 𝑡1 , 𝑡2 =   𝑆𝑖 𝑡 𝑅 𝑡 𝑈𝑖(𝑡)𝑚
𝑖=1

𝑡2
𝑡=𝑡1

.  (9) 

 
where 𝑆𝑖 𝑡  and 𝑅 𝑡  can be defined as either (6) or (7), depending 
on the quality of available data. 

Prior distribution for 𝑆𝑖 𝑡  and 𝑅 𝑡  is usually assumed to be 
equally probable distribution, normal distribution or beta 
distribution. Let’s note that though the number of fish caught by a 
single angler is always a whole number, its average can take on any 
real number. Similarly, the average number of anglers at a water 
body can take on a real number too. 

As we can see, distributions for 𝑆𝑖 𝑡  and 𝑅 𝑡  are functions of 
t, meaning that these distributions vary on different days. 
Simplifying our model (8), (9), let’s assume that average daily 
number of anglers at a water body 𝑅 𝑡  has the same distribution 
(takes on approximately similar values) during weekdays and a 
different distribution during weekends and holidays. I.e. there are 
only two distributions for the variate 𝑅(1) and 𝑅(2) for weekdays 
and weekends/holidays respectively. Let’s also assume that 
variates 𝑆𝑖(𝑡) and 𝑈𝑖(𝑡) are not determined by time, meaning 
𝑆𝑖 𝑡 = 𝑆𝑖  и 𝑈𝑖 𝑡 = 𝑈𝑖 . Then our model (8), (9) becomes: 

 
𝑉 𝑡1, 𝑡2 =  𝑇1𝑅 1 + 𝑇2𝑅(2)  𝑆𝑖

𝑚
𝑖=1 ,  (10) 

 
𝑊 𝑡1, 𝑡2 =  𝑇1𝑅 1 + 𝑇2𝑅(2)  𝑆𝑖

𝑚
𝑖=1 𝑈𝑖 ,  (11) 

 
with 𝑇1, 𝑇2 being the number of weekdays and weekends/holidays 
during time period [𝑡1, 𝑡2] respectively. Estimating recreational 
catch yield with the model (10), (11) requires defining fewer 
parameters: 𝑆𝑖 , 𝑈𝑖 , 𝑅(1) and 𝑅(2). A total of only 2m + 2 
parameters. 

Similarly, we can simplify the model (4), (5) disregarding 
dependence on time t. 

We can look into other ways to simplify our models (4), (5) or 
(8), (9). For example, we can toggle distribution of variates 𝑆𝑖𝑗 (𝑡) 

for spawning or non-spawning season for fish of species i or 
otherwise take into account fish behavior. 
 

3.2. Solving the mathematical model using PyMC library 
 
Further in this paper we show our solution for the mathematical 

model using test data we have gathered for a water body in 
Qazaqstan. The data gathered across several summer weekdays are 
combined into lists datar (number of anglers at the water body), 
datas (average number of fish caught by a single angler) and datau 
(average weight of a single caught fish). We assume normal 
distribution for the variates with respective averages r, s, u and 
standard deviations sd_r, sd_s, sd_u. We assumed prior distribution 
of the number of anglers to be normal distribution in the interval [0, 
upper_r], with upper_r equal to twice as much as the maximum 
observed number of anglers in our evidence. We assumed the same 
prior distribution for the average amount of fish caught by a single 
angler.  Figure 1 demonstrates the code in Python that conducts 
Markov Chain Monte Carlo (MCMC)-based Bayesian inference 

[3,4].  Also the required parameters v and w are defined as 
deterministic parameters. For brevity we have used the simplest 
model (10), (11), in which we disregard dependence on fish species 
i and lack of weekends/holidays in our data. Then the formulas to 
determine daily catch yield become equations 𝑣 = 𝑟 ∙ 𝑠, 𝑤 = 𝑟 ∙ 𝑠 ∙
𝑢, as recorded in lines of code 18 and 19 . 

 
 

1. import pymc3 as pm 
2. import arviz as az 
3. datar = [5,7,10,21,7,12] 
4. datas = [2,4,6,2,5,8] 
5. datau = [0.7,1.2,0.9,2.1,0.9,0.6] 
6. upper_r = max(datar) * 2 
7. upper_s = max(datas) * 2 
8. with pm.Model() as model: 
9. r = pm.Uniform('r', lower=0, upper = upper_r) 
10. sd_r = pm.HalfNormal('sd_r', sd = 10) 
11. data_r = pm.Normal('data_r', mu = r, sd = sd_r, observed = 

datar) 
12. s = pm.Uniform('s', lower = 0, upper = upper_s) 
13. sd_s = pm.HalfNormal('sd_s', sd = 10) 
14. data_s = pm.Normal('data_s', mu = s, sd = sd_s, observed = 

datas) 
15. u = pm.Normal('u', mu = m_u, sd = 10) 
16. sd_u = pm.HalfNormal('sd_u', sd = 5) 
17. data_u = pm.Normal('data_u', mu = u, sd = sd_u, observed = 

datau) 
18. v = pm.Deterministic('v', r * s) 
19. w = pm.Deterministic('w', r * s * u) 
20. trace = pm.sample(2000, tune = 1000) 
21. az.plot_trace(trace) 
22. az.summary(trace) 

 
 Fig. 1 Python code assuming equally probable prior distribution  

 
Figure 2 shows posterior distributions for each variate r, s, u, 

sd_r, sd_s, sd_u and for each deterministic parameter v, w as output 
of the code in figure 1.  

 

 
 

Fig. 2 Posterior distribution 
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The last instruction in the code (line 22) returns a table of 
moments for each variable in the model (Table 1). As we can see, 
the average daily catch yield is 47 fish or 50 kgs, meaning the 
monthly catch yield for this water body is around 1,5 tons during 
summer. Standard deviations are rather high as a result of scarcity 
of available data.   
 

Table 1. Moments 

  mean sd hdi_3% hdi_97% r_hat 

u 1.069 0.324 0.470 1.674 1.0 

r 10.384 2.998 4.308 15.908 1.0 

sd_r 6.995 2.381 3.386 11.187 1.0 

s 4.536 1.343 1.959 7.077 1.0 

sd_s 3.142 1.339 1.321 5.468 1.0 

sd_u 0.741 0.350 0.314 1.335 1.0 

v 47.093 19.792 10.603 83.547 1.0 

w 50.408 27.323 4.057 99.352 1.0 

 
The code in figure 1 demonstrates one of the solutions. We could 

try other prior distributions, find different predicted values etc. The 
code in figure 3 generates 100 predictions from posterior 
distribution.  

 
1. y_pred = pm.sample_posterior_predictive(trace, 100, model) 
2. data_ppc = az.from_pymc3(trace=trace,  

posterior_predictive = y_pred) 
3. ax = az.plot_ppc(data_ppc, figsize=(12, 3), mean=False) 
4. ax[0].legend(fontsize=15) 

 
Fig. 3 Code for making predictions about posterior distribution 
 
 
The output of this code can be seen in figure 4. The black line 

demonstrates an estimate of observable data density while blue lines 
are core density estimates calculated for each of 100 samples of 
posterior predictive distributions.  

 

 
 

Fig. 4 Estimates of posterior predictive distribution density  

 

 

 

 

 

 

 

 

 

 

 

 

4. Conclusion   

As with the simplest model, other suggested models can be 

solved using the PyMC library. Bayesian approach has helped 

create relatively simple mathematical models to estimate 

recreational catch yield. Further generalization of the suggested 

model involves treating r, s, u as random currents dependent on 

time. 
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Abstract: An important task of analyzing the behavior of individuals in society, in a large crowd of people is the development of 

mathematical models of behavior. The complexity lies in the heterogeneous nature of individuals, in the diversity of their behavioral 

characteristics, interests, and features of social behavior. Here the possibility of mathematical modeling of crowd behavior is considered 

and a mathematical model is proposed. 
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Introduction. Background 
 

Currently, mathematical modeling finds its application in various 

fields of human activity, for example, when analyzing the possible 

behavior of people in certain conditions. There are social forms of 

behavior in which the manifestations of the will, desires and needs 

of an individual are seriously limited by the direct or indirect 

influence of other people. The peculiarity of the crowd consists in 

the specifics of socio-psychological phenomena that determine, in 

general, the uniformity of the behavior of its participants. The 

complexity is the heterogeneity of the nature of individuals, the 

diversity of their behavioral characteristics, interests, and features of 

social behavior.  Theoretical analysis of crowd behavior 

mechanisms can help predict and control crowd behavior.  This 

makes it possible to talk about the need for mathematical modeling 

of crowd behavior 

 

Basic provisions 
 

Let's analyze the object of research, identify the main characteristics 

and patterns inherent in it. Consider the mechanism of formation 

and composition of the crowd. People's social life has many 

different forms.  There are also forms in which the manifestations of 

the will, desires and needs of an individual are severely limited by 

the direct or indirect influence of other people. For example, a 

crowd. 

A crowd is a structureless cluster of people deprived of a clearly 

perceived commonality of goals, but mutually connected by the 

similarity of an emotional state and a common object of attention. 

Almost everyone has either been in a crowd or seen its behavior 

from the outside. Sometimes, succumbing to simple human 

curiosity, people join a group considering and discussing an event. 

Growing quantitatively, becoming infected with the general mood 

and interest, people gradually turn into a discordant, disorganized 

cluster, or crowd. The main mechanisms of crowd formation and 

the development of its specific qualities are a circular reaction 

(increasing mutually directed emotional infection), as well as 

rumors. 

The crowd does not reason and does not ponder.  An individual, 

even without experiencing mental pressure from other individuals, 

but only perceiving the behavior of these other individuals, become 

infected with their behavior, obey and follow it. But 

"insubordination" can cause internal anxiety in an individual.  

Let's define the main stages of crowd formation. This is the 

formation of the nucleus of the crowd, the process of circulation, 

the identification of a common object of attention, the activation of 

individuals through arousal. Let's explain the content of these 

stages.  

Formation of the core of the crowd. Despite the fact that one of the 

essential features of a crowd is the random composition of the 

people forming it, often the formation of a crowd begins with a 

certain core, which can be the instigators. The initial core of the 

crowd may arise under the influence of rationalistic considerations. 

But in the future, the development of the crowd occurs in an 

avalanche and spontaneously. A circular reaction begins, prompting 

the audience to show similar emotions through mental interaction. 

The feelings of individuals become more acute, there is a 

willingness to respond to information coming from those present. 

Excitement is also growing. The next stage is the appearance of a 

new object of attention, on which people's attention, feelings and 

imagination are focused. The object of attention gives individuals a 

general orientation of behavior. This becomes a kind of orientation 

factor that unites the crowd into a single whole. The last stage in the 

formation of a crowd is the activation of individuals as a 

consequence of stimulating them through exciting impulses. Such 

stimulation occurs most often as a result of the leadership of the 

leader. This may encourage the individuals who make up the crowd 

to take concrete action. 

 A leader in a crowd may appear as a result of a spontaneous choice, 

and often manages the crowd consciously in a predetermined 

direction. The accumulation of individuals in a crowd instinctively 

obeys the authority of the leader. The crowd obeys the one who 

declares himself its ruler. 

The mechanisms of mass behavior can be used, for example, by a 

politician with any views and any moral level. In such cases, the 

crowd becomes a toy in the hands of the leader. Usually, people 

who want to control a crowd have techniques for influencing it. 

They know that in order to convince the crowd, you must first 

understand what feelings inspire them, pretend to share them, and 

then conjure up images that seduce the crowd. It is necessary to 

present any ideas to the crowd in integral images, without indicating 

their origin. 

A speaker who wants to captivate the crowd uses strong, effective 

expressions. Exaggerating, asserting, repeating and never trying to 

prove anything by reasoning - these are the ways of argumentation 

for the crowd. 

A statement then has a good effect on the crowd when it is repeated 

many times in the same expressions, in which case the idea is 

embedded in the minds so firmly that it is perceived by the crowd as 

a proven truth. This technique is successfully used by leaders.   

 One of the important factors determining the influence of a leader 

on a crowd is his charm, that is, the power of emotional impact.  

Thus, it is possible to direct or redirect the behavior of the crowd by 

introducing a suitable leader into it. Or neutralize the crowd by 

introducing several leaders with different orientations of emotional 

impact.  

The crowd can be of different types. A spontaneous crowd 

is formed and manifests itself without any organizing principle on 

the part of, as a rule, a specific individual. The driven crowd is 

under the influence of the leader.  An occasional crowd is formed 

on the basis of curiosity about an unexpected incident (road 

accident, fire, fight). The conventional crowd 

Arises because of interest in any mass entertainment or spectacle. 

An ecstatic crowd is characterized by a state of general ecstasy 

based on increasing infection. 

Regardless of the type, the crowd does not reason and does not 

ponder. The crowd does not tolerate any disputes or contradictions. 

The judgments of an "average" individual from the crowd are 
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always imposed and are never the result of a comprehensive 

discussion. The evoked representation becomes the nucleus for 

further crystallization, paralyzing the critical abilities of individual 

individuals. The same direction of the feelings of individuals is 

determined by suggestion. Psychological "infection" determines the 

direction of the special properties of the crowd. In a crowd, there is 

such a socio-psychological phenomenon as emotional resonance. 

People from the crowd infect others and get infected from them 

themselves. The participants of the crowd, when exchanging 

emotional charges, gradually inflame the general mood. The feeling 

inherent in the crowd spreads and intensifies rapidly due to 

suggestion and "infection". Whatever the feelings of the crowd, 

good or bad, their characteristic feature is one-sidedness. The crowd 

has no critical attitude towards itself. 

 In the temperamental sphere, the psychological characteristics of 

the crowd are manifested in activity and diffuseness. Let me remind 

you that people and an individual, perceiving the behavior of 

neighboring subjects, are infected by their behavior, obey and 

follow it. Of course, insubordination (of the so-called "negatively" 

oriented subjects) is also possible. The behavior of a crowd is 

determined by the presence or absence of a leader in it. Let's focus 

on the psychological characteristics of an individual in a crowd. 

These features have the most direct impact on his behavior in the 

crowd.  An important feature of an individual's self—perception in 

a crowd is the feeling of his own anonymity. Lost in the "faceless 

mass", acting "like everyone else", a person ceases to be responsible 

for his own actions. A conscious personality disappears and 

dissolves in the crowd. The same direction of feelings and ideas, 

determined by suggestion. The desire to immediately turn inspired 

ideas into action is characteristic of individuals in a crowd. In a 

crowd, an individual experiences a state of unity, feels the power of 

human association that affects him.  Let's also recall the influence of 

the leader on the crowd. That is, with the help of a leader, you can 

influence the direction of crowd behavior. 

One of the important issues is the prediction of crowd behavior in 

real, especially in non-trivial conditions. It is not possible to carry 

out full-scale tests. Therefore, there is a need for a theoretical study 

and prediction of the properties of crowd behavior. The purpose of 

this study is to select an analytical model that provides forecasting 

of the behavior and the main set of properties of the crowd, a 

theoretical analysis of the main characteristics. 

Individuals in a crowd can be considered as some local "volumes", 

initially differently oriented, for the correct prediction of crowd 

behavior, it is necessary to take into account the micro-

characteristics of these local objects, which are being targeted with 

the aim of their further favorable reorientation. The organization of 

carriers of "emotional charges" from individual (chaotic) 

distribution to the hierarchical organization of processes, including 

local instabilities, is an illustration of the internal connections of 

what is happening in a crowd. 

Organization from individual (chaotic) distribution to hierarchical 

organization of processes is an illustration of the internal 

connections of what is happening in a crowd, in a single object of 

discrete structure 

Based on the above, let's consider an analytical model of crowd 

behavior. Analytical relations are proposed for predicting the 

behavior of such real macroscopic objects as a crowd. The relations 

are developed on the basis of the available real data on the behavior 

of the crowd in various conditions. Methods of mathematical 

analysis of crowd behavior should allow, on the basis of a single 

approach, to predict the behavior of an object with any internal 

structure, the behavior of any type of crowd, to reflect its scale and 

characteristic properties in the process of behavior evolution. In this 

regard, the following tasks were solved.  Development of a scenario 

of a multi-level process of behavior of the object of study with an 

arbitrary and changing internal structure in the process under 

arbitrary influence. Formulation of the principles of model 

construction. Creation of mathematical methods in order to obtain 

the necessary tools for modeling multi-level processes. 

The model is based on the following principles.  

 

In the human community, there is a homogeneous "local" volume 

corresponding to the individual, in which the processes that cause 

his reaction with subsequent action are possible.  

The "local" volume can be considered as a mathematical point in a 

continuous continuum. Changing the behavior of the crowd, its 

emotional intensity is a multi–level process that takes place in 

conditions of constant interaction of local objects with the external 

environment. 

A two-level model of the process of forming properties is chosen: 

applied stresses generate micro-stresses that cause acts of emotional 

"transfer" and micro-actions that turn into macroscopic scale 

changes. 

The driving force in a continuum with a structure is the effective 

stress field σ*ik, determined through the applied σik, oriented ρik (ρik 

are associated with the macroscopic impact of the crowd) and 

undirected λik stresses as a consequence of the orientation effect: 

σ*ik = σik – ρik + λik. 

At the macroscale level, the results of crowd behavior in various 

modes of exposure that simulate real conditions are concentrated. 

For K * we take the so-called effective temperature of emotional 

intensity, which depends on an external driving force, and not only 

on the initial emotional intensity and the emotional intensity of 

differently oriented individuals. The effect of the effective "stress 

field" σ*ik depends on the orientation of individual local subjects, 

that is, their local bases. The elementary act of the result of the 

impact is implemented according to the "shift + turn" scheme. 

Translational and rotary modes of the direction of reorientation of 

structural objects are organically interconnected in the concept. The 

effective "temperature" of emotional intensity (K* ) is determined 

as follows: 

dK* = dK - K0 Dik dσik aik/q0 

Here, K is the "temperature" of emotional intensity, K0 is the 

"temperature" of emotional "equilibrium", Dik is the distortion 

tensor as a consequence of the impact of the applied "forces", q0 is 

the reaction effect associated with the internal reaction and the 

degree of "uncertainty" of the elements of the structure.  σik is a 

characteristic of the stress field, aik is a set of coordinates 

characterizing the orientation of local subjects. In general, values 

are characterized by some conventional units. But with further 

details of the model, for example, the temperature of emotional 

intensity can be associated with the physical characteristics of 

individual components of the crowd 

A change in the phase state F (the degree of readiness for specific 

physical actions as a consequence of the impact of the general 

emotional "heat" of the crowd) of the emotional state of the subject, 

depending on its own orientation and external influence, as well as 

on the total normalized phase, the emotional "temperatures" of the 

beginning of the reaction Ks and the maximum intensity Kmax (that 

is, the transition to specific physical actions)  the increase in 

effective emotional tension is described by the ratio: 

dF= (H(1-Fmax)H(dK*))dK*/(Kmax-Ks),  

where H(x) is the Heaviside function 

The general phase state of the crowd is determined by integrating 

the phase state of individual subjects according to a set of 

coordinates characterizing the orientation of separate local bases - 

individual subjects. 

If several leaders are "embedded" in the crowd, the crowd structure 

can be considered as "grainy".  In modeling, this means that a 

"grain" with some orientation cannot cover volumes related to 

another ―grain‖. 

 
Conclusions 
 

The scientific novelty lies in the fact that an analytical approach to 

the laws of crowd behavior based on two-level mathematical 

modeling is proposed.  Theoretical analysis of crowd behavior 

mechanisms can help predict and control crowd behavior. This is 

important because it is not possible to conduct full-scale tests.. 
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1. Introduction 
 

     In the context of economic globalization, exporting knowledge-

intensive products is an enhancement of competitiveness among the 

countries of the world for every industrialized country and one of 

the most important means of further improvement is direct 

investment and the sale of licenses. High technology, based on 

intellectual capital, plays a decisive role in maintaining and 

strengthening the competitive position of these countries among the 

world states in modern conditions. The main result of financial and 

economic activity for each enterprise is to provide customers with 

information and successful solution of organizational problems. At 

present, for this purpose, international and local consulting 

companies are operating in most countries of the world, covering 

various spheres. When evaluating the activities of consulting firms, 

it is important to consider the high importance of personnel 

qualifications aimed at creating profit as the final result of the 

financial and economic activity of the enterprise. All this shows that 

the modern approach to assessing the real value of the company, in 

addition to determining how those or other decisions affect the 

value of the enterprise, also includes the type of assets (tangible and 

intangible) that represent the value of the company [1]. 

 

2. Main  part 
 

       Since intellectual capital is an intangible asset, as an economic 

category it also includes other elements of national wealth in the 

form of technology, know-how, which cannot be separated from 

fixed assets, and cultural value. The elements with the largest share 

of intellectual capital in the structure of the national wealth of each 

country are advanced technology, fundamental science and 

university science. These elements can be quantified by their weight 

in intellectual capital. 

      It should be noted that the quality of intangible assets plays a 

key role in shaping the value of companies. Since intangible assets 

play a decisive role in the formation of enterprise value in the long 

term, enterprises without intangible assets will have no value in the 

long term [2, 3]. Intangible assets are primarily social human 

capital, which affects the economy as a whole, and individual 

human capital, which is directly related to individual corporations. 

In a globalized world economy, modern firms rich in intangible 

assets are producers of knowledge rather than goods. The efficiency 

gains achieved in many organizations are the result of specialized 

knowledge, long-term learning, and interaction with partners and 

counterparties. Instead of physical assets or financial capital, 

intellectual capital becomes a sustainable competitive advantage. 

The structure of intellectual capital includes human, organizational 

and consumer capital [4, 5]. 

     As seen from the structure of intellectual capital, the use of 

technical software in organizational capital, patents, trademarks and 

technical software on elements of the organizational structure is 

important as one of the factors affecting the organization of optimal 

regulation of the financial and economic activity of enterprises. 

The diagram below shows the dynamics of added value 

due to the provision of technical software in the Republic of 

Azerbaijan. 

 
      Graph 1: Dynamics of the cost of works and services on 

intellectual capital in the Republic of Azerbaijan, in thousands  

manats 

 

Source: prepared by the author on the basis of data [3]. 

       As can be seen from the diagram, the works and services 

performed on software development within the organizational 

capital of knowledge-intensive intellectual capital developed with 

increasing dynamics during 2012-2020. There was a 7.9-fold 

increase in 2020 compared to 2012. Despite the effects of the 

COVID-19 pandemic, the value of software development work and 

services increased by 4.3% in 2020 to AZN 127.8 million compared 

to 2019. Computer consulting, other consulting and activities in the 

field of design and production of information protection tools and 

services were also observed with a similar increasing trend during 

the study period.  The increase in work and services performed in 

the design and production of information protection tools in 

software processing, computer consulting, other consulting and 

information protection tools in the organizational capital of 

knowledge-intensive intellectual capital from 2012-2020 

contributed to the formation of value added in these areas with 

increasing dynamics. This can be seen more clearly in the graph 

below. 

    

 
        Graph 2: Dynamics of added value created at the expense of 

intellectual capital in the Republic of Azerbaijan, in thousands 

manats 

 

    Source: prepared by the author on the basis of data [3]  

        As can be seen from the diagram, the added value created by 

works and services performed in the field of software development, 

computer consultancy, other consultancy and activities in the field 

of design and production of information protection means within 

software development 

computer consulting 

Value-added software 
development  

value added by 

computational methods tips 

Other tips and sending 

software 

added value from activities 
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and production of means of 

information protection 

added value in other 

information technology and 
computing activities 
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the organizational capital  for 2012-2020 in the Republic of 

Azerbaijan has developed with increasing dynamics. 

 

3. Econometric evaluation of the impact of 

knowledge-intensive intellectual capital on economic 

growth 
         It should be noted that an important role in the formation of 

economic growth in the country plays an added value created at the 

expense of work and services performed in the field of design and 

manufacture of information protection, software development, 

consulting on computer technology, other consulting and 

information protection.  According to statistical data on GDP and 

science-intensive intellectual capital the dependence between them 

can be estimated by conducting a regression analysis. For this 

purpose ready packages of mathematical programs EViews, 

MatLab, MS Excel, MathCad and others can be used. In this regard, 

using the software package Eviews-12 for the above analysis, we 

obtain the following result. 

 

Table. The result of the regression relationship between GDP and knowledge-intensive intellectual capital in Azerbaijan 

Dependent Variable: Y   

Method: Least Squares   

Date: 02/11/22   Time: 21:20   

Sample: 2008 2020   

Included observations: 13   

     
     Variable Coefficient Std. Error t-Statistic Prob.   

     
     X 0.061289 0.012207 5.020846 0.0002 

C -3059.061 954.2056 -3.205872 0.0004 

     
     R-squared 0.696207     Mean dependent var 1716.985 

Adjusted R-squared 0.668590     S.D. dependent var 470.5494 

S.E. of regression 270.8870     Akaike info criterion 14.18192 

Sum squared resid 807177.6     Schwarz criterion 14.26883 

Log likelihood -90.18247     Hannan-Quinn criter. 14.16405 

F-statistic 25.20889     Durbin-Watson stat 1.082202 

Prob(F-statistic) 0.000030    

     
     

 

Source: developed by the author on the basis of the Eviews software 

application  

      Based on the result obtained with the Eviews application 

software package, the regression equation will have the following 

form: 

Y = 0.0312885943991*X - 2036.06110137 (1) 

According to Eviews application software package, there is a high 

correlation relationship, expressed by the model Y = 0.0313*X -

2036.061, between the dependent variable Y, which represents GDP 

in Azerbaijan, and the explanatory variable X, which represents 

knowledge-intensive intellectual capital (R2=0.696). 

          Based on this established relationship equation, it can be 

concluded that a one unit increase in the factor (X), which 

represents the amount of knowledge-intensive intellectual capital, 

led to a 0.031 unit increase in the volume of GDP in Azerbaijan. As 

we can see, the standard errors of the coefficients of the dependent 

variable X and the free limit C in the data of table (1), obtained by 

the software complex Eviews-12, are less than the average value of 

the coefficients. This means that model (1) is statistically significant 

[6, p. 315]. 

            It is important to check the adequacy of the established 

model, which is determined by the F-Fisher test. To check the 

statistical significance of the model (1), which expresses the 

regression equation Ftable  а; m; n − m − 1 as a whole, we should 

compare it with the value of Fisher's F-criterion [6, p. 315]. 

According to table (1), reflecting the result of the software package 

Eviews, 

F-statistic (Fisher's criterion) = 25,21 

         If you determine the tabular value of F in EXCEL using the 

formula Ftable  а; m; n − m − 1 = Finv , for a 99% confidence 

interval  Ftable  а; m; n − m − 1 = Finv 0,01; 1; 11 =  9,65 

Fisher's F-criterion, Ftable  а; m; n − m − 1  if you compare its 

value, you can see that Fisher's F-criterion (25,21>9,65). This 

means that the regression equation as a whole is statistically 

significant [6]. It means the adequacy of established model (1). 

        The conclusion about the presence or absence of 

autocorrelation in the model can be made on the basis of Darbon-

Watson statistics in Table 1, obtained on the basis of the EViews 

application software package. As can be seen from the table, it is 

equal to DW=1,082. In this case the Darbon-Watson critical points 

for 1 α = 0,05 explanatory variable (m=1) and n=13 observations 

would be as follows [6, 7]. 

 dl = 1,010, du = 1,340 

dl = 1,010 ≤ DW = 1,082 < du = 1,340 

 as the conclusion about the presence of autocorrelation is not 

established [6. p. 311]. It means, that regression equation as a whole 

is statistically significant and established model Y = 0,0313*X -

2036,061 is adequate. 

                As a result of the study for the linear regression equation 

(1) we can determine how much the result factor will change 

because of the cause factor by calculating the elasticity coefficient, 

which expresses the percentage change in the dependent variable as 

a result of a 1% change in the independent variable.  This 

coefficient is calculated according to the following formula [5, 6]. 

E =
αi × x i

y 
( 3.2) 

             Here αicoefficients of the above relational equation, x  - 

average score of the causal factor for the periods under study , y - 

average score of the resulting factor for the periods under study. 

The elasticity coefficients calculated on the basis of these scores, in 

accordance with the established model, will be as follows. 

Einv . =
α × x 

y 
=

0,0313 ×  1716,985

65742,046
= 0,000817 

4. Conclusions 
 

The calculations show that a 1% increase in knowledge-intensive 

intellectual capital leads to a 0.00082% increase in GDP in 

Azerbaijan. 

          For the linear regression equation (1) above, the study can 

determine how much the outcome factor will change due to the 

cause factor by calculating the elasticity coefficient, which 

expresses the percentage change in the dependent variable as a 

result of a 1% change in the independent variable.  
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Abstract: Overcrowding in the Emergency Department (ED) is one of the most important issues in healthcare systems. Two major causes of 

this congestion are identified, the first one is unjustified Emergency Department visits and the second one a lack of downstream beds. The 

lack of downstream beds can deteriorate the quality of care for patients who need hospitalization after an ED visit. In this paper a generic 

simulation model is developed in order to analyse patient pathways from the ED to hospital discharge. 

Keywords: EMERGENCY DEPARTMENT, GENERIC SIMULATION MODEL, AGENT BASED MODELING, ANYLOGIC. 

 

1. Introduction 

The Emergency Department (ED) is part of every hospital 

responsible for providing care for emergency cases and life-treating 

injuries 24 hours daily, 7 days of the week. ED handles many 

patients daily and must have a high level of efficiency and quality. 

Ineffective operation of ED leads to delays of treatment of the 

patients or even a death of critical patients. The most important 

issue in ED is overcrowding which has been described as both a 

patient safety issue and a worldwide public health problem, [1]. The 

overcrowding (or congestion) in ED occurs when the available 

capacity in ED cannot meet the demands and results in longer 

waiting times for the patients to get treatment. This has a negative 

impact and dissatisfaction of the patients who may leave without 

getting treatment [2], decrease the quality of care and burnout of 

nursing staff. Two major causes of the congestion have been 

identified. Firstly, unjustified ED visit and secondly lack of 

downstream beds. An unjustified emergency visit concerns a patient 

who has no health problems or non-emergency health problem.  The 

lack of downstream beds increases the length of stay in ED because 

patients must wait for a bed in a relevant medical unit. Sometimes 

patients are admitted to a medical unit that is not adapted to their 

pathology in order to decrease the ED congestion. This situation is 

problematic because it reduces the quality of care.  

Much research focuses on reducing waiting time of the patients. 

In [3] each activity in ED during a seven-day period was evaluated 

and used as input data of the model. The results show significant 

reducing of the waiting time of the patients. In another research [4, 

5] the waiting time of the patients is reduced by assessment from 

primary triage nurses or physicians of the arriving patient and 

directed to appropriate staff based on the injuries or health 

condition.  

The effect on waiting times of the patients and resource of 

nursing request from the fast-tracking additional unit in the ED 

using Monte Carlo simulation in MATLAB is represented in [6]. In 

this model the nursing resource demand and ED occupancy are 

modeled using Emergency Severity Index patients’ level and 

simulation results show reduction of overall waiting time. The 

authors in [7] reported that in order for the processes in ED to be 

improved several various factors in dynamics and unpredictable 

environment should be considered. To facilitate the decision-

making process in ED different techniques and tools have to be 

utilized such as combination of DES, Data Mining and simulation 

based multi-objective optimization, [8, 9]. In [10, 11,12] is shown 

the increased use of Agent Based Model within healthcare settings, 

particularly within hospitals. 

 

2. Description of ED model 

2D model is a geometric model of the object as two-

dimensional figure in Cartesian coordinate system or Euclidean 

space. 2D models are an essential tool for 2D computer graphics 

often used as a component of 3D geometric models. In the model 

represented in this paper, 2D model is used to describe the rooms 

and the resources of ED. Also, digital rendering is used to form the 

perception of 2D geometric model as a 3D geometric model 

designed through Modeling and Simulation Software (AnyLogic).   

 

Fig. 1 ED Model in 2D  

 

Three dimensinal (3D) model represent the physical object 

using sets of points in 3D space associated with various geometric 

entities such as triangles, lines, curved surfaces etc. 3D models can 

be created automatically or manually. The manual modeling process 

is similar to sculptural art. A 3D model can be physically created 

using 3D printing device that form 2D layers of the model printing 

one layer at a time. The diagram of 3D Emergency Department 

model used in this research is shown on Fig.2.  

 

Fig. 2 ED Model in 3D  

 

The model of ED is developed in modeling and simulation 

software AnyLogic. In order to achieve a certain level of 

functionality, the software not only shows the model in 2D and 3D, 

but also the movement of patients and the filling and emptying of 

the rooms or beds.    

The project is made in AnyLogic simulation and modeling 

software. 
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The following resources are used in this model: 

-Personnel: Doctors, nurses, and technicians. 

- Rooms: Triage rooms, rooms for urgent care. 

-Equipment: Ultrasound devices, C-Arm devices, X-ray 

scanners and tomography devices, Fig.3. 

 

Fig. 3 Elements of ED model. 

 

Upon arrival in the system, the patient is registered and goes to 

the waiting room, then the nurse takes him to the triage room. After 

triage, the patient continues in the care room (patient room), and 

then, if necessary, the patient is directed for additional 

examinations, with an ultrasound machine, X-ray, tomography, or 

C-arm. If the X-ray needs to be taken, the patient goes to the X-ray 

room. If the examinations must be done by using ultrasound, then 

the ultrasound machine is moved to the patient room where the 

patient is placed. 

There are three patient rooms and three triage rooms in the 

system, which we do not change in the model, i.e., we assume that 

they are fixed. In the model, the number of nurses, technicians, and 

doctors, as well as X-ray, tomographic, C-arm devices and 

ultrasound devices can be changed. For this purpose, the following 

parameters are set: ArrivalRate, Nurses, Doctors, Technicians, 

USoundMachine, XRayMachine, Tomograph, CArmMachine. 

We can also change the rate of incoming patients in the model. 

In the model, we can also change: the speed of the patient’s 

movements and the speed of the staff’ movements. So, in the model, 

also are set the parameters SpeedPatient and SpeedStaff. 

The main elements in the system are the following: 

Source - generates a certain number of patients (patients per hour). 

TimeMeasureStart - for measuring the time of the patient's 

movement considering from the beginning to the moment when the 

patient goes to the desired destination. 

Registration - the registration service time is uniform on the interval 

(2.5, 3.3). 

Waiting queue for registration - the length of the queue is 20 and 

priority for serving is FIFO. 

Time for registration - the time spent for registration. 

The time for registration is distributed according to the triangular 

distribution on the time interval (0.5, 1, 1.5). 

SeizeTriageRoom – consists of the resources Nurses and 

TriageRooms. 

Triage – the service time has triangular distribution at the time 

interval (5, 8, 15). 

releaseTriageRoom - the triage room is left. 

SeizeRoomforPatient – consists of the Nurses and RoomForPatient. 

releaseNurse - the nurse is released. 

SeizecallDoctor – the doctor is called. 

selectAction- one of the four options is chosen (USound, Xray, 

tomography or C-arm machine). 

releaseDoctor – the doctor is released. 

TimeMeasureЕnd – the measurement of the patient’ time in the 

system is finished. 

The model, i.e., process Flowchart is given at the following figure:  

 

 

 

Fig.4 Schematic representation of the model. 

 

3. Analysis and simulation of ED model 

If 5 patients arrive per hour, the number of resources are the 

following:  

 Number 

Nurse 5 

Technicians 2 

Doctor 

Assistant 
2 

Ultra-sound 

Machine 
2 

Tomography 1 

C-arm 
machine 

1 

ECG 2 

Rate of 

arriving 
5 

X-Ray 

machine 
1 

For the given parameters, in AnyLogic modelling and 

simulation software we obtain the following results (Figure 5 and 

Figure 6). 

Fig.5 The utilization of every element particularly for arrival rate= 5, 

nurses=5, doctors=2 and technicians=2. 
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Fig.6 Time spent in ED system for arrival rate= 5, nurses=5, 

doctors=2 and technicians=2. 

We can note that if 5 clients arrive per hour, then the utilization 

of nurses is 52%. The average patients’ time spent in the system is 

60.66 minutes. 

Do we can optimize the system, if we reduce the number of 

nurses to 3? Then we have the following results: 

 

Fig.7 The utilization of every element particularly for arrival rate= 5, 

nurses=3, doctors=2 and technicians=2. 

 

 

 

Fig.8 Time spent in ED system for arrival rate= 5, nurses=5, 

doctors=2 and technicians=2. 

 

In this case we have lеss nurses, but their utilization has increased. 

The mean time spent in ED is 60.309 min. In order to optimize the 

system and to increase the utilization of personnel, we will reduce 

the personnel. 

If we change the rate of arrival of clients to 10 clients per hour, and 

the number of nurses is 5, we will get: 

 

Fig.9 The utilization of every element particularly for arrival rate= 10, 

nurses=5, doctors=2 and technicians=2. 

We have an oversupply here because of the small number of doctors 

and nurses. 

For that, we will increase the total number of nurses to 8, and 

the number of doctors and technicians to 4. We get: 

 

Fig.10 The utilization of every element particularly for arrival rate= 10, 

nurses=8, doctors=4 and technicians=4. 

 

Fig.11 Time spent in ED system particularly for arrival rate= 10, nurses=8, 

doctors=4 and technicians=4. 

In this case, the utilization of nurses, doctors and technicians is 

reduced for that rate of arrival of patients (10 patients per hour). 

To increase the rate of arrival to 15 patients per hour, let the 

number of nurses is 8, and the number of doctors 4 and the number 

of technicians is 4. We get: 

Fig.12 The utilization of every element particularly for arrival rate= 15, 

nurses=8, doctors=4 and technicians=4. 

 

We have huge utilization of the nurses, со we will increase their 

number to 12, and the number of technicians and doctors to 5. We 

get: 
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Fig.13 The utilization of every element particularly for arrival rate= 15, 
nurses=12, doctors=5 and technicians=5. 

 

 

Fig.14 Time spent in ED system for arrival rate= 15, nurses=12, doctors=5 
and technicians =5. 

 

Nursing utilization has decreased to 82%, and the mean of the 

patient’ time in the total system in Emergency Department will be 

increased to 85.251 min. This is expected because all the other 

elements in the ED have a huge percent of utilization. 

  

4. Conclusion  

This Emergency Department model is simple model for 

designing of the connections between its elements. The model uses 

state machine-based agents which act and communicate within a 

defined environment. The simulation is done in order to show the 

validity of the model. This simulation can be used as the core 

component of a decision support system to aid hospital 

administrators make better use of resources, achieving a more 

efficient and improved patient care cycle. This in turn will allow 

better management of dynamic patient flow, either because of 

specific circumstances or seasonal fluctuation. 
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Abstract: The study aims to analyze the experimental haemorheological data with mathematical models and to analyze the 

interrelationship between the rheological parameters of the blood and blood rheology determinants. The study aims to develop this 

experimental basis of prognostic mathematical and hemorheological models for the interrelationship between the set of parameters. Two 

known models are used to describe the non-Newtonian rheological properties of blood – the shear stresses - shear rate dependences. The 

parameters of the simplest models - the power law and the Herschel-Bulkley law were used to analyse the differences between the 

hemorheological characteristics of blood from healthy individuals and a group of patients with diabetes mellitus type 2 (T2DM).  The 

experimental data are statistically processed using the Mann-Whitney U-test for intergroup comparison of independent variables, as well as 

t-test.  The Statistica program was used for statistical processing. 

 Keywords: HEMORHEOLOGICAL MODELS, BLOOD VISCOSITY, DIABETES MELLITUS TYPE 2  

 

1. Introduction 

Blood is a non-Newtonian fluid and under flow exhibits shear-

thinning, viscoelastic and thixotropic behaviour. The complex 

rheology of blood and hemorheological parameters as shear stresses 

and blood viscosity are influenced by numerous factors including 

plasma viscosity, rate of shear, hematocrit, level of erythrocytes 

aggregation and deformability [1-7]. 

The rheological properties of blood play an important role in 

blood circulation under normal conditions, and the hemorheological 

changes can cause circulatory disorders, especially in the 

microcirculatory system [1-4]. The assessment of the nature and 

degree of rheological disorders of the blood in various diseases is 

essential for clarifying the pathogenesis of the morphological and 

biochemical changes occurring in them and for the application of 

rational therapy [6-10].  
Newtonian fluids are, from a microscopic point of view, 

continuous, homogeneous and isotropic media. Their viscosity η is 

intrinsically linked to the fluid constitution but not to the type of 

flow, it is possible to determine its value under accurate 

experimental conditions using different types of viscometric flows 

as a Poiseuille flow in the capillary viscometer and a Couette flow 

in the rotational viscometer with coaxial cylinders. In the case of a 

Newtonian fluid, whose viscosity is not a function of the shear rate, 

the relationship between the flow rate and the pressure gradient, 

ΔP/L, is given by the Hagen–Poiseuille equation (1): 

 

ɳ = (π.a4/8Q)/(ΔP/L)     (1) 

 

where Q is the corresponding flow rate, ΔP is the pressure drop, a is 

the capillary radius and L is the capillary length. 

      The following rheological equation (2) is the example of 

equation describing the behaviour of blood in shear flow : 

 

τ =η ( ).        (2) 

 

Once the rheological data of a fluid are available, one is then 

able to develop predictive relationships for the laminar flow of 

fluids in many different physical situations. These predictions can 

be developed analytically in many cases, but almost any flow 

situation can be handled with computer simulation programs. 

The microrheological properties of blood cells and their 

micromechanics are realized in the microvascular flow, where the 

fundamental metabolic processes between flowing blood and tissue 

cells occure, i.e., where the transport function of the cardiovascular 

system is realized and the transcapillary metabolism is provided, 

creating the necessary for the normal functioning of the body tissue 

homeostasis [1-6]. 

The relevance of the research is also determined by the fact that 

the mechanisms of development of pathological changes in tissue 

perfusion in diseases such as type 2 diabetes mellitus (T2DM), 

cerebrovascular and peripheral vascular diseases are related to the 

fundamental processes of blood flow, cell microrheology and 

intravascular hemocoagulation. Accumulated in the latter years’ 

facts and knowledge on these issues allow for the creation of 

conceptual models that have predictive potential. 

 

2. Materials and Methods 

2.1. Subjects 

The study included 13 patients (9 women and 4 males, 

mean age 66,92 ± 11,10 years) with type 2 diabetes mellitus T2DM, 

with mean duration of diabetes the disease 12,33 ± 5,3 years and 9 

healthy controls (8 women and 1 male, mean age 52,3 ± 9,4 years). 

The diagnosis of Diabetes mellitus type 2 T2DM was based on 

clinical examination and estimation of blood glucose, insulin and 

HbA1C.  The clinical examinations of the patients were performed 

in the University Hospital of Neurology and Psychiatry “St. Naum”, 

Medical University in Sofia, Bulgaria. Blood samples were 

collected in Li heparin tubes and rheological measurements were 

completed within 3 hours after the blood sample withdrawal. Both 

groups gave voluntary informed consent to participate in the study. 

The study was carried out in compliance with the 

requirements of the Helsinki Declaration; preliminary informed 

consent of the experiment participants was obtained following the 

recommendations. 

  

2.2. Methods 

 Statistical analyses were performed using the scientific 

graphing and data analysis software packages SigmaPlot 11.0 

(Systat Software Inc., 2008) и Origin 6.1 (OriginLab Corporation, 

2009). The data were presented as mean ± standard deviation (SD). 

According to normality of the data distribution (Shapiro-Wilk’s W 

test) the significance of inter-group differences was evaluated by 

using the Student’s t-test and Mann-Whitney U test.   Pearson 

correlation coefficient was used to evaluate the relationship between 

the whole blood viscosity and the hemorheological and the 

microrheological parameters). A p value less than 0.05 was 

considered as statistically significant. 

2.2.1. Rheological measurements 

A rotational viscometer Contraves LS30 (Switzerland) with MS 1/1 

standard measurement system was used to investigate the 

rheological properties of blood. Whole blood viscosity (ɳ) was 
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examined under conditions of a steady blood flow at 12 shear rates 

from 0,0237 s-1 to 94,5 s-1 at 37 °C.  

 2.2.2. Equations 

The analysis of the relationship shear stress–shear rates under 

steady flow was done by means of non-linear regression applying 

the model of Ostwald–de Waele or the power law: 

τ= k. n        (3) 

where τ is shear stress,  is shear rate, k and n are its parameters;  

as well as by the Herschel–Bulkley law: 

τ = τ0+ b. m       (4) 

where τ is shear stress,   is shear rate, τ0 is the yield shear stress, b 

and m are parameters. The parameters of Eq. 3 and Eq. 4 were 

determined from the experimental data for T2DM patients and for 

the controls (Table 1). The use of low shear rate viscometry and a 

Herschel–Bulkley equation provides a yield shear stress that has a 

defined unites and is known to reflect RBC aggregation. 

 

3. Results  

Effect of shear rate on blood viscosity 

 

A group of 13 patients with diabetes mellitus type 2 

(T2DM) with a mean age of 66,92 ± 11,10 years was studied by 

means of a rotational Contraves Low Shear 30 viscometer and the 

results were compared with a control group of 9 healthy subjects 

with a mean age 52,3 ± 9,4 years. It was found that the mean whole 

blood viscosity values of the investigated T2DM patients’ group  

were elevated compared to that of healthy persons  

over the whole shear rate range and fell by more than ten 

orders of magnitude (Fig.1). The coefficients of the models of 

Ostwald-de-Waele (power law) and Herschel–Bulkley law, which 

describe whole blood flow curves (τ - γ) within the range of shear 

rates from 10-2 s-1 to 102 s-1 and itself incorporate whole blood 

viscosity data in the entire shear rate range. A significant difference 

in the mean yield shear stress τ0 values of the T2DM patients’ group 

compared to the controls was found. 

 

Fig.1. Whole blood viscosity-shear rate dependence in a group of patients 

with type 2 diabetes mellitus (n = 13) and the control group (n=9), LS 30 
Contraves, T = 37°C. (*** p< 0.001 at γ=0,0237 s-1 and ** p< 0.01 at 

γ=0,0596 s-1, γ=0,1102 s-1 and γ=0,28 s-1 

 

Power law model 
Table 1: Mean values and standard deviations of the coefficients of the 

power law and of the Herschel–Bulkley law in T2DM patients’ group and in 
controls, compared with a non-parametric Mann-Witney test 

Ostwald-de-Waele or power law (Eq. 5) 

 T2DM Controls 

k [mPa.sn] 16.83±7.04 13.55±4.53 

n 0.74±0.05* 0.77 ±0.03 

Hershchel-Bulkley law (Eq. 6) 

τ0 [mPa] 4.84±1.51*** 2.51±0.97 

b [mPa.sn] 14.79±6.59 12.88±5.02 

m 0.77±0.05 0.78±0.06 

k is the flow consistency index [mPa·s], n is the flow behaviour index 
(dimensionless) between 0 and 1 in Eq.3; the parameters of the Herschel–

Bulkley law (Eq. 4) are τ0 – the yield shear stress [mPa], b is is the flow 

consistency index [mPa·s], m is the flow behaviour index (dimensionless) 
between 0 and 1 in Eq. 4. * p < 0.05 (ns), *** p < 0.001 

= k m
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Fig.2. Interpolation of the experimental data obtained for the shear stress-

shear rate (τ- ) dependence by the Power low in a patient with T2DM, Low 

Shear 30 Contraves, T=370C. 

 Increased mean values for consistency coefficient (k) were 

observed in the T2DM group compared to the control group, 

although no statistically significant difference was found. The mean 

values of the flow index (m) were statistically significantly 

increased (p < 0.05) in the control group of healthy individuals 

compared to the diabetic group. This increase is represented 

graphically in Fig. 3, by means of a "box-plot" type diagram (Box-

plot diagram, Vertical Box-plot). 

The diagram in Fig. 3, presents the distribution of the 

obtained values in both studied groups. Shown is the sample median 

(straight horizontal black line), confidence interval (25%–75%, 

“boxed” values), and minimum and maximum value obtained 

(errors). 
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Fig.3. Box-plot diagram for the distribution of flow consistency index values 
(m) obtained from the Power-law model in the two studied groups  

From the graph presented in Fig. 3, an asymmetry in the 

distribution of values is observed. A clustering of frequencies 

(repeating values) is seen in the higher parts of the median. It is 

known that the Power-law model does not describe the flow limit 

(τ0). One of the disadvantages of the Power-law model is that it 

does not describe with sufficient accuracy the viscosity of non-

Newtonian fluids in regions with very low and very high strain 

rates. Since m is usually less than unity, the viscosity (η) tends to 

infinity at very low shear rates and is practically constant at high 

rates, which is also confirmed experimentally (see Fig.1). 

 

Herschel-Bulkley model 

Since whole blood exhibits non-Newtonian pseudoplastic 

fluid behavior, i.e., it does not flow at very low tangential (shear) 
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stress is applied. The tangential stress must exceed a critical value 

known as the flow threshold for blood to flow [7-11]. 

The Herschel-Bulkley model extends the Power-law model, 

describing the dependence of the tangential stress (τ) on the strain 

rate ( ) and the yield shear stress (τ0), again introducing the 

parameters k and m (presented in Table 1). 

The data were obtained by a high-accuracy approximation 

(R>0.999) of the experimental data obtained for the dependence of 

the tangential stress on the strain rate by applying the Herschel-

Bulkley constitutive equation (Fig. 4). Increased mean values for 

consistency coefficient (k) were observed in the T2DM patients’ 

group compared to the control group, although no statistically 

significant difference was found. For the flow index, lower values 

were found for the patient group compared to the control group. A 

statistically significant increase in mean flow index values (m) was 

not observed in either group. The mean values for the yield shear 

stress (τ0) were increased significantly (p<0.001) in the T2DM 

group compared to the control group. 
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Fig.4. Interpolation of the experimental data obtained for the shear 

stress-shear rate (τ- ) dependence by the Hershel-Bulkley law in a patient 

with T2DM, Low Shear 30 Contraves, T=370C. 

The data were obtained by a high-accuracy approximation 

(R>0.999) of the experimental data obtained for the dependence of 

the shear stress on the shear rate by applying the constitutive 

equation of the yield shear stress (τ0) and for both groups is 

presented graphically in Fig.5, by means of a "box-plot" diagram, 

visualizing the distribution of the obtained values. The sample 

median (straight black line), confidence interval (25%–75%, boxed 

values), as well as the minimum and maximum value (errors) are 

shown. 
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Fig.5. Box-plot diagram for the distribution of values of the yield 

shear stress (τ0) obtained from the Herschel-Bulkley model in the 

two studied groups. 

 

From the graph in Fig. 5 an asymmetry in the distribution of 

values, as an accumulation of frequencies (repeating values) is 

found in the lower parts of the median.  

Since the Herschel-Bulkley model is suitable for describing 

non-Newtonian viscosity under shear-thinning non-Newtonian 

rheological behavior of the liquid and also reflects the yield shear 

stress, it is preferable for describing the rheological behavior of 

blood. 

 

4. Conclusion  

 
Two known models - the power law and the Herschel-

Bulkley law were used to analyse the differences between the 

hemorheological characteristics of blood from healthy individuals 

and a group of patients with diabetes mellitus type 2 (T2DM). Their 

parameters, obtained based on the experimental data were analysed 

for the ability and accuracy for describing the non-Newtonian 

viscosity shear-thinning rheological behavior of the investigated 

groups. 
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Challenges in 3D modeling in medicine 
 

Vlad Monescu 

Department of Mathematics and Informatics, Transilvania University of Brasov 

 

Abstract: Medicine is one of the most important areas where the mathematical modeling provides challenges. In this paper we present 

several topics we are involved in: 3D object reconstruction, identification and labeling areas of the hippocampus, estimation of global 

cortical atrophy, estimation of the medial temporal lobe atrophy, pattern recognition in dementia, cerebral microbleeds. We describe the 3D 

reconstruction of tumors or internal organs based on 3D Computer Tomography scans where the challenge is to refine the 3D object 

representation providing a very accurate approximation and to prepare the pacient for particles beams irradiation plan in a secured 

environment. We present the limitation of this kind of approach and also alternatives from the Machine Learning perspective and from the 

tools already existing in the market. 
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